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Preface to the Matched Filter Issue 


This issue of the PGIT Transactions is the first in 
what is intended to be a series devoted to special topics. 
Such Special Issues will be organized from time to time 
whenever the Editors feel that they have identified a 
sizeable body of new and previously unavailable results 
having a common unity. 

This Special Issue takes as its point of departure a 
disarmingly humble and specific notion: that the corre- 
lation of one waveform with another can be carried out 
by 1) passing the first waveform through a linear system 
whose impulse response is the time reverse of the second 
waveform, and 2) observing the output at a certain 
instant of time. If the two waveforms are made the 
same, we say that the filter is ‘‘matched” to the input 
waveform. The filter output as a function of real time is 
then the autocorrelation function of the waveform. 

The subject was introduced in 1943 in North’s study 
of maximization signal-to-noise ratio out of the IF of 
a pulse radar. Correlation detection was studied at first 
as a separate subject, but the equivalence of the two 
operations was soon appreciated. By now they have long 
since fused and the only meaningful distinction les in the 
matter of actual hardware—whether the correlation opera- 
tions take place using multipliers and integrators, or 
alternatively by observing the sampled outputs of matched 
filters. Often, but not always, there are compelling engi- 
neering reasons for preferring the latter approach. 

No matter what formalism is used to view a given 
communication or detection situation, Gaussian noise sta- 
tistics lead usually to some form of correlation or matched 
filtering as a part of the set of operations that will perform 
the desired function most efficiently. This appears to be 
true even when in addition to the noise there are other 
perturbing factors present, such as randomly varying 
multipath, uncertainties in signal delay or Doppler shift, 
Doppler or delay smearing, or unwanted clutter. 

The present issue contains a sampling of some important 
aspects of the by now large subject of “matched filter 
communication and detection.” A central feature of this 
volume is the tutorial survey by Turin prepared by 
special invitation. This paper will serve as a valuable 
introduction and guide to the literature for those who may 
be reading about matched filter theory for the first time, 
and should help to unify the various notions for those 
already familiar with separate aspects of the field. 

The next paper, by Bello, treats the question of un- 
certainties in the simultaneous estimation of range, velo- 
city, and acceleration of targets observed by pulse radar. 
Westerfield, Prager, and Stewart, analyze the use of a 
matched filter radar or sonar in discriminating targets 
from clutter by exploiting the fact that the clutter may 
have a characteristic distribution of returned power as 


IRE TRANSACTIONS ON INFORMATION THEORY 


Jun 


ee 


a function of range and Doppler that is different from 
that of the signal. Middleton’s paper deals with a form 
lation of the statistical detection problem in such a way 
that over a wide class of conditions, some sort of filter} 
specification appears as the result. In general these 
filters may be time-variant, but in the simple white noise 
case they are the same as the more familiar fixed filters| 
matched in the sense indicated above. | 

Kailath’s paper discusses a point of view in which} 
earlier work on optimum receivers for channels with 
certain multiplicative disturbances (e.g. varying multi} 
path) is shown to make use of a maximum-likelihood 
estimate of the transmitted waveform as modified by the| 
multiplicative disturbance. Sussman describes an operating | 
antimultipath communication system built around the 
matched filter notion. A large time-bandwidth product} 
is required in such applications, and in this case the} 
filter is made up of a large number of narrow-band ele-} 
ments spaced uniformly in frequency. | 


by Lerner, Cutrona, et al., and Craig. Lerner is interested 
in matched filters having a high degree of time delay) 
discrimination and an ability to accommodate and meas-} 
ure Doppler shifts. The basic matched filter he uses 1s} 
made up of a number of wideband elements spaced uni 
formly in delay, 7z.e., a tapped delay line. + 

Cutrona, Porcello, Palermo, and Leith, discuss the trea _ 
ment of signals by optical processors. An interesting; 
feature of this class of techniques is the ease with whichi 
large numbers of hypotheses can be tested simultaneously 
a capability that appears to be increasingly necessary a8 
communication and detection systems become more com 
plex. Craig analyzes what can be done in designing a 
linear filter for best performance as a matched filter when) 
only a limited number of design parameters may be varied/ 

Two specific approaches to the important problem o 
choosing the waveforms so as to have desirable auto- and 
cross-correlation properties are presented by Welti and 
Titsworth. This problem is touched on in Lerner’s paper} 
as well, and by implication at least, by Sussman. 

The Abstracts Section, a new regular feature of the 
TRANSACTIONS, appears for the first time. The Editors of 
this section have prepared a number of abstracts summa- 
rizing various important papers relating to matched filters! 

The reader will recognize at once that the collection 
of papers in this issue is more indicative than it is exhaus+ 
tive. More is being added to the story daily. It is hoped 
that this Special Issue will stimulate a wider discussion! 
and suggest profitable directions for further work. 


i. 
x 


Paut E. GREEN, JB.) 
Editor of Matched Filter Issu| 
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An Introduction to Matched Filters* 


GEORGE L. TURIN{ 


Summary—In a tutorial exposition, the following topics are 
‘cussed: definition of a matched filter; where matched filters 
se; properties of matched filters; matched-filter synthesis and 
nal specification; some forms of matched filters. 


» I. ForEworpD 


- 


2 this introductory treatment of matched filters, an 


attempt has been made to provide an engineering 
~ insight into such topics as: where these filters arise, 
rat their properties are, how they may be synthesized, 
0. Rigor and detail are purposely avoided, on the theory 
at they tend, on first contact with a subject, to obscure 
ndamental concepts rather than clarify them. Thus, 
r example, although it is not assumed that the reader 
eonversant with statistical estimation and hypothesis- 
sting theories, the pertinent results of these are invoked 
thout mathematical proof; instead, they are justified 
‘an appeal to intuition, starting with simple cases 
d working up to greater and greater complexity. Such 
presentation is admittedly not sufficient for a com- 
stely thorough understanding: it is merely a prelude. 
is hoped that the interested reader will fill in the gaps 
mself by consulting the cited references at his leisure. 
Of course, one must always start somewhere, and here 
is with the assumption that the reader is already 
miliar with the elements of probability theory and 
ear filter theory—that is, with such things as prob- 
ility density functions, spectra, impulse response func- 
ms, transfer functions, and so forth. If he is not, refer- 
ce to Chapters 1 and 2 of [57] and Chapter 9 of [7] 
ll probably suffice. _ 
The bibliography, although lengthy, is not meant to 
complete, nor could it be. Aside from the inevitable 
vbility of the author to be familiar with the entire 
classified literature on the subject, there is an extensive 
dy of classified literature, much of it precedent to the 
classified literature, which of course could not be cited. 
the latter, it must be said regretfully, large portions 


yuld not have been classified in the first place, or. 


yuld long since have been declassified. 

No bibliography can satisfactorily reflect the influence 
personal conversations with colleagues on an author’s 
uughts about a subject. The present author would 
ecially like to acknowledge the many he has had 
ar the years with Drs. W. B. Davenport, Jr., R. M. 
no, P. E. Green, Jr., and R. Price; this, without attrib- 
ng to them in any way the inadequacies of what 
OWS. 


* Manuscript received by the PGIT, January 23, 1960. 
| Hughes Research Laboratories, Malibu, Calif. 


II. DEFINITION oF A MAtcHED FILTER 


If s(¢) is any physical waveform, then a filter which is 
matched to s(¢) is, by definition, one with impulse response 


h(r) = ks(A — 7), (1) 


where k and A are arbitrary constants. In order to envisage 
the form of h(t), consider Fig. 1, in part (a) of which is 
shown a wave train, s(t), lasting from f, to t,. By reversing 
the direction of time in part (a), 7.e., letting 7 = —4#, 
one obtains the reversed train, s(—r), of part (b). If 
this latter waveform is now delayed by A seconds, and 
its amplitude multiplied by k, the resulting waveform— 
part (c) of Fig. 1—is the matched-filter impulse response 
of (1).’ 

The transfer function of a matched filter, which is 
the Fourier transform of the impulse response, has the 
form 


H(j2nf) = if hire?! dr 
= kf s(A — re?" dr 


[oe] 


a revere f s(r’)err7e’ dr’, (2) 


s(t) 


to -t) 
(b) 
h(r)=ks(A-r) 


A-to 
(c) 


Fig. 1—(a) A wave train; (b) the reversed train; (c) a matched- 
filter impulse response. 


Bat) 


1 For some types of synthesis of h(r)—for example, as the impulse 
response of a passive, linear, electrical network—A is constrained 
by realizability considerations to the region A > ft». If t2 = o, 
approximations are sometimes necessary. The problems of realization 
will be considered more fully later. 
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where the substitution 7’ A — 7 has been made in 
going from the third to the fourth member of (2). Now, 
the spectrum of s(t), 7.e., its Fourier transform, is:” 


foo) 


Sen) = { sei" dt. (3) 
Comparison of (2) and (3) reveals, then, that 
H(j2rf) = kS(—j2mf)e?"* = kS*(j2nfle 7". (4) 


That is, except for a possible amplitude and delay factor 
of the form ke~”*’*, the transfer function of a matched 
filter is the complex conjugate of the spectrum of the 
signal to which it is matched. For this reason, a matched 
filter is often called a ‘‘conjugate’”’ filter. 

Let us postpone further ‘study of the characteristics 
of matched filters until we have gained enough familiarity 
with the contexts in which they appear to know what 
properties are important enough to investigate. 


III. Wuere Marcuep Frurers ARISE 


A. Mean-Square Criteria 


Perhaps the first context in which the matched filter 
made its appearance [31], [55] is that depicted in Fig. 2. 


aly 
A 
| 
t 
LINEAR 
oa x(t) [ wee | y(t) 


n(t) 
NOISE 


Fig. 2—Pertaining to the maximization of signal-to-noise ratio. 


Suppose that one has received a waveform, x(t), which 
consists either solely of a white noise, n(t), of power 
density N,/2 watts/eps;’ or of n(t) plus a signal, s(t)— 
say a radar return—of known form. One wishes to deter- 
mine which of these contingencies is true by operating 
on x(t) with a linear filter in such a way that if s(t) zs 
present, the filter output at some time f A will be 
considerably greater than if s(¢) is absent. Now, since 
the filter has been assumed to be linear, its output, y(¢), 
will be composed of a noise component y,(¢), due to n(t) 
only, and, if s(¢) is present, a signal component y,(d), 
due to s(¢) only. A simple way of quantifying the re- 
quirement that y(A) be “considerably greater’? when s(t) 
is present than when s(¢) is absent is to ask that the filter 


2 This is a density spectrum: that is, if s(t) is, e.g., a voltage 
waveform, S(j27f) is a voltage density, and its integral from fy 
to f2 (plus that from —f2 to —f1) is the part of the voltage in s(t) 
originating in the band of frequencies from f; to fo. 

This is the “double-ended” density, covering positive and 
negative frequencies. The “single-ended”? physical power density 
(positive frequencies only) is thus N o. 
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make the instantaneous power in y,(A) as large as possibl 
compared to the average power in n(¢) at time A. 
Assuming that n(t) is stationary, the average power ii 
n(t) at any instant is the integrated power under th 
noise power density spectrum at the filter output. I 
G(j2rf) is the transfer function of the filter, the outpu 
noise power density is (No/2) | @(j2zrf) |’; the outpu 
noise power is therefore 


Ne [| agen P af. 


(5 
Further, if S(j27f) is the input signal spectrum, ther 
S(j2rf)G(j2rf) is the output signal spectrum, and y,(A 


is the inverse Fourier transform of this, evaluated ai 
b= A; that. is, 


y(d) =f SG2m)G2pe""* df. 


The ratio of the square of (6) to (5) is the power ratic 
we wish to maximize: . 


of ‘p : SC2mf)Gj2nfye?*" ar] 
Ae 


2 


No |_| GG2af) P af 
Recognizing that the integral in the numerator is real [it i 
y,(A)], and identifying G(j2rf) with f(x) and S(j2rf)e?"™” 
with g(x) in the Schwarz inequality, 


[fies ael<firora flare, @ 
one obtains from (7) 
p <a [| S@ep Fay. @ 


Since | S(j27f) |’ is the energy density spectrum of s(é) 
the integral in (9) is the total energy, H, in s(¢). Ther 


(10 


It is clear on inspection that the equality in (8), ane 
hence in (9) and (10), holds when f(x) = kg*(«), z.e., when 


G(j2mf) = kS*(j2nf\e 27", (11) 


Thus, when the filter is matched to s(t), a maximum value 
of p is obtained. It is further easily shown that the equality 
in (8) holds only when f(z) kg*(a), so the matchec 
filter of (11) represents the only type of linear filter whiek 
maximizes p. 

Notice that we have assumed nothing about the statis- 
tics of the noise except that it is stationary and white 
with power density N,/2. If it is not white, but has 
some arbitrary power density spectrum | N(j2zf) |’, € 
derivation similar to that given above [9], [15] leads te 
the solution 


bS* jQmpe 27/4 


PVG2ap F % 


G(j2nf) = 


> 


ie can convince himself of this intuitively in the fol- 
ving manner. If the input, <(é), of Fig. 2 is passed 
rough a filter with transfer function 1/N(j2zf), the 
ise component at its output will be white; however, 
2 signal component will be distorted, now having the 
ectrum S(j2rf)/N(j2rf). On the basis of our previous 
cussion of signals in white noise, it seems reasonable, 
sn, to follow the noise-whitening filter with a filter 
utched to the distorted signal spectrum, 7.e., with the 
er kS*(j2mf)e "!*/N*(j2rf). The cascade of the noise- 
litening filter and this matched filter is indeed the 
lution (12).* 

So far we have considered only a detection problem: 
the signal present or not? Suppose, however, we know 
vt the signal is present, but has an unknown delay, 
which we wish to measure (e.g., radar ranging). Then 
e first of the output waveforms in Fig. 2 obtains, but 
2 peak in it is delayed by the unknown delay. In order 
measure this delay accurately, we should not only 
e the output waveform, as before, to be large at f = 
+ t) but also to be very small elsewhere. 

More generally, we may frame the problem in the 
vmner depicted in Fig. 3. A sounding signal of known 
m, s(#), is transmitted into an unknown filter, the 
pulse response of which is u(r). [In Fig. 2, this filter 
Bp ely a pair of wires with impulse response 6(¢), the 
rac delta function.] At the output of the unknown 
er, Stationary noise is added to the signal, the sum 
ing denoted by 2(t). We desire to operate on x(t) with 
inear filter, whose output, y(¢), is to be as faithful as 
ssible an estimate of the unknown impulse response, 
rhaps with some delay A. 


ESTIMATING 
FILTER 


. 3—Pertaining to mean-square estimation of an unknown im- 
pulse response. 


UNKNOWN 
FILTER 


n(t) 
NOISE 


Che unknown filter may be some linear or quasi-linear 
nsmission medium, such as the ionosphere, the charac- 
istics of which we wish to measure. Again, it may 
resent a complex of radar targets, in which case u(r) 
consist of a sequence of delta functions with unknown 
ays (ranges) and strengths. 
\ reasonable mean-square criterion for faithfulness of 
oduction is that the average of the squared difference 
ween y(¢) and u(t — A), integrated over the pertinent 
‘ge of ¢, be as small as possible; the average must be 
fen over both the ensemble of possible impulse re- 


} The weak link in this heuristic argument is, of course, that 
not obvious that an optimization performed on the output of 
noise-whitening filter is equivalent to one performed on its 

iit, the observed waveform; it can be shown, however, that 

is so. 
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sponses of the unknown filter, and the ensemble of possible 
noises. Using such a criterion [51], one arrives at an 
optimum estimating filter which is in general relatively 
complicated. However, when the signal-to-noise ratio is 
small, and it is assumed that nothing whatever is known 
about u(r) except possibly its maximum duration, the 
optimum filter turns out to be matched to s(t) if the 
noise is white, and has the form of (12) for nonwhite 
noise. Further, in the important case when the sounding 
signal, s(¢), is also optimized to minimize the error in 
y(t), the optimum estimating filter is matched to s(é) 
for all signal-to-noise ratios and for all degrees of a priorz 
knowledge about u(r), provided only that the noise is 
white.’ 


B. Probabilistic Criteria 


In the preceding discussion, we have confined ourselves 
to mean-square criteria—maximization of a signal-to-noise 
power ratio or minimization of a mean-square difference. 
The use of such simple criteria has the advantage of 
not requiring us to know more than a second-order 
statistic of the noise—the power-density spectrum. But, 
although mean-square criteria often have strong intuitive 
justifications, we should prefer to use criteria directly 
related to performance ratings of the systems in which 
we are interested, such as radar and communication sys- 
tems. Such performance ratings are usually probabilistic 
in nature: one speaks of the probabilities of detection, 
of false alarm, of error, etc., and it is these which we wish 
to optimize. This brings us into the realm of classical 
statistical hypothesis-testing and estimation theories. 

Let us first examine perhaps the simplest hypothesis- 
testing problem, the one posed at the start of the section 
on mean-square criteria: the observed signal, «(é), is either 
due solely to noise, or to both an exactly known signal 
and noise.° Such a situation could occur, for example, 
in an on-off communication system, or in a radar detection 
system. Adopting the standard parlance of hypothesis- 
testing theory, we denote the former hypothesis, noise 
only, by Ho, and the alternative hypothesis by H,. We 
wish to devise a test for deciding in favor of H, or Hy. 

There are two types of errors with which we are con- 
cerned: a Type I error, of deciding in favor of H, when 
H, is true, and a Type II error, of deciding in favor of 
H, when H, is true. The probabilities of making such 
errors are denoted by a and 8, respectively. For a choice 
of criterion, we may perhaps decide to minimize the 
average of a and B (2.e., the over-all probability of error); 
this would require a knowledge of the a prior? prob- 
abilities of Hy) and H,, which is generally available in a 
communication system. On the other hand, perhaps one 
type of error is more costly than the other, and we may 
then wish to minimize an average cost [29]. When, as is 
often the case in radar detection, neither the a priorz 


’ Another approach to this problem of impulse-response estima- 
tion appears in [25]. 

6 Here, however, we shall not initially restrict ourselves as 
before solely to additive combinations of signal and noise. 
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probabilities nor the costs are known, or even definable, 
one often alternatively accepts the criterion of minimizing 
6 (in radar: maximization of the probability of detection) 
for a given, predetermined value of a (false-alarm prob- 
ability)—the Neyman-Pearson criterion [7]. 

What is important for our present considerations is 
that all these criteria lead to the same generic form of 
test. If one lets p.(x) be the probability (density) that 
if Hy is true, the observed waveform, x(t), could have 
arisen; and p,(z) be the probability (density) that ¢f H, 
is true, x(t) could have arisen; then the test has the 
form [7], [29], [33]: 


accept AH, if a SSN 
Jae pil®) 
t HH, iw —— <A 
accep ay pit) = 


Here \ is a constant dependent on a priori probabilities 
and costs, if these are known, or on the predetermined 
value of a in the Neyman-Pearson test; most importantly, 
it is not dependent on the observation a(t). The test (13) 
asks us to examine the possible causes of what we have 
observed, and to determine whether or not the observa- 
tion is \ times more likely to have occurred if H, is true 
than if H, is true; if it is, we accept H, as true, and if 
not, we accept Hy. If \ = 1, for example, we choose the 
cause which is the more likely to have given rise to x(t). 
A value of \ not equal to unity reflects a bias on the part 
of the observer in favor of choosing one hypothesis or 
the other. 

Let us assume now that the noise, n(f), is additive, 
gaussian and white with spectral density N,/2,’ and 
further that the signal, if present, has the known form 
s(t — to), tr < ¢# < t + T, where the delay, ¢), and the 
signal duration, 7, are assumed known. Then, on ob- 
serving x(¢) in some observation interval, 7, which includes 
the interval 4; < ¢ < 4 + T, the two hypotheses con- 
cerning its origin are: 

} (14) 
ae eR | 


He a) =n); St 
H,: x(t) =st— ht) +n(d, 
Now, it can be shown [57] that the probability density 
of a sample, n(¢), of white, gaussian noise lasting from 
a to b may be expressed as’ 


Riieeth exe E; / " 20) a| 


where N,/2 is the double-ended spectral density of the 
noise, and k is a constant not dependent on n(t). Hence 
the likelihood that, if H, is true, the observation a(t) 
could arise is simply the probability (density) that the 
noise waveform can assume the form of x(), 7.e., 


ie ee Ee iE 2°(t) a| 


7 The space on which this probability density exists must be 
carefully defined, but the details of this do not concern us here. 


wa of 


(15) 


(16) 
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the region of integration being, as indicated, the observ 
tion interval, 7. Similarly, the likelihood that, if Hy 
true, x(¢) could arise is the probability density that t 
noise can assume the form n(t) = x(t) — s(t — bo), 2. 
1 2 
k exp | [x(é) — s(é — t)] at 
No Jr 


k exp Ee [ a(t) dt 
E 


He ee [ s(t — to)a(i) dt — #) , ( 


I 


p(x) 


where we have denoted f; s(t — t) dt, the energy 
the signal, by EL. 

On substituting (16) and (17) in (13) and taking t 
logarithm of both sides of the inequality, the hypothes 


testing criterion becomes 
accept H, if y(t) > | a 
? 

accept H, if y(t) <2 


where we have set 


y(t) = [ — to)x(t) dt dl 
and 
y= TP tog x + 28. ( 
Changing variable in (19) by setting r = 4 — ft, O 
obtains 
ylte) = ff r s(—1)2(to — 2) dr. ( 


But one immediately recognizes this last as the outp 
at time /), of a filter with impulse response g(r) = s(— 
in response to an input waveform «(¢). The filter tk 
specified is clearly matched to s(t), and the optim 
system called for by (18) therefore takes on the fo; 
of Fig. 4.° 


MATCHED 
FILTER 
(IMPULSE 
RESPONSE: 

S(-t) ) 


x(t) SAMPLER 
(SAMPLE 


AT t=to) 


THRESHOLD 
(LEVEL= ’) 


veciany 


Fig. 4—A simple radar detection system. 


8 Notice that s(—7), hence g(r), is nonzero only in the inten 
—T <r < 0; hence the limits of integration. In order to re 
g(r), a delay of A > T must be inserted in g(7)—see (1) and footr 
1. This introduces an equal delay at the filter output, which m 
then be sampled at time to + A, rather than at fo. 

Notice also that y(t») could be obtained by literally follo 
the edicts of (19). That is, one could multiply the incoming wz 
form, x(t), by a stored replica of the signal waveform, s(t), del 
by to; the product, integrated over the observation interva 
y(to), and is to be compared with the threshold, \’. Such a dete 
is called a correlation detector. We shall in this paper, howe 
refer solely to the matched-filter versions of our solutions, 
the understanding that these may be obtained by correla 
techniques if desired. 
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The similarity between the solution represented in 
ig. 4 and the one we obtained in connection with Fig. 2 
apparent: the matched filter in Fig. 4 in fact maximizes 
1e signal-to-noise ratio of y(t) at t = ft, the sampling 
stant. That a mean-square criterion and a probabilistic 
iterion should lead to the same result in the case of 
Iditive, gaussian noise is no coincidence; there is an 
timate connection between the two types of criteria in 
is Case. 

So far, we have considered that the signal component 
a(t), if it is present, is known exactly; in particular, 
e have assumed that the delay % is known. Suppose 
ow that the envelope delay of the signal is known, but 
ot the carrier phase, 6 [50]. Assuming that a probability 
snsity distribution is given for 6, (13) reduces to 


_ f pe/op(o) ao 


accept H, if Be SSO 
ow Y 


(22) 


accept H, otherwise 


ere pi(x/6) is the conditional probability, given 6, that 
A, is true x(é) will arise; p(9) is the probability density 
6. If 61s completely random, so p(@) is flat, then carrying 
rough the computations for the case of white, gaussian 
yise leads to the intuitively expected result that an 
elope detector should be inserted in Fig. 4 between 
e matched filter and the sampler [38], [57]. Note, how- 
er, that the matched filtering of x(t) is still the core of 
e test. 

If the envelope delay is also unknown, and no prob- 
lity distribution is known for it a priori other than 
at it must lie in a given interval, Q, a good test is [7]: 


_ ie pi(x/0)p(8) dé 


SS WAG d 
Do(X) 


cept H, if (23) 


cept H, otherwise 


rere it is implicit that the integral in the numerator 
pends on a hypothesized value of the envelope delay.” 
yr a flat distribution of 0, (23) yields a circuit in which 
e envelope detector just inserted in Fig. 4 remains, but 
now followed not by a sampler, but by a wide gate, 
en during the interval ©. For all values of é within 
is interval, this gate passes the envelope of y(¢,) to the 
eshold; if the threshold is exceeded at any instant, 
on the maximum value of the gate output will also 
rely exceed it, and, by (23), H, must then be accepted. 


9 Here, for lack of knowing the true envelope delay, we have 
ntially used test (22), in which we have assumed that the en- 
pe delay has that value which maximizes the integral in the 
nerator. This procedure is part and parcel of the estimation 
blem, which we have already considered briefly in the discussion 

ean-square criteria, and which we shall later bring into the 
sent discussion on probabilistic criteria. 


Turin: An Introduction to Matched Filters allo 


As before, a matched filtering operation is the basic part 
of the test.”° 

We have been discussing, mostly in the radar context, 
the simple binary detection problem, “‘signal plus noise 
or noise only?” Clearly, this is a special case of the general 
binary detection problem, more germane to communica- 
tions, ‘‘signal 1 plus noise or signal 2 plus noise?”’, where 
we have taken one of the signals to be identically zero. 
Let us now address ourselves to the even more general 
digital communications problem, “which of M possible 
signals was transmitted?” 

Let us first consider the case in which the forms of 
the signals, as they appear at the receiver, are known 
exactly. In this situation, a good hypothesis test, of which 
(13) is a special case, is of the form: 


accept the hypothesis, 4, , 


for es (24) 
Mero ae 1 


Ln Daan = is greatest 


Here p,,(x) is the probability that if the mth signal was 
sent, x(t) will be received. The u,,’s are constants, in- 
dependent of x(t), which are determined solely by the 
criterion of the test. If the criterion is, for example, 
minimization of the over-all probability of error, u,, is 
the a priort probability of transmittal of the mth signal 
[56], [57]. The u,,’s may possibly also be related to the 
costs of making various types of errors. If neither @ priori 
probabilities nor costs are given, the u,,’s are generally 
all equated to unity, and the test is called a maximum- 
likelihood test [7]. 

If the noise is additive, gaussian, and white with spectral 
density N,/2, then following the reasoning which led to 
(17), we have 


Py eth ea Saal le Ha 
D(x) =k exp | No i) x (t) dt =e No Ym(O) No ) (25) 
where, letting s,,(¢) be the mth signal, 


rahe i tn ab — a) ar. (26) 


We have arbitrarily assumed that the signals are received 
with no delay (this amounts to choosing a time origin), 
and that they all have the same duration, 7. £,, is the 
energy in the mth signal. 

Taking logarithms for convenience, test (24) reduces to: 


accept the hypothesis, H,, , for which 


No 


(27) 
Ym(O) + (Ms log Um — 2) is greatest 


10 Note that if a correlation detector (see footnote 8) is to be 
used here, it must compute the envelope of y(t) separately for each 
value of to in Q. That is, (19) and its quadrature component must 
be obtained, squared and summed for each to by a separate multipli- 
cation and integration process; ¢o is here a parameter (parametric 
time). In general, the advantages of using a matched filter to obtain 
y(to), for all to) in Q, as a function of real time are obviously great. 
In a few circumstances, however—such as range-gated pulsed 
radar—the correlation technique may be more easily implemented, 
to a good approximation. 
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Ym(O) is, as we have seen, the output at ¢ = 0 of a filter 
matched to s,,(¢), in response to the input x(/). Therefore, 
the optimum receiver has the configuration of Fig. 5, 
where the biases B,, are the quantities (N,/2) log u,, — 2E,,. 
The output of the decision circuit is the index m which 
corresponds to the greatest of the / inputs. 


MATCHED 

FILTER 
(IMPULSE 

RESPONSE :$,(-r) 


SAMPLER 
(SAMPLE 
AT t=0) 


MATCHED 
FILTER 

(IMPULSE 
RESPONSE ‘89(-r)) 


SAMPLER 
(SAMPLE 
AT t=0) 


DECISION 


a 
n 
DECISION CIRCUIT 


MATCHED 
FILTER 
(IMPULSE 

RESPONSE:8 (1) 


SAMPLER 
(SAMPLE 
AT t=0) 


Fig. 5—A simple M-ary communications receiver. 


If the forms of the signals s,,(¢), as they appear at the 
receiver, are not known exactly, but are dependent on, 
say, L random parameters, 0,, , 9:, whose joint 
density distribution q(@,, --- , 9) is known, then (24) 
takes the form: 


accept the hypothesis, H,,, for which 

tm for fais se 5 8) ’ (28) 
‘Dnlt/0,,-+: , Or) d0,--- dé, is greatest 

where 7,,(@/6,, --: , 01) is the conditional probability, 


given 6,, --- , 6,, that if H,, is true, the observed received 
signal, «(¢), will arise. 

Suppose there is only one unknown parameter, the 
carrier phase, 6, which is assumed to have a uniform 
distribution. Then, as in the on-off binary case, it turns 
out that the only modification required in the configura- 
tion of the optimum receiver is that envelope detectors 
of a particular type’’ must be inserted between the 
matched filters and samplers in Fig. 5. 

Test (28) may also be applied to the case of multipath 
communications. For example, one may consider the case 
of a discrete, slowly varying, multipath channel in which 
the paths are independent, and each is characterized by 
a random strength, carrier phase-shift, and modulation 
delay; if P is the number of paths, there are then 3P 
random parameters on which the signals depend. It can 


11 Unlike the on-off binary case, in which any monotone-in- 
creasing transfer characteristic can be accommodated in the enve- 
lope detector by an adjustment of the threshold, in this case, except 
when all the biases are equal, the transfer characteristic must be of 
the log Jo type [7], [38], [50]. In the region of small signal-to-noise 
ratios, however, such a characteristic is well approximated by a 
square-law detector. 
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be shown [50] that, for a broad class of probability distr 
butions of path characteristics, an optimum-receiver a 
rangement similar to Fig. 5 still obtains. Instead of 
simple sampler following the matched filter, howeve 
there is in general a more complicated nonlinear devic 
the form of which depends on the form of the distributio1 
q(@:, *** , 9x), inserted in (28). If, for instance, it 
assumed that the modulation delays of the paths ai 
known, but that the path strengths and phase-shift 
share joint distributions of a fairly general form [50 
the device combines nonlinear functions of several sample 
taken at instants corresponding to the expected pat 
delays, of both the output of the matched filter and « 
its envelope. Again, if all the paths are assumed a prior 
to have identical strength distributions, their carrie 
phase-shifts assumed uniformly distributed over (0, 2m 
and their modulation delays assumed uniformly distr 
buted over the interval (é,, ¢,),- the form of the nonlinea 
device which should replace the mth sampler in Fig. 
is given, to a good approximation, by Fig. 6 [12], [50 
The exact form of the nonlinear device, F’,,, is determine 
by the assumed path-strength distribution. 


ENVELOPE a eee fiareceede LOGARITHMIC 
DETECTOR , AMPLIFIER 
OVER (to, tb) ] 


Fig. 6—A nonlinear device for use in Fig. 5 when the path delay 
are unknown. 


The case in which the path modulation delays ar 
known, and the carrier phase-shifts and strengths var 
randomly with time (t.e., are not restricted, as befor 
to “slow” variations with respect to the signal duration 
has also been considered for Rayleigh-fading paths [36 
Again, at least to an approximation, the results can kt 
interpreted in terms of matched filters. The operatior 
performed on the matched filter outputs now vary wit 
time, however. 

In order to use test (28), it is necessary to have 
parameter distribution, q(6,, --- , 0z). It may be, howeve 
that a complete distribution of all the parameters is ne 
available. Then it is often both theoretically and practi 
cally desirable to return to a test based on the tall 
that the parameters for which no distribution is givéd 
are exactly known; in place of the true values of the! 
parameters called for by the test, however, estimates a) 
used. We have already come across such a technique 
connection with (23); in that case, an a prior? distributic 
of one parameter, phase, was used, but another paramete 
modulation delay, was estimated to be that value whid 
maximized the integral in the numerator.” 


% These distributions of phase shift and modulation delay 
not, of course, be totally due to randomness in the channel, but 
partially reflect a distribution of error in phase-base and time-bé) 
synchronization of transmitter and receiver; the original assumptil 
of knowledge of the exact forms of the signals as they appear |! 
the receiver implied perfect synchronization. 
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_ Let us, as a final topic in our discussion of probabilistic 
criteria, then, consider this problem of estimation of 
parameters. Clearly, estimation may be an end in itself, 
as in the case of radar ranging briefly considered in the 
section of mean-square criteria; on the other hand, it 
may be to the end discussed in the preceding paragraph. 
_ The step from hypothesis testing to estimation may 
in a sense be considered identical to that from discrete 
to continuous variables. In the hypothesis test (24), for 
Ep mple, one inquires, “To which of M discrete causes 
(signals) may the observation x(t) be ascribed?” If one 
is alternatively faced with a continuum of causes, such 
as a set of signals, identical except for a delay which may 
have any value within an interval, the equivalent test 
would clearly be of the form: 


accept the hypothesis, 4H, , 


for ; (29) 


u(M)Pm(x) (m, < m < ms) is greatest 


where the notation is the same as that used in (24), 
except that m is now a continuous parameter. Only one 
parameter has been explicitly shown in (29), but clearly 
the technique may be extended to many parameters. 

To consider but one application of (29), let us again 
investigate the radar-ranging problem, in which the obser- 
vation is known to be given by 


=; (30) 


Ost SO 
i abe). IE 


a(t) = s(t — to) + n(2) 


where s(t) is of known form, nonzero in the interval 
0 <¢ < T. Again let us imagine n(t) to be stationary, 
gaussian and white with spectral density N,/2. Then a 
little thought will convince one that the probability that 
z(t) will be observed, if the delay has some specific value 
t) in the interval (a, b), is of the form of the right-hand 
side of (17). Placing this in (29), identifying m with é, 
and letting u(m) be independent of m (maximum-likeli- 
hood estimation) [7], it becomes clear that we seek the 
value of t) for which the integrals (19) and (21) are maxi- 
mum. Remembering our previous interpretation of (21), 
it follows that a system which estimates delay in this 
pase is one which passes the observed signal, x(¢), into 
1 filter matched to the signal s(t), and estimates, as the 
delay of s(t), the delay (with respect to a reference time) 
of the maximum of the filter’s output. Thus, in optimum 
radar systems, at least in the case of additive, gaussian 
noise, a matched filter plays a central part in both the 
Jetection and ranging operations. This is a dual réle we 
nave previously had occasion to note heuristically.’ 

The application of the technique of estimation of un- 
cnown signal parameters for use in a hypothesis test has 
yeen considered for ideal multipath communication sys- 
ems [21], [36], [37], [41], [48], [50]. In fact, even if such 
‘stimation techniques are not postulated explicitly to 
‘tart with, but some a priori distribution of the unknown 
yarameters is assumed, it is on occasion found that opera- 
ions which may be interpreted as implicit a posteriori 
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estimation procedures appear in the hypothesis-testing 
receiver [21], [36]. Again, matched filters, or operations 
very close to matched filtering operations, arise promi- 
nently in the solutions. 

It is perhaps not necessary to emphasize that the point 
of the foregoing discussion of where matched filters arise 
is not to paint a detailed picture of optimum detection 
and estimation devices; this has not been done, nor could 
it, in the limited space available. Rather, the point is 
to indicate that matched filters do appear as the core of 
a large number of such devices, which differ largely in 
the type of nonlinear operations applied to the matched- 
filter output. Having made this point, it behooves us to 
study the properties of matched filters and to discuss 
methods of their synthesis, to which topics the remainder 
of this paper will be devoted. 

It seems only proper, however, to end this section with 
a caveat. The devices based on probabilistic criteria in 
which we have encountered matched filters were derived 
on the assumption that at least the additive part of the 
channel disturbance is stationary, white and gaussian. 
The stationarity and whiteness requirements are not too 
essential; the elimination of the former generally leads 
to time-varying filters, and the elimination of the latter, 
to the use of the noise-whitening pre-filters we have 
previously discussed [11], [30]. The requirement of gaus- 
Slanness is not as easy to dispense with. We have seen 
that, within the bounds of linear filters, a matched filter 
maximizes the signal-to-noise ratio for any white, additive 
noise, and this gives us some confidence in their efficacy 
in nongaussian situations. But due care should nonetheless 
be exercised in implying from this their optimality from 
the point of view of a probabilistic criterion. 


IV. Prorerties or Matrcuep FIurTEers 


In order to gain an intuitive grasp of how a matched 
filter operates, let us consider the simple system of Fig. 7. 


s(t) 
S (j2wf) 


SIGNAL -GENERATING 
FILTER 


MATCHED 


FILTER 
n(t) 


WHITE 
NOISE 


Fig. 7—Illustrating the properties of matched filters. 


A signal, s(t), say of duration 7, may be imagined to be 
generated by exciting a filter, whose impulse response is 
s(r), with a unit impulse at time ¢ = 0. To this signal is 
added a white noise waveform, n(¢), the power density 
of which is N,/2. The sum signal, x(t), is then passed 
into a filter, matched to s(¢), whose output is denoted 
by y(). 

This output signal may be resolved into two components, 


y(t) = y(t) + y,(t), (31) 
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the first of which is due to s(#) alone, the second to n(/) 
alone. It is these two components which we wish to study. 
For simplicity of illustration, let us take all spectra to be 
centered around zero frequency; no generality is lost in 
our results by doing this. 

The response to an input s(¢) of a linear filter with 
impulse response h(r) is 


i Moe ae 


If h(r) = s(—7), as in Fig. 7, then 


(Oo | See ar (32) 
This is clearly symmetric in ¢, since 
y(—t) = [ s(—7)s(—t — 7) dr 
ni (33) 


ee) 


[st — r)(—7) ar’ = yd, 


vi 


where the second equality is obtained through the substi- 
tution r’ = ¢ + 7. For the low-pass case we are considering, 
y,(¢) may look something like the pulse in Fig. 8. The 
height of this pulse at the origin is, from (32), 


foro) 


ies pices Be 


y(0) = (34) 
where FE is the signal energy. By applying the Schwarz 
inequality, (8), to (32), it becomes apparent that | y,(¢) | 
cannot exceed y(0) = # for any ¢. 

The spectrum of y,(¢), that is, its Fourier transform, 
is | S(j2rf) |’. This is easily seen from the fact that y,(¢) 
may be looked on, in Fig. 7, as the impulse response of 
the cascade of the signal-generating filter and the matched 
filter. But the over-all transfer function of the cascade, 
which is therefore the spectrum of y,(¢), is just | S(j27f) |’. 
The spectrum corresponding to the y,(¢) in Fig. 8 will 
look something like Fig. 9. 

In Figs. 8 and 9 we have denoted the ‘‘widths” of 
y.(t) and | S(j2zf) |? by a and B, respectively. It has been 
shown [13] that for suitable definitions of these widths, 
the inequality, 


a8 > a constant of the order of unity, (35) 


holds. The exact value of the constant depends on the 
definition of “width” and need not concern us here. 
The important thing is that the “width” of the signal 
component at the matched-filter output in Fig. 7 cannot 
be less than the order of the reciprocal of the signal 
bandwidth. 

In view of the above results, one might question the 
optimal character of a matched filter. In the preceding 
section we saw, for example, that in the radar case with 
gaussian noise we were to compare y(t) with a threshold 
to determine whether a signal is present or absent (see 
Fig. 4). Now, if a signal component 7s present in 2(é), 
we seemingly should require, for the purpose of assuring 
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Y(t) 


0 
Fig. 8—The signal-component output of (32). 


1S(jawt)i? 


fe) 
Fig. 9—The spectrum corresponding to y,(t) in Fig. 8. 


that the threshold is exceeded, that the signal component 
of y(t) be made as large as possible at some instant. Again, 
if s(t) has been delayed by some unknown amount 4, 
so that the signal component of y(t) is also delayed, 
we saw that we could estimate f) by finding the location 
of the maximum of y(¢); in order to find this maximum 
accurately, one would imagine we would require that the 
signal component of y(#) be a high, narrow pulse centered 
on ¢). In short, it appears that for efficient radar detection 
and ranging we really require an output signal com- 
ponent which looks very much like an impulse, rather 
than like the finite-height, monzero-width, matched- 
filter output pulse of Fig. 8. Furthermore, we could 
actually obtain this impulse by using an inverse filter, 
with transfer function 1/S(j27f), instead of the matched 
filter in Fig. 7. (To see this, note from Fig. 7 that the 
output signal component would then be the impulse 
response of the cascade of the signal-generating filter 
and the inverse filter, and since the product of the trans- 
fer functions of these two filters is identically unity, this 
impulse response would itself be an impulse.) We are 
thus led to ask, ‘““‘Why not use an inverse filter rather 
than a matched filter?” 

The answer is fairly obvious once one considers the 
effect of the additive noise, which we have so far explicitly 
neglected in this argument. Any physical signal must 
have a spectrum, S(j2f), which approaches zero for 
large values of f, as in Fig. 9. The gain of the inverse 
filter will therefore become indefinitely large as f — ©. 
Since the input noise spectrum is assumed to extend 
over all frequencies, the power in the output noise com- 
ponent of the inverse filter will be infinite. Indeed, the 
output noise component will override the output signal- 
component impulse, as may easily be seen by a comparison 
of their spectra: the former spectrum increases without 
limit as f — ©, while the latter is a constant for all f. 
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Thus, one must settle for a signal-component output 
pulse which is somewhat less sharp than the impulse 
delivered by an inverse filter. One might look at this 
aS a compromise, a modification of the inverse filter 
which, while keeping the output signal component as 
close to an impulse as possible, efficiently suppresses 
the noise “‘outside”’ the signal band. In order to under- 
stand the nature of this modification, let us write the 
signal spectrum in the form 


S(j2rf) = | SG2mf) |e", (36) 


where ¥(f) is the phase spectrum of s(é). Then the inverse 
filter has the form 


Lee aa emi iv 
Sy2rf) — | SG2rf) | 


Now, since the input noise at any frequency has random 
phase anyway, we clearly can achieve nothing in the 
way of noise suppression by modifying the phase charac- 
teristic of the inverse filter—we would only distort the 
output signal component. On the other hand, it seems 
reasonable to adopt as the amplitude characteristic of 
the filter, not the inverse characteristic 1/| S(j2zf) | 
of (37), but a characteristic which is small at frequencies 
where the signal is small compared to the noise, and large 
at the frequencies where the signal is large compared 
to the noise. In particular, a reasonable choice seems to 
be | S(j2zf) |."* Then the compromise filter is of the form 


H(j2mf) = | S(j2mf) |e’ = S*(j2nf), (38) 
2 matched filter. [The last equality in (88) follows from 
(36) and the fact that, for a physical signal, | S(j2zf) | 
is even in f.] 

_ The compromise solution of (38), of course, as we have 
already seen, maximizes the height of the signal-com- 
ponent output pulse with respect to the rms noise output. 
This maximum output signal-to-noise ratio turns out to 
be perhaps the most important parameter in the calcu- 
lation of the performance of systems using matched filters 
20], [28], [83]-{35], [39], [52], [53], [57]; it is given by 
the right-hand side of (10): 


_ 2E 
ae ip 


(37) 


(39) 


Note that p, depends on the signal only through its energy, 
EH; such features of the signal as peak power, time duration, 
waveshape, and bandwidth do not directly enter the 
expression. In fact, insofar as one is considering only 
she ability of a radar detection system or an on-off com- 
munication system to combat white gaussian noise, it 
‘ollows from this observation that all signals which have 
she same energy are equally effective.'* 


13 This is indeed the solution Brennan obtains in deriving weights 
or optimal linear diversity combination [2]; here we have essentially 
, case of coherent frequency diversity. 

14 Ag we shall see, for more complicated communication systems 
n which more than one signal waveform may be transmitted, 
yarameters governing the ‘‘similarity’”’ of the signals enter the 


yerformance calculations [20], [52]. 
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One may relate the output signal-to-noise ratio, po, 
to that at the input of the filter. Let the noise bandwidth 
of the matched filter—+.e., the bandwidth of a rectangular- 
band filter, with the same maximum gain, which would 
have the same output noise power as the matched filter— 
be denoted by By. Then, for simplicity, one may think 
of the amount of input noise power within the matched 
filter “band” as being given by N;, = ByN>. Further’ 
let the average signal power at the filter input be P;, = 
E/T, where T is the effective duration of the signal. 
Then, letting p; = P;,/Nina, (39) becomes 


Po = 2ByT p; . (40) 


In this formulation of po, it is apparent that the matched 
filter effects a gain in signal-to-noise power ratio of 2ByT. 

This last result seems at first to contradict our previous 
observation that, in the face of white noise, the signal 
bandwidth and time duration do not directly influence pp. 
There is no contradiction, of course. For a given total 
signal energy, the larger T is, the smaller the input 
average signal power P;, is, and hence the smaller p; 
is. Any increase in the ratio of py to p; caused by “‘spreading 
out”’ a fixed-energy signal is thus exactly offset by a 
decrease in p,. Similarly, any increase in the ratio of 
po to p,; occasioned by increasing the signal bandwidth 
is also offset by a decrease in p;; for, the larger the signal 
bandwidth, the larger By, and hence the larger N;,— 
that is, the greater the amount of input noise taken in 
through the increased matched-filter bandwidth. 

However, in relation to the foregoing argument let us 
suppose that one is combating band-limited white noise 
of fixed total power, rather than true white noise, which 
has infinite total power. That is, suppose the interference 
is such that its total power N;, is always caused, malevo- 
lently, to be spread out evenly over the signal “bandwidth” 
By, whatever this bandwidth is. Then, in (40), p; is no 
longer dependent on By, and it is clearly advantageous 
to make the signal and matched-filter bandwidths as 
large as possible; the larger the bandwidth, the more 
thinly the total interfering power must be spread, 7.e., 
the smaller the value of N» in (39) becomes. In this 
situation, of all signals with the same energy, the one 
with the largest bandwidth is the most useful. 

An interesting way of looking at the functions of the 
pair of filters, S(j2rf) and S*(j2rf), in Fig. 7 is from the 
point of view of “coding” and ‘‘decoding.’”’ The impulse 
at the input to the signal-generating filter has components 
at all frequencies, but their amplitudes and phases are 
such that they add constructively at ¢ = 0, and cancel 
each other out elsewhere. The transfer function. S(j27f) 
“codes” the amplitudes and phases of these frequency 
components so that their sum becomes some arbitrary 
waveform lasting, say, from ¢ = 0 to ¢ = T, such as is 
shown in Fig. 10. Now, what we should like to do at the 
receiver is to ‘‘decode’’ the signal, 7.e., restore all the 
amplitudes and phases to their original values. We have 
seen that we cannot do this, since it would entail an 
inverse filter; we compromise by restoring the phases, 
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so that all frequency components at the filter output have 
zero phase at the same time (¢ = 0 in Fig. 8) and add 
constructively to give a large pulse. This pulse has a 
nonzero width, of not less than the order of the reciprocal 
of the signal bandwidth, because we are not able to restore 
the amplitudes of the components properly. 


s(t) 


Fig. 10—A signal waveform. 


) 


In “coding,” then, we have spread the signal energy 
out over a duration T; in “decoding,” we are able to 
collapse this energy into a pulse of the order of 67 times 
narrower, where 6 is some appropriate measure of the 
signal bandwidth. The ‘‘squashing”’ of the energy into a 
shorter pulse leads to an enhancement of signal-to-noise 
power ratio by a factor of the order of ByT, already 
noted in connection with (40). 

We thus see that the time-bandwidth product of teh 
signal or its matched filter, which we shall henceforth 
denote by TW, is a very important parameter in the 
description of the filter. It also turns out to be an index 
of the filter’s complexity, as can be seen by the following 
argument. It is well known [43], that roughly 27W in- 
dependent numbers are sufficient (although not always 
necessary) to describe a signal which has an effective 
time duration 7 and an effective bandwidth W. It follows 
that the complete specification of a filter which is matched 
to such a signal requires, at least in theory, no more than 
2TW numbers. Therefore, in synthesizing the filter there 
theoretically need be no more than 27W elements or 
parameters specified, whence the use of the TW product 
as a measure of “complexity.” (See footnote 20, however.) 

Hopefully, this section has provided an intuitive in- 
sight into the nature of matched filters. It is now time 
to Se ey the problems encountered in their synthesis. 


V. Marcuep-FItrer SYNTHESIS 
AND SIGNAL SPECIFICATION 


In considering the synthesis of matched filters, one 
must take account of the edicts of two sets of constraints: 
those of physical realizability, and those of what might 
be called practical realizability. The first limit what one 
could do, at least in theory; the second are more realistic, 
for they recognize that what is theoretically possible 


is not always attainable in practice—they define the 


limits of what one can do. 

The constraints of physical realizability are relatively 
easily given, and may be found in any good book on 
network synthesis [19]. Perhaps the most important for 
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us, at least for electrical filters, is that expressed in 
footnote 1, that the impulse response must be zero for 
negative values of its argument.’’ If the signal to which 
the filter is to be matched “‘stops’”—+.e., falls to zero 
and remains there thereafter—at some finite time #, (see 
Fig. 1), then we have seen that by introducing a finite 
but perhaps large delay, A > ¢, in the impulse response, 
we can render the impulse response physically realizable. 
We must of course then wait until ¢ = A > ?, for the 
peak of the output signal pulse to occur; put another 
way, we cannot expect an output containing the full 
information about the signal at least until the signal has 
been fully received. Suppose, however, that /, is infinite, 
or it is finite but we cannot afford to wait until the signal 
is fully received before we extract information about it. 
Then it may easily be shown, for example, that in order 
to maximize the output signal-to-noise ratio at some 
instant ft < f,, we should use that part of the optimum 
impulse response which is realizable, and delete that part 
which is not [58]. Thus, if the signal of Fig. 1(a) is to be 
detected at ¢ = 0, the desired impulse response is pro- 
portional to that of Fig. 1(b); the best we can do in render- 
ing this physically realizable is to delete that part of it 
occurring prior to tr = 0. The output signal-to-noise 
ratio at the instant of the output signal peak (in this 
case, f = 0) is still of the form of (39), but now / must 
be interpreted not as the total signal energy, but only 
as that part of the signal energy having arrived by the 
time of the output signal peak. Of course, we are no 
longer dealing with a true matched filter. 

The constraints of practical realizability are not 
so easy to formulate: they are, rather, based on engi- 
neering experience and intuition. Let us henceforth 
assume that we are concerned with a true matched filter, 
1.€., that the impulse response (1) is physically realizable. 
Even then, we are aware that the filter may not be practi- 
cally realizable, because too many elements may be re- 
quired to build it, or because excessively flawless elements 
would be needed, or because the filter would be too 
difficult to align or keep aligned, etc. In this light, the 
problem of realizing a matched filter changes from ‘‘Here 
is a desirable signal; match a filter to it’ to “Here is a 
class of filters which I can satisfactorily build; which 
members of the class, if any, correspond to desirable 
signals?” In the former case we might here have neglected 
the question of how it was decided that the given signal 
is “desirable’’; it would perhaps have sufficed merely to 
discuss how to realize the filter. But from the latter point 
of view the choice of a practical filter becomes inextricably : 
interwoven with criteria governing the desirability of a 
signal, and one would therefore do well to design both 
the filter and the signal together to do the best over-all 
job. For this reason it is worthwhile to devote some time 
to answering the question, ‘What is a desirable signal?” 


1° Note that such a constraint is not necessary for optical filters 
[5], and filters—such as may be programmed on a computer—which 
use parametric rather than real time. 4 
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The answer, of course, depends on the application. Let 
us first consider the case of radar detection and ranging. 

From the point of view of detection, we noted in the 
last section that in the face of white gaussian noise all 
signals with the same energy are equally effective, while 
if the interfering noise is band-limited and is constrained 
to have a given total power, then of all signals of the same 
energy those with the largest bandwidth are the most 
effective. 
_ From the point of view of ranging there are at least 
three properties of the signal which we must consider: 
accuracy, resolution, and ambiguity. Let us first. discuss 
these for the case of a low-pass signal. In this case, the 
matched-filter output has the form of the pulse in Fig. 8, 
but delayed by an unknown amount and immersed in 
noise. In order accurately to locate the position of the 
delayed central peak of the output signal pulse, we should 
like both to make p, of (39) large and also to make a, 
the width of this peak, small. This latter requirement 
implies making the bandwidth large [see (35)], whether 
the noise is truly white, or is of the band-limited, fixed- 
power variety. Further, if several targets are present, so 
that the signal component of the matched filter output 
consists of several pulses of the form of Fig. 8, delayed 
‘by various amounts (see Fig 11), then making a very 
small will allow closely adjacent targets to be resolved. 
‘That is, if two targets have nearly the same delay, as, 
for example, targets 3 and 4 in Fig. 11, making a small 
enough will lead to the appearance of two distinct peaks 
in the matched-filter output, rather than a broad hump. 


| 


Fig. 11—The signal-component output of a matched filter for a 
resolvable multitarget or multipath situation. 


The requirements of accuracy and resolution thus 
dictate a large-bandwidth signal. A more stringent 
requirement is that of lack of ambiguity. To explain 
this, let us again consider Fig. 8, the output signal com- 
ponent in response to a single target. As shown, there 
is but one peak, so even if the peak is shifted by an un- 
known delay there is hope that, despite noise, the amount 
of the delay can be determined unambiguously. However, 
suppose now that the waveform of Fig. 8 were to have 
many peaks of equal height, as would happen if the 
signal s(#) were periodic [see (32)]. Then even without 
noise, it might not be totally clear which peak represented 
the unknown target delay; that is, there would be ambig- 
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ulty in the target range, a familiar enough phenomenon 
in, say, periodically pulsed radars. 

For the purposes of radar ranging then, what we require 
in the low-pass case is a large bandwidth signal, s(¢), 
for which, from (32), 


oe) 


yl) = [_ (a)s(t + 7) dr (41) 
has a narrow central peak, and is as close to zero as 
possible everywhere else. The right-hand side of (41) may 


also be written as the real part of 


2 | | Sli2zmp Pet” af, (42) 

0 
where S(j27f) is, as usual, the spectrum of s(¢). We see, 
therefore, that we are here concerned with a shaping of 
the energy density spectrum of the signal. 

In the case of a band-pass signal with random phase, 
all we have said still holds, but now not with respect 
to y,(¢), but with respect to its envelope; y,(¢) itself now 
has a fine oscillatory structure at the carrier frequency. 
This envelope is expressible as the magnitude of (42) 
[57]. In other words, we now want the envelope of the 
matched-filter output, in the absence of noise, to have 
a narrow central peak and be as close to zero as possible 
elsewhere. As before, the minimum width attainable by 
the central peak is of the order of the reciprocal of the 
signal bandwidth. 

We have thus far in the present paper neglected the 
possibility of doppler shift im our discussion of radar 
systems. It is worthwhile to insert a few words on this 
topic now; we shall limit ourselves, however, to con- 
sideration of narrow-band band-pass signals, which are 
the only ones for which we can meaningfully speak of 
a doppler ‘shift’? of frequency. Suppose, in addition to 
being delayed, the target return signal may also be shifted 
in frequency. It turns out then that when additive, white, 
gaussian noise is present, the ideal receiver should contain 
a parallel bank of matched filters much like that in the 
communication receiver of Fig. 5. Each filter is matched 
to a frequency-shifted version of the transmitted signal, 
there being a filter for each possible doppler shift. (If 
there is a continuum of possible doppler shifts, we shall 
see that the required “‘continuum’”’ of filters is well approxi- 
mated by a finite set, in which the frequency shifts are 
evenly spaced by amounts of the order of 1/7’, the recip- 
rocal of the duration of the transmitted signal.) The 
(narrow-band) outputs of the bank of matched filters 
are then all envelope detected and subsequently passed 
into a device which decides, according to the edicts of 
hypothesis-testing and estimation theories, whether or 
not a target is present, and if present, at what delay 
(range) and doppler shift (velocity). 

Now, as in the case of no doppler shift, the detectability 
of the signal is still governed by (39) and (40). But a 
modification is required in our previous discussion of the 
demands of high accuracy, high resolution, and low ambig- 
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uity. Generalizing this discussion to the case of nonzero 
doppler shift, it is clear that we require the following: 
each target represented at the receiver input should excite 
only the filter in the matched-filter bank which corresponds 
to the target doppler shift (velocity), and, further, should 
cause a sharp peak to appear in this filter’s output envelope 
only at a time corresponding to the delay of the target, 
and nowhere else. In order to state this requirement 
mathematically, let us compute the output envelope at 
time ¢ of a filter matched to a target return with doppler 
shift ¢, in response to a target return with zero doppler 
shift and zero delay. (We lose no generality in assuming 
these particular target parameters.) We first note that 
if the (double-sided) spectrum of the transmitted signal 
is S(j2rf), then for the narrow-band band-pass signal 
we are considering, the spectrum of the signal after under- 
going a doppler shift ¢ is approximately S[j2r(f — ¢)] 
in the positive-frequency region.'® A filter matched to this 
shifted signal therefore has the approximate transfer func- 
tion S*[j2r(f — ¢)], again in the positive-frequency region. 
Then the spectrum of the response of this filter to a non- 
doppler-shifted, nondelayed signal is approximately 
S(j2rf) S*[j2r(f — o)] (Gf > 0); the response itself, at 
time #, is the real part of the complex Fourier transform 


x(t) = 2 f " S(2nf) S*[j2m(f — 4)]e?"" df. (43) 


The envelope of the response is just | x(¢, @) |, and it is 
this which we require to be large at ¢ = 0 if ¢ = O, and 
small otherwise. That is, we require that | x(t, ¢) | have 
the general shape shown in Fig. 12: a sharp central peak 
at the origin, and small values elsewhere [23], [44], [57]. 

Note that (42) is a special case of (43) for ¢ = 0; hence, 
the magnitude of (42) corresponds to the intersection 
of the | x(¢, #) | surface in Fig. 12 with the plane ¢ = 0. 
It follows therefore from our discussion of (42) that the 
central peak in Fig. 12 cannot be narrower than the order 
of 1/W in the ¢ direction. The use of an uncertainty relation 
of the form of (35) similarly reveals that the “width” 
of the peak cannot be less than the order of 1/7' in the 
¢@ direction, where T is the effective signal duration [57]. 
(rom this is implied a previous statement, that when a 
continuum of doppler shifts is possible, a good approxi- 
mation to the ideal receiver involves the use of matched 
filters spaced apart in frequency by 1/7’; for, a target 
return which has doppler shift ¢ will cause responses in 
filters matched to signals with doppler shifts in an interval 
at least 1/7’ cps wide centered on ¢.) More generally, 
one may show that the cross-sectional ‘‘area’”’ of the 
central peak of the surface in Fig. 12—2.e., the size of 
the (¢, @) region over which the peak has appreciable 
height—cannot be less than the order of 1/T7W [44]. 
Thus, in order to attain a very sharp central peak it is 


16 In the negative-frequency region, the shifted spectrum has the 
approximate form S[j27(f + ¢)]. 
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Fig. 12—A desirable | x(t, @)| function. 


necessary—but not sufficient, as we shall see—to make 
the TW product of the signal very large. Elimination 
of spurious peaks in | x(t, ¢) | away from the (é, @) origin 
is much more complicated, and has been studied elsewhere 
[23], [45], [57]. | 

So much for radar signals. The requirements on com- 
munication signals are somewhat different, in some ways 
laxer and in others more stringent. In the simplest case, 
on-off communication, in which we are concerned with 
only one signal, the situation is obviously much like 
radar, except that in general one need not worry about 
doppler shifts of the transmitted signal. In particular, for 
gaussian noise, the detectability of the signal, and hence 
the probability of error, will in this case depend solely 
On py of (39) and (40). 

It should be expressly noted, however, that the problems 
of ranging which we encountered in the radar case are 
not entirely absent in the communication case. For 
example, in on-off communication, in order to sample 
the output of the matched filter at the time its signal 
component passes through its maximum, we must know 
when this maximum occurs. In many transmission media, 
however, the transmitted signal is randomly delayed, 
thus necessitating a ranging operation, in communication 
parlance called synchronization. We are not interested 
in this synchronization time per se, as in radar ranging, 
and are therefore not necessarily interested in eliminating 
large ambiguous peaks in y,(¢) of (41). If such subsidiary 
peaks are of the same height as the central one, as will 
occur if the signal is periodic, we will be just as happy 
to sample one of them, rather than the central peak. 
On the other hand, we should not like to synchronize on 
and sample a peak appreciably smaller than the central 
peak, for then we would lose in signal-to-noise ratio. 
Thus, roughly, we require that a spurious peak in y,(é) 
be either very large or nonexistent. 
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We may no longer even require the peaks in y,(t) 
to be narrow, for we are not interested in determining 
the exact location of the peak, but only in sampling the 
matched-filter output at or near this peak. Clearly, an 
error in the sampling instant will be less disastrous if 
the peak is broad than if it is narrow. On the other hand, 
a narrow peak 7s often desirable in a multipath situation. 
There are often several independent paths between the 
transmitter and receiver, which represent independent 
sources of information about the transmitted signal. It 
behooves us to keep these sources separate, 7.e., to be 
able to resolve one path from another: this is the same 
as the radar resolvability requirement, illustrated in 
Fig. 11. From the frequency-domain viewpoint, requiring 
the matched-filter output pulse width to be small enough 
to resolve the various paths is the same as requiring the 
signal bandwidth to be large enough to avoid nonselec- 
tive fading of the whole frequency band of the signal. 

Such are the considerations which must be given to 
the choice of a signal for an on-off communication system, 
or to each signal individually in multisignal systems. 
tlowever, in systems of the latter type, such as in Fig. 5, 
one must also consider the relationships between signals. 
In the system of Fig. 5, for example, it is not enough to 
specify that each signal individually have high energy 
and excite an output in its associated matched filter 
which consists, say, of a single narrow pulse at t = 0; 
if this were sufficient, we could choose all the signals to 
be identical, patently a ridiculous choice. We must also 
require that the various signals be distinguishable. More 
precisely, if the signal component of z(t) in Fig. 5 is, 
say, s,(t), then the signal component at the output of 
the ith filter should be as large as possible at ¢ = 0, and 
at the same instant the signal components of the outputs 
of all other filters should be ‘‘as much different’’ from 
the 2th filter signal output as possible. 

The phrase ‘as much different’? needs defining: one 
wishes to specify M signals so that the over-all prob- 
ability of error in reception is minimized. Unfortunately, 
this problem has not been solved in general for the phase- 
coherent receiver of Fig. 5. For the special case of binary 
transmission (MZ = 2), however, it turns out that if the 
wo signals are a priori equally probable, one should use 
squal-energy antipodal signals, 7.e., s,(f) = —s.(¢) [20], 
52]. For then, on reception of the zth signal with zero 
lelay, the output signal component of its associated 
matched filter at ¢ = 0 is, from (32), 


[o) 


yO) = [ s)dr=E = 1,2), (44) 


vhere HL is the signal energy. The kth filter signal output 
it ¢ = 0 is clearly 


foo) 


/ ee ape ene ey Se» 45) 
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which is easily shown to be “as much different’? from 
(44) as possible.” 

If one considers the band-pass case in which the carrier 
phases are unknown, we have seen that the optimum 
system in Fig. 5 is modified by the insertion of envelope 
detectors between the matched filters and samplers. In 
this case a reasonable conjecture, which has been estab- 
lished for the binary case [20], [52], is that the M signals 
be “envelope-orthogonal.”’ That is, if the zth signal is 
received, the envelopes of the signal-component outputs 
of all but the zth filter should be zero at the instant 
t = 0. Now, if the spectrum of the 7th signal is denoted 
by S;(j2af), then the envelope of the signal-component 
output of the kth filter is: 


2 | i, y S¥G2rf)S:(G2mfye?"" df |- (46) 


This, evaluated at ¢ = 0, must therefore be zero for all 
k # 1. There are several ways of assuring that this be 
so, the most obvious being the use of signals with non- 
overlapping bands, so that S*(j2rf) S;(j2rf) = 0.” 
Another way involves the use of signals which are rectang- 
ular bursts of sine waves, the sine-wave frequencies of 
the different signals being spaced apart by integral 
multiples of 1/7’ cps, where T is the duration of the 
bursts. A third method is considered elsewhere in this 
issue [49]. 

If random multipath propagation is involved and the 
modulation delays of the paths are known, then we have 
noted that the samplers in Fig. 5 should in general sample 
both the matched-filter outputs and their envelopes at 
several instants, corresponding to the various path delays. 
We may in this case conjecture, again for the situation 
of unknown path phase-shifts (7.e., only envelope sam- 
pling), that for an optimum set of signals, (46) should 
vanish for k # 2, but now at values of ¢ corresponding 
to all path delay differences, including zero. For, suppose 
the 7th signal is sent. Then the spectrum 


L 
Dy S.(G2mpe 7 e" (47) 
Ke 


is received, where ¢, and 6, are, respectively, the modula- 
tion delay and carrier phase-shift of the /th path [50]. 


17 Since the writing of this paper, Dr. A. V. Balakrishnan has 
informed the author that he has proved the following long-standing 
conjecture concerning the general case of M equiprobable signals. 
If the dimensionality of the signal space (roughly 27 W) is at least 
M —1, then the signals, envisaged as points in signal space, should 
be placed at the vertices of an (M — 1)-dimensional regular simplex 
(7.e., a polyhedron, each vertex of which is equally distant from 
every other vertex); in this situation, (44) holds for all 7, and the 
right-hand side of (45) becomes —H/(M — 1). The problem of a 
signal space of smaller dimensionality than M@ — 1 has not been 
solved in general. 

18 If the signals s;(¢) are of finite duration, then their spectra 
extend over all f, and nonoverlapping bands are therefore not 
possible. An approximation is achieved by spacing the band centers 
by amounts large compared to the bandwidths. 
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The envelope of the output signal component of the kth 
matched filter is then 
L oe) 
| 2hewe / Sk(j2mf)SG2mpfe? 7" df (48) 
l=1 0 
Since the output envelopes of the matched filters are to 
be sampled at't:= 7 (7 = 1, , L), it seems reasonable 
to require that in the absence of noise these samples 
should all be zero for k # 7. That is, (48) should be zero 
for all k # 7 at all ¢ = ¢,. For lack of knowledge of the 
0,’s, a sufficient condition for this to occur is that (46) 
be zero at all¢# = t, — ft). 

An extension of this argument to the case of unknown 
modulation delays considered in connection with Fig. 6 
leads similarly to a requirement that, for all k # 7, (46) 
vanish over the whole interval —A < ¢# < A, where 
A = t, — ta, t, and t, being the parameters referred to 
in Fig. 6. This may not be possible with physical signals, 
and some approximation must then be sought. Here is 
another unsolved problem. 

A final desirable property of both radar and com- 
munication signals which is worth mentioning is one 
arising from the use of a peak-power limited transmitter. 
For such a transmitter, operation at rated average power 
often points to the use of a constant-amplitude signal, 
7.e., one in which only the phase is modulated. A signal 
of this sort is also demanded by certain microwave devices. 

Having thus closed parentheses on a rather lengthy 
detour into the problem of signal specification, let us 
recall the question on which we opened them. We had 
decided that the constraints of practical reahzability had 
limited us to the consideration of filters which can, in 
fact, be built. Looking at any particular class of such 
filters—for example, those with less than 1000 lumped 
elements, with coils having Q’s less than 200—we ask, 
“Which members of this class are matched to desirable 
signals?”? We have gotten some idea of what constitutes 
a desirable signal. Let us now briefly examine a few 
proposed classes of filters and see to what extent this 
question has been answered for these classes. 


VI. Some Forms or MatcuHen Finrers 


It is not intended to give herein an exhaustive treatment 
of all solutions obtained to the problem of matched-filter 
realization; indeed, such a treatment would be neither 
possible nor desirable. We shall, rather, concentrate on 
three classes of solutions which seem to have attracted 
the greatest attention. Even in consideration of these we 
shall be brief, for details are adequately given elsewhere, 
in many cases in this issue. 


A. Tapped-Delay-Line Filters 


Let us first consider matched filters for the class of 
signals generatable as the impulse response of a filter of 
the form of Fig. 13. The spectrum of a signal of this 
class has the form 
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Sj2mf) = F2rf) 2, G.G2mpeP"", (49) 
i=0 

which is, of course, the transfer function of the filter of 

Fig. 13. It is immediately clear that a filter matched to 

this signal may be constructed in the form of Fig. 14, 

for the transfer function of the filter shown there is 


H(j2rf) = F*(j2rf) % G*(j2mpf)e 727 an 4s i) 


= §*(j2nfje 7". (50) 


The filters of Figs. 13 and 14 are thus candidates for the 
filter pair appearing in Fig. 7. 
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Fig. 13—A tapped-delay-line signal generator. 
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Fig. 14—A tapped-delay-line matched filter. 


If F(j2rf) and G;(j2rf) are assigned phase functions 
which are uniformly zero, then F*(j2rf) = F(j2mf) and 
G*(j2rf) = G,(j2rf), and the two filters of Figs. 13 and 
14 become identical except for the end of the delay line 
which is taken as the input. [The same identity of Figs. 13 
and 14 is obviously also obtained, except for an unim- 
portant discrepancy in delay, if /(j2rf) and G;(j27f) have 
linear phase functions, the slopes of all the latter being 
equal.| The advantages of having a single filter which 
can perform the tasks both of signal generation and 
signal processing are obvious, especially in situations such 
as radar, where the transmitter and receiver are physically 
at the same location. 

Having defined a generic form of matched filter, we are 
still left with the problem of adjusting its characteristics 
[F(j2rf), G:(j2rf) and A,, all 7] to correspond to a de- 
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irable signal. A possibility which immediately comes to 
nind is to set 


+ 
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So Pw 
F(j2nf) = mus 
G ;(j2rf) =a; 
; 
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‘or, the signal which corresponds to such a choice has, 
rom (49), the spectrum 


pe ys A a i ee sae ea =< W ; 


SG2mf) = | (52) 


0, Re eae 
nd the signal itself therefore has the form 


- sin 7(2Wit — 1) 

s) = 20 owe 

t is well known [43] that any signal limited to the band 

f | < W can be represented in a form similar to (53), 

ut with the summation running over all values of 2; 

he a,’s are in fact just the values of s(¢) at ¢ = 7/2W. 

n (53) we therefore have a band-limited low-pass signal 
or which 


es) =f 


0, other integral values of 2 


(53) 


iO, e (54) 


Ithough s(t) is not wniformly zero outside of 0 < t < 
/2W, it is seen from (53) and (54) that, at least for 
rge n, the duration of s(t) is effectively T = n/2W. 
‘he time-bandwidth product of the signal, which we have 
sund to be a very important parameter, is thus approxi- 
ately TW = n/2. Notice that this is proportional to 
ye number of taps on the delay line and the number 
f multipliers, a;, which in this case justifies the use of 
ye TW product as a measure of the complexity of the 
Iter. 

It would seem that we have here, in one swoop, solved 
e problem of signal specification and matched-filter 
ssign, for we now have means available for obtaining 
th any desired band-limited signal and the filter matched 
it.!° There are two drawbacks which mar this hopeful 
atlook, however, one practical and the other theoretical. 
e first is that, at least at present, we do not know how 
, choose the a,’s so that s(¢) is desirable in the senses, 
y, of our discussions of (43) and (46). More basic is 
e fact that truly band-limited signals are not physically 
alizable; that is, the transfer function F’'(j2rf) of (51) 
mnot be achieved, even theoretically. Using a real- 


19 We have explicitly given only the low-pass case, in which, 
sidentally, the 7 and G’s have the desirable zero phase functions. 
e band-pass case is obtainable by replacing the low-pass F(j2rf) 
(51) with its band-pass equivalent, letting the a;’s be complex 
., contain phase shifts), and letting A; = 7/W, where W is the 
nd-pass band-width. 
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izable approximation to F'(j2rf) complicates the choice 
of the a;’s: for even if we were aware of how to choose 
the a;,’s for the ideal F(j2rf), it would not be clear how 
the use of an approximation would then affect the “desir- 
ability” of s(t). This is not to say that the solution 
embodied in (51) should be discarded, but only that. it 
must be further investigated to render it practically real- 
izable. 

Another possible choice of characteristics for the filters 
of Figs. 13 and 14 involves letting the pass bands of the 
filters G;(j2rf) be nonoverlapping, or essentially so [27]. 
[FP (j2rf) may here be considered to be unity, since limi- 
tation of the signal bandwidth is accomplished by the 
G,’s.] The purpose here is to afford independent control 
of various frequency bands of S(j2zf) [cf. (49)], to the 
end of satisfying whatever requirements have been placed 
on the signal spectrum by constraints on (43) and (46). 
If we are considering only one signal which is not subject 
to doppler shift, then we are concerned only with con- 
straints on (42), a special case of (43). In this case, control 
of various frequency ranges of S(j2zf) is a direct method 
of achieving the energy-spectrum shaping mentioned in 
connection with (42); further, the use of a long enough 
delay line in conjunction with enough filters, G;, will 
result in the desired large TW product.” For this special 
case, then, the use of a tapped delay line with nonover- 
lapping filters yields a possible desirable solution to our 
problem. More generally, however, when there are doppler 
shifts and/or many signals, we again must profess igno- 
rance of how to select the G;,’s and A,’s properly. Again 
further investigation is called for. 

A third choice of characteristics for the filters of Figs. 
13 and 14, w2z., 


F(j2rf) < ee A ent 
, (55) 
G,(j2nf) = b; = +1 
Nee \ 


has received considerable attention [12], [27], [44]. Note 
that the impulse response of F(j27f) is a rectangular 
pulse of unit height, and width A, starting at ¢ = 0.” 
The impulse response of the filter of Fig. 13, 2.e., the 
matched signal, therefore has the form of Fig. 15—a 
low-pass sequence of positive and negative pulses, shown 


20 Tf, in particular, the impulse responses of the filters G; all 
have an effective duration of A, and the tap spacings in Fig. 13 are 
A; — A;-1 = A, then a “stepped-frequency”’ signal is obtained; 
that is, s(t) is a continuous succession of nonoverlapping “pulses” 
of different frequencies. If, in addition, the bands of the G;’s are 
adjacent and have widths of the order of 1/A, the 7W product 
for s(t) and its matched filter is of the order of nA(n/A) = n?. Here 
is a degenerate case in which we have generated a signal whose 
TW product is of the order of n? with a filter comprising a number 
of parameters proportional to n; that is, in this case TW is not 
a good measure of the filter’s complexity, bemg much too large. 
The degeneracy involved here is not without its disastrous effects, 
however, as we shall see later when considering ‘“‘chirp”’ signals. 

21 Needless to say, the /(j2mf) can be eliminated in the signal- 
generator of Fig. 13, and the resulting filter driven by such a rect- 
angular pulse, instead of an impulse. The F(j27f) is still required 
in the matched filter, however [40]. 
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for n = 10. An equivalent band-pass case is obtained 
merely by using a band-pass equivalent of the F'(j2zf) 
in (55); the resulting signal is a sequence of sine-wave 
pulses of some frequency fo, each pulse having either 0° 
or 180° phase. The search for a desirable signal is now 
simply the search for a desirable sequence, bo, b;, «++ , bn, 
of +1’s and —1’s. 


Fig. 15—A signal corresponding to (55). 


Notice that s(¢) is a constant-amplitude signal, a prop- 
erty we have already seen to be important in some situa- 
tions. For such signals, for the band-pass case implicit 
in (43), we easily may show that 


sin roT’ 


Seas (56) 


|x0,¢)|=T 


where 7 is the signal duration, equal to (n + 1) A in 
Fig. 15. This is the cross section of the | x(¢, @) | surface 
in the ¢ direction; it has the shape shown in Fig. 16. 
In view of our discussion of the properties of | x(¢, ¢) |, 
this shape seems reasonably acceptable: a central peak 
of the ‘minimum’ possible ‘width,’ with no serious 
spurious peaks. 

The cross section of | x(¢, ¢) | in the ¢ direction—<.e., 
| x(t, 0) |—can be made to have a desirable shape by 
proper choice of the sequence bo, b;, --- , b,. Classes of 
sequences suitable from this point of view have, in fact, 
been found. The members of one such class [1], [47] 
have the desirable property that the central peak has a 
width of the order of A [the reciprocal of the ‘‘bandwidth’’ 
of s(¢)] and is (x + 1) times as high as any subsidiary 
peak. The sequence of Fig. 15, of length n + 1 = 11, 
is in fact a member of this class and has the | x(¢, 0) | 
shown in Fig. 17. Other members of the class with lengths 
1, 2, 3, 4, 5, 7, and 13 have been found. Unfortunately, 
no odd-length sequences of length greater than 13 exist; 
it is a strong conjecture that no longer even-length se- 
quences exist either. 

If we for the moment redefine | x(t, 0) | as the response 
envelope of the matched filter to the signal made periodic 
with period (n + 1) A, we find that at least for the odd- 
length sequences we have just discussed, | x(¢, 0) | retains 
a desirable (albeit necessarily periodic) shape; for example, 
the new, “periodic” | x(¢, 0) | function for the sequence 
in Fig. 15 is shown in Fig. 18. This property is of interest 
in radar, where the signal is often repeated periodically 
or quasi-periodically. 

Another class of binary sequences, bo, 6, Ae 
which have periodic | x(¢, 0) | functions of the desirable 
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|x(0,)| 


Fig. 16—The |x(0, ¢)| function for the signal in Fig. 15. 


|x(t,0)| 


(n+1)A=114 


Fig. 17—The |x(t, 0)| function for the signal in Fig. 15. 


|x(1,0)|(periodic) 


(n+) Az 


“2, IO 
=i 


Fig. 18—The periodic | x(é, 0)| function for the signal in Fig. 15. 


form shown in Fig. 18 are the so-called linear maximal 
length shift-register sequences. These have lengths 2” — 1) 
where p is an integer; the number of distinct sequences 
for any p is ®(2’ — 1)/p. where %(x), the Euler phi 
function, is the number of integers less than « whicl} 
are prime to x [59]. The class of linear maximal-lengt 
shift-register sequences has been studied in great deta 
[10], [16], [17], [42], [44], [46], [59], [61]. In general, thei 
aperiodic | x(t, 0) | functions leave something to b 
desired [26]. 

Other classes of binary sequences with two-level periodil 
| x(¢, 0) | functions such as shown in Fig. 18 have bee 
investigated [18], [60]. 

So far we have discussed the desirability of certai, 
binary sequences for use in (55) only from the point ¢ 
view of the form of the | x(é, ¢) | function along th! 
coordinate axes. No general solution has been given fc 
the form of the function off the axes, but certain con 
jectures can be made, which have been roughly corrob 
rated by trying special cases. It is felt [44], at least fd 
long linear shift-register sequences, that the central pea 
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of | x(t, ¢) | indeed has the minimum cross-sectional 
“area” of 1/TW, and has subsidiary peaks in the plane 
of height no greater than the order of 1/~/n + 1 of 
the height of the central peak [(n + 1) is the length of 
the sequence]. . 

No general conclusions have been reached concerning 
the jovnt desirability, from the viewpoint of (46), of 
several of these binary codes. 

The actual synthesis of matched filters with the charac- 
teristics of (55) is considered in detail elsewhere in this 
issue [24]. 

As a final example of a choice of characteristics of the 
filters of Figs. 13 and 14, let us consider 


Pjaafy = AAS or | 
G,(j2rf) = 1, all i 


A> @} 


(57) 


Me 4k, 


The impulse response of the signal-generating filter in this 
case is a sequence of (n + 1) rectangular pulses of width 
a, starting at times ¢ = 7A. (Such a signal, of course, is 
more easily generated by other means.) The ambiguity 
function for the band-pass analog of this signal, which 
is often used in radar systems, is rather undesirable, 
having pronounced peaks periodically both in the ¢ and ¢ 
directions [44], [57], but the signal has the virtue of 
simplicity. The filter which is matched to the signal is 
often called a pulse integrator, since its effect is to add 
up the received signal pulses; alternatively, it is called 
‘a comb filter, since its transmission function, | S(j2zf) |’, 
‘has the form of a comb with roughly (A/a) teeth of 
“width” 1/(n + 1) A, spaced by 1/A eps [14], [54]. 


B. Cascaded All-Pass Filters 


Another way to get a signal-generating and matched 
filter pair is through the use of cascaded elementary all- 
pass networks [27], [48]. An elementary all-pass network 
is defined here as one which has a pole-zero configuration 
like that in Fig. 19. Such a network clearly has a transfer 
function which has constant magnitude at all frequencies, 
f, on the imaginary axis. 

Now, suppose that many (say, ) elementary all-pass 
networks are cascaded, as in Fig. 20, to form an over-all 
network with the uniform pole-zero pattern of Fig. 21. 
The over-all transfer function, G(j27f), will have a con- 
stant magnitude; its phase will be approximately linear 
iover some bandwidth W, as shown by the upper curve 
of Fig. 22." If some of the elementary networks of Fig. 20 
re now grouped together into a network, A, with transfer 
function G4(j27f), and the rest into a network, B, with 
transfer function G,(j2rf), both G4(j2rf) and Gs(j2zf) 
still have constant magnitudes, but neither necessarily 
will have a linear phase function; however, the two phase 


2 We are again considering the ‘‘low-pass’’ case for convenience, 
he ‘“‘band-pass”’ analog is obvious. 
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Fig. 19—The pole-zero configuration of an elementary all-pass 
network. 


Gy (j27f) 6,27) 


G(j2rf) 


Fig. 20—A cascade of elementary all-pass networks. 


jowf 


Fig. 20. 


Fig. 22—Phase functions corresponding to the networks in Fig. 20. 


functions must add to approximately a linear phase 
within the band 0 < f < W (see Fig. 22). Within this 
band, the relationship between the A and B transfer 
functions is 
ei ANe-ivah ed paras (58) 
where ¢, is the slope of the over-all phase function, and 
W, and Wz, are the phase functions of the A and B net- 
works, respectively. 
Suppose network A is driven by a pulse of bandwidth 
W, such as might be supplied by the pulse-forming net- 
work, F(j2rf), of (57) (@ & 1/W). Then the output 
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signal of network A will have the spectrum S(j27f) = 
F(j2rf)e'¥4“. From (58), therefore, over the bandwidth 
of F(j2zrf), 


F*(j2nf)e i¥2” = FROME ee 


S*(j2mrf)e7?7*"*. 


We hence have, at least approximately, a filter pair 
F(j2rf) G4(j2rf) and F* (j2af) Gx(j2rf) which are matched. 

The function of the filter /(j27f) is merely that of 
band limitation; therefore /’ should be made as simple 
as possible, preferably with zero or linear phase. The 
problems of choosing G4(j27/) so as to obtain a desirable 
signal, and of actually synthesizing the filters, are con- 
sidered elsewhere in this issue [48]. 


(59) 
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C. Chirp Filters 


Let us now consider, as a final class of signals, signals 
of the form 


s(t) = A(t) cos (Wo + 2rfot + 2rk?), O<*t<T, 


where A(t) is some slowly varying envelope. Such signals, 
whose frequency—more correctly, whose phase deriv- 
ative—varies linearly with time, have appropriately been 
called ‘‘chirp”’ signals. 

In general, the spectrum of a chirp signal has a very 
complicated form. For the case of a constant-amplitude 
pulse, A(¢) = constant, an exact expression has been 
given [4]; this’ indicates, as one might expect, that in 
practical cases the spectrum has approximately constant 
amplitude and linearly increasing group time delay of 
slope k over the band fo < f < fo + kT, and is approxi- 
mately zero elsewhere. The corresponding matched filter 
then has approximately constant amplitude and linearly 
decreasing group time delay of slope —k over the same 
band. 

Chirp signals and the synthesis of their associated 
matched filters have been studied in great detail [3], 
[4], [6], [8], [22], [82], [44], [57]. The chief virtue of this 
class of signals is their ease of generation: a simple fre- 
quency-modulated oscillator will do. Similarly, chirp 
matched filters are relatively easy to synthesize. On the 
other hand, from the point of view of the ambiguity 
function, | x(¢, @) |—7.e., of radars in which doppler shift 
is important—a chirp signal is rather undesirable. The 
area in the (¢, @) plane over which the ambiguity function 
for a chirp signal with a gaussian envelope is large is 
shown in Fig. 23 [44], [57]. Along the ¢ and ¢ axes the 
“width” of the | x(¢, ¢) | surface is satisfactorily small: 
1/W and 1/T, respectively. But the surface, instead of 
being concentrated around the origin as desired, is spread 
out along the line ¢ = kt; in fact, the area of concentration 
is very much greater than the minimum value, 1/7W. 
This is equivalent to saying that it is very hard to deter- 
mine whether the chirp signal has been given a time 
delay ¢ or a frequency shift kt, a fact which is obvious 
from an inspection of the signal waveform. 
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Fig. 23—The ambiguous “‘area”’ for a chirp signal. 


VII. Conciuston | 
It must be admitted that, in regard to matched filters, 
the proverbial ‘‘state of the art” is somewhat less than. 
satisfactory. We have seen that there are two basic prob-. 
lems to be solved simultaneously: the specification of a 
desirable signal or set of them, and the synthesis of their 
associated matched filters. In regard to the former, we 
have but the barest knowledge of the freedom with which 
we can constrain the ‘desirability’ functions (43) and/ 
or (46) and still expect physical signals; we know even 
less how to solve for the. signals once both desirable and 
allowable constraints are set. It was partially for these 
reasons that we attacked a different problem: of a set 
of physical signals corresponding to a class of filters which 
we can build, which are the most desirable? In even this’ 
we were stopped, except for some special cases. } 
Nor can we assume that we are very sophisticated in 
the area of actually constructing filters which we say, , 
on paper, we can build. It has become apparent that the: 
TW product for a signal is a most important parameter; ; 
in general, the larger the product, the better the signal. 
But at the present time the synthesis of filters with TW | 
products greater that several hundred may be deemed | 
exceptional. 
Clearly, much more effort is needed in this field. One 
hopes that the present issue of the Transactions will 
stimulate just such an effort. 
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Joint Estimation of Delay, Doppler, and Doppler Rate’ 


PHILLIP BELLOT 


Summary—The methods of inverse probability have been used 
by Woodward and others to obtain lower bounds on variances of 
radar parameter estimators. Previous results on the lower bounds 
of variances of delay and Doppler estimators have assumed that 
the reflecting object travels with a constant line of sight velocity 
and does not cause scintillation in the radar return. Using the 
inverse probability approach, this paper derives expressions for the 
minimum variances of estimators of the delay, Doppler, and Doppler 
rate of aradar return assumed to consist of a long train of pulses with 
independent scintillation from pulse to pulse. 


I. InTRODUCTION 


ITH the aid of inverse probability techniques, 
Woodward’ derived an _ expression for the 
minimum error obtainable in the measurement 
of the delay of a radar return pulse from a stationary 
reflecting object. The interfering noise was assumed to be 
additive white Gaussian noise. Manasse” employed the 
same techniques to investigate the minimum errors in the 
joint estimation of the delay and Doppler of a radar 
return pulse immersed in additive white Gaussian noise. 
He assumed the reflecting object to be moving with a 
constant line of sight (los) velocity. 
In an actual situation, the los velocity is generally 
time varying. This time variation will be unimportant in 
influencing delay and Doppler measurements if the 


observation interval’ of the incoming data is sufficiently ° 


short. However, there are situations in practice where the 
observation interval is long. A notable example is the 
tracking radar wherein the range tracking loop may have 
an integration time of the order of a second. 

In this paper, the methods of inverse probability are 
used, following Woodward,’ to investigate the problem 
of the joint estimation of delay, Doppler, and Doppler 
rate. No attempt is made to include the effect of other 
radar parameters, such as azimuth and elevation, on the 
above estimation problem. The interference on the radar 
return is assumed to be of both a multiplicative and an 
additive nature. A narrow band complex Gaussian process 


* Manuscript received by the PGIT, October 1, 1959. This paper 
was prepared as Applied Research Memo. No. 193, December 16, 
1959, for Sylvania Electronic Systems. 
wt + Applied Research Lab., Sylvania Electronic Systems, Waltham, 

ass. 

1P. M. Woodward, ‘Probability and Information Theory,” 
McGraw-Hill Book Co. Inc., New York, N. Y.; 1953. 

2R. Manasse, “Range and Velocity Accuracy from Radar 
Measurements,’ M. I. T. Lincoln Lab., Lexington, Mass., Group 
Rept. 312-26; February, 1955. 

3 The term “observation interval” is defined strictly as the time 
interval during which the received waveform (noise combined with 
signal) is observed. The values of the received waveform on the 
observation interval represent the input data from which estimates 
of radar parameters are made. For a practical system the observation 
interval may be regarded as the approximate time interval that 
the received waveform is manipulated, integrated, or operated 
upon to obtain an estimate of radar parameters. 


multiplying the complex representation of the receivec 
signal is used to account for scintillation on the radai 
return. The additive noise is the usual receiver nois 
(assumed to be white Gaussian). 

To simplify subsequent analysis, the complex repre 
sentation of real waveforms will be used.’’*'’’® Also it wil 
be assumed that the reader is familiar with the work oi 
Woodward’ in the area of statistical radar theory. 


Il. Monet or TRANSMISSION CHANNEL 


It will be assumed that the operations that transform 
the transmitted (complex) signal into the receivec 
(complex) signal are represented in the block diagram 
of Figv i: 


iwot TIME VARYING DELAY 


TRANSMITTED ‘ 
SIGNAL i s(t)e D (t) 


m(t) ‘ 
MULTIPLICATIVI 
NOISE 

ADDITIVE NOISE 


TIME 


jo,t 
RECEIVED G 
z(tje 
FUNCTION 


Fig. 1—Representation of transmission channel. 


As discussed in the introduction, the complex repre 
sentation of real waveforms will be used. Thus the comple: 
transmitted signal s(é)e’°’', additive noise a(d)e’*"", a | 
received waveform 2(é)e’“°*' have nonzero power spect ! 
only for positive frequencies. It is assumed moreover th 
these waveforms have their energy concentrated about t 
“carrier” frequency @. In this case the quantities s(t 
a(t), and z(t) are complex low frequency wavefornt 
appropriately called ‘complex enyelopes’’ since the 
magnitudes equal the envelopes and their angles edi 
the phases of the corresponding narrow band signals. T. 
complex function m(t) introduces amplitude and phas 
scintillation on the received signal. The low frequenq 
noise functions a(t) and m(t) are assumed to be indepene 
ent, complex, valued, normally distributed processed 
Their primary difference lies in the fact that the bandwidt 


‘ J. Dugundji, “Envelopes and pre-envelopes of real waveform 
IRE Trans. on Inrormation Tueory, vol. IT-4, pp. 53-5 
March, 1958. 

° R. Arens, “Complex processes for envelopes of normal noisé 
IRE Trans. on INrormation Tuxory, vol. IT-3, pp. 204-20 
September, 1957. 

° D. Gabor, “Theory of communications,” J. [EE, pt. III, v 
93, pp. 429-457; 1946. 
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a(t) is much larger than that of s(t), while the band- 
idth of m(t) is very much less than that of s(t). 

The time varying delay line is included in Fig. 1 to 
scount for the time varying los round trip range 2R(t). 
pecifically, D(t) is equal to the delay suffered by an 
apulse which is received at time ¢. This delay is twice 
1e time it took the transmitted impulse to reach the 
wget. Thus, 

2 = 1 a(t _ D) ; c = velocity of light, (1) 
nce the one way range traversed is the range D/2 seconds 
efore the impulse is received. If D(t) is lnown as a func- 
on of time, R(t) may be computed with the aid of (1). 
his paper will be confined exclusively to the problem of 
timating D(t), or rather estimating a set of discrete 
arameters which are assumed to define D(i). Specifically, 

will be assumed that D(t) may be represented by the 
uadratic: 


Pee Stes, @ 
ver the observation interval — 7/2 < ¢t < T,/2. The 
uantity 7 is the delay suffered by a narow pulse which is 
sceived at t = 0. Similarly v and a are the Doppler shift 
ad rate of change of Doppler shift for the same narrow 
ulse. The carrier frequency is fy = w)/2rz. 

It will be assumed that the time varying delay line of 
ig. 1 is a passive lossless device. On this basis a delay 
ae input f(t) yields an output pulse V1 — D(éflt — “D(t)] 
here D = dD/dt. The square root factor keeps the 
atput pulse energy equal to the input pulse energy. 
ctually, 

. dD 

D= di mae 
ace D is of the order of twice the ratio of the los velocity 
the reflecting object to the velocity of light. Thus the 
uare root factor will be negligibly different from one. 
owever, the square root factor is included since certain 
er derivations are thereby simplified. Inspection of 
g. 1 then shows that the complex envelope z(t) of the 
ceived waveform is given by 


= a(t) + m(dslt — DIE? V1 — DG. (8) 


e carrier frequency w, is assumed known. Consequently, 
e complex envelope of the received time function 
tains as much information about the parameters 7, 
‘a as the actual received time function. 

It is clear that knowledge of 7, v, and a is equivalent to 
owledge of D(t) for — T)/2 < t < T,/2. We will assume 
at there is defined a joint parameter probability density 
action (pdf) W, (7, v, «) which indicates the state of a 
fort knowledge concerning the parameters 7, v, a. The 
f£ Wo (7, v, a) is called the a prior? parameter pdf. Once 
, have observed the received waveform, our knowledge 
the radar parameters changes. Our new state of 
owledge concerning the radar parameters is character- 
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ized by the a@ posteriors pdf W(r, v, a/z(t)). This is the 
conditional parameter pdf, given the fact that the received 
waveform (complex envelope) z(¢) has been observed for 
bg pew he en Naya 

Before proceeding with the presentation of results, 
some basic assumptions that have been made will be 
indicated. First it is assumed that the transmitted wave- 
form s(t) consists of a periodic repetition of identical 
pulses and that the number of pulses included in an 
observation interval is much greater than one. It is 
assumed that successive radar pulses are far enough apart 
relative to the “correlation time’’ of the scintillation so 
that the scintillation can be assumed independent on a 
pulse to pulse basis. Furthermore, it is assumed that 
individual pulses are short enough so that the scintillation 
is essentially constant over a pulse width. This means 
that the effect of scintillation on an individual pulse is 
an amplitude change and a phase shift. 


Ill. A Posteriori 
PARAMETER Denstry FuNcTION 


The additive noise a(t) is assumed to have a power 
spectrum which is constant at 4N, over —-W/2 <f < W/2 
and zero elsewhere. In this way Ref{a(l) exp[jwot]} is 
constant at Ny) over W/2 < | f — fo | < W/2. Also 
m(t)s(t — D)e’*°” is assumed to be band-limited to less 
than W/2 cycles per second. Then z(t) is band-limited to 
the interval —W/2 < f < W/2. On this basis z(¢) may be 
represented by a complex vector Z in a space of WT) 
dimensions whose coordinates are samples of 2(l) taken 
every 1/W seconds over the observation interval. It is 
desired to determine W(j/2Z), the a posterior? parameter 
density function. The parameter vector » has been used 
to denote the parameter triple (7, v, a). Once W(p/Z) is 
obtained, minimum variance estimates of (7, v, a) may 
be found. Using Baye’s Rule, it follows that 


Wey We, 3) 
where W,(Z) is the marginal pdf of received sample values 
and W(z/p) is the conditional pdf of received sample 
values, given the fact that the radar parameters are 
p = (r, v, a). The function W(2/p) is called the likelihood 
function when it is considered as a function of 7, v, a. 
Once W(2/p) is evaluated, W(p/Z) can be found from (3) 
since W,(p) and W,(Z) are known. 
For convenience let 


g(t) = s[f — D(dJe 7°? V1 — Di) (4) 


be defined as the received signal in the absence of additive 
and multiplicative noise. Then 


zZ=a+ md, (5) 
where d@, m, g are complex W7')-dimensional vectors whose 
coordinates are sample values of a(é), m(t), and q(d), 


respectively, taken every 1/W seconds. The pdf W(Z/p) 
will be evaluated by the multiple integration, 


W(p/2) = 


O32 


W0@/a)= | Wie ion ene i Weim, DW..on) am 


= E;[W@/m,p)], (6) 


where W (2, m/p) is the conditional joint pdf of 2, m given 
p, W(2/m, p) is the conditional pdf of Z*given m, p, and 
W,,(m) is the pdf of m. Ey [f(6)] is the expectation of f(@) 
over @. 

According to the discussion in Section IT it is assumed 
that the transmitted waveform is a sequence of pulses and 
that the scintillation on’successive pulses is independent. 
lor this reason (and because of the independence of the 
additive noise from pulse to pulse) it is possible to factor 
the conditional density function W(zZ/p) into the form 


we/p) = I P.@/0), o 


where 2, is a WY7,-dimensional complex vector whose 
coordinates consist of the set of samples of 2(¢) contained 
within the kth radar repetition period (of duration 7’). 
For convenience, the number of radar periods in 7 1s 
taken to be the odd integer 


n= +1 =a (8) 


The pdf P,,(2,/p) is determined from 


PxG,/p) = i W2,./me , D)Wm,(m,) Am, 


= E,,,.W@,/m, , B)). ~ (9) 


Since the scintillation is assumed constant over a pulse 
width, m, is a one-dimensional normal complex variate 
with density function 


i| = 5 2 
Wm(Mmx) = 5-3 exp Bea ; (10) 


where 
on = SE (| My iy 


(11) 


When #f is known then q(t) is known. It follows from 
(5) that 


W/m: A) = W3, (2 ss Min) (12) 


where the pdf of @,, the complex W7',-dimensional vector 
representing a(t)’ in the kth radar period, is given by 


i 2WT, 1 : 
Wx = (+) exp E- i: | a(d) | ar| 
IWTe ST; 


(18) 


where |, indicates an integration over the time interval 
of the kth radar period and o” = 2WWN,. It follows that 


7 Woodward, op. cit., Section 4.9. Note that the No used in 
this paper is 3 that used by Woodward. 
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1 2WT 
We/m ,— = (+) 
ov 2 


1 
exp |-+ f | 2(t) — mg(d) |? at}. (14) 
O¢k 
Without difficulty, one may evaluate the expectation 


La [W(&./m ) p)| 


as 


i 2WT, 1 
P,(%,/p) <= En, (W&./ Mm , P)| im (- =) 207.6 


la 


(16) 


| iF 2*(t)q(t) dt 
-exp ES bails at| exp | 16Noe 


where 


On 


ae 20, AN, 


The average signal energy e, received for the kth radar 
pulse is given by | 


é = B.A | mag? toe = Det 2 ene ar} 
k 


=o. f|sOPat. (f 


According to the assumptions of Section II, s(t) com 
sists of a succession of identical pulses. repeated at tha 
radar repetition rate, 7.e., 

s(t) = >} pk Ph (18: 


It will be assumed for convenience that 


[| wo? | at = 1. a 


It will be further assumed that each radar repetitio 
period defined for the received waveform contains on 
complete return pulse. Then 


[iso Pdi =1 (2 
and 
ee eae (21 
If the average received energy ratio per pulse is defin 
as 
Pr = a (2: 
then 


1 
c= 7, 2+ pl. (2\8 


(960 


Using definitions (13)—(15), 


(&./D) = (+) pe Pal i pal us z 4 


2 
vhere the correlation ae X,, is ee by 
ar [ aoste — Diet? 4/1 — Ddt. — (2) 


t is not difficult to show that |X,|’ can be interpreted as 
in appropriate “matched filtering” operation followed by 
mvelope detection. However, this physical interpretation 
vill not be discussed further since the primary purpose 
f this paper is the determination of lower bounds on the 
variances of estimators of (7, v, a). 

Substituting P,(Z,./p) of (24) into (7) yields 


B= (a) ozs) 


1 2 
ce | — zh Es Ez a| 


* exp lay > | XE | ul (26) 


_ Returning now to (3) it becomes clear that W(r, v, a/2) 
nay be written as 


V(r, V, a/Z) a KW.(r, V; a) 
: “exp la sie ) A(7, V;, a], (27) 
vhere 
A(r, V; a) =; D> | Xi, le 

=> [ wos See! nD di % (28) 

-r k 
ind K can be determined from the fact that 
I W(1, v, a/2) dr dy da = (29) 


It is clear that any information in the received wave- 
orm about the radar parameters of the target can be 
lerived once. A(r, v, a) is known. No additional infor- 
aation about the observed waveform is required. Thus, 
ollowing Woodward,’ a receiver which computes A(z, v, a) 
aay be called a “sufficient” receiver. 


LV. Estimation or Rapsar PARAMETERS 


In this Section, consideration will be given to the 
roblem of estimating the radar parameters 7,, v4, a, of 
reflecting object a whose radar return is present in the 
eceived waveform z(t). This paper will be concerned 


8 Woodward, op. cit., p. 67. 
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with obtaining minimum variance estimates of the 
parameters. It is well known that the estimator which 
yields minimum variance estimates is one that computes 
the mean values of the parameters on the basis of the 
a posterior: density function of these parameters. Thus 
if 7, is an estimate of 7,, it will have minimum variance 
if selected so that 
ge Sh Ge eS If tW(r, v, «/2) dr dv da. (30) 
Exactly analogous statements apply to estimates »,, a,. 
Although (30) and its analogs will yield minimum vari- 
ance estimates, they are not practical to instrument. 
A more practical estimator is the maximum likelihood 
estimator. This method estimates 7,, v, and a, by finding 
the coordinates of the maximum of the likelihood func- 
tion W(2/r, v, a). Note, however, that if the following 
two conditions are satisfied: 
1) the a priori parameter pdf W (7, v, a) is not sharply 
peaked or at least is slowly varying compared to 
the a posteriori pdf W(r, v, a/Z); 
2) the likelihood function W(z/r, v, a) has a center of 
symmetry at which its maximum is located; 
then the maximum likelihood estimate is very nearly 
equal to the minimum rms error estimate. The satisfaction 
of conditions 1) and 2) lead to the maximum likelihood 
estimate for the following reasons. First we note that the 
a postertort pdf is given by 


W(r,v,a|2) = KW.(r, v, a)W/7, v, a). (31) 
If condition 1) is satisfied we may write 
W(r,v,a|2) ~ WE | 7,, 0). (32) 


If in addition condition 2) is satisfied, the a posteriori 
density function has a center of symmetry. However, the 
center of gravity of a distribution is located at the center 
of symmetry, if such a center of symmetry exists. But in 
view of (32) and the fact that the likelihood function has 
a center of symmetry at which its maximum is located, 
it follows that the coordinates of the maximum of the 
likelihood function are minimum rms error estimates of 
Tas Vaca. 

Condition 1) will be assumed valid in this paper. It 
will be demonstrated now that for sufficiently large 
received energy and for transmitted pulses satisfying 
certain regularity conditions, condition 2) above will be 
satisfied. Then, subject to these conditions, one may 
obtain minimum variance estimates by using the maximum 
likelihood estimator. 

Assuming the validity of condition 1) above, 


- tad Pv 
W(r,v,a/z) = K es {ay No ew, A(z, »,; ~} (33) 
where K is a proportionality constant. A(z, v, a) will now 
be separated into the sum of a signal function S(7, v, a) 
and a noise function N (r, v, w). To perform this separation, 
note that the received time function 2(¢) is given by 


334 
A) =a) rns be Di) le Os De 64) 
where 
jhe is 
D.(é) =.1. + 5 f, aft Roe da ie (35) 


is the delay variation caused by target a.-or convenience 
define 


alt) me s{t is 10 GAY Cette NS Vi at D,(t). 


Then X,, may be separated into the sum of two terms, one 
of which involves the additive noise and the other the 
received signal 


(36) 


Xy ae Si sta N, ) (37) 
where 
S. = me | ge(og(d at, 
k 
Ne ‘ ated) Al. (38) 
k 


Note that N,,, like a(t), is a complex normally distributed 
process. In terms of S, and N,, 


S(r, V; a) a be | Si, hs 


MiG) = Sony {S,V%} + > N, \? 


= (Nz, v, a) + F(r, v, 2), (39) 


where N(r, v,a) 1s the average value of N(r, v, a) and 
F (7, v, a) is its fluctuating value. Although not explicitly 
noted, it should be realized that S(7, v, a) and N(r, », a) 
are functions of 7,, ¥,, Q- 

By using the Schwartz inequality it is readily determined 
that 


Max [S(r, v, a)] = Sta , Ya a) 


= 2 | m, |? = 2H, (40) 
where / is the total energy in the received pulse train 
over the observation interval. Thus the coordinates of the 
maximum value of the signal function are just the true 
values of the radar parameters. 

Assuming that the bandwidth W of the additive noise 


is much larger than the signal pulse bandwidth, it is 
readily shown that 
N(7,», a) = 4nNo 
oe EN 2 E 
F'(r,v, a) = 16No) n + : (41) 
No 


where F?(7,v, a) is the average of F? over the additive 
noise alone. The discussion of this paper will be confined 
to the practical situation in which the rms value of the 
fluctuations in the noise function are small compared to 
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the maximum value of the signal function, S(7., Ya, a) = 
2E. Thus, it is assumed that | 


VF = 1Noa)n + t. DE: (42) 
0 
Let the total received energy ratio be defined as 
E 
Ege 43 
ie (43) 
Then inequality (42) may be rewritten as 
JSF 2N/n+@ 
= : 44) 
OE R <a ( ) 


Having separated A(z, », a) into the sum of a signal 
function and a noise function, we obtain 


W(7,v, «/2) = K exp Law Ee v, a) 


|: 


[K in (45) differs from that in (33).] Assuming that the 
energy ratio ® is sufficiently large to satisfy inequality 
(44), S(r, v, a) will (with high probability) swamp| 
F(z, v, a) in the vicinity of tr = 7,, 7 = = a,. 1t® 
appropriate, then, to consider the contribution of 
S(r, v, a) alone to the a posteriori pdf by defining 


W.(7,v,a/2) = K exp ‘a fi p neue a}, 


(45) 


Vig a 


(46)| 


It is clear that the exponential term in W,(7, v, a/2)) 
has its maximum at rt = = a,, and that this 
maximum is 


Tessa ay Oe 


: Pp 
oo tae tay) “o 
This maximum increases exponentially with the energy 
ratio ®. Since the total ‘‘volume”’ under the a-posteriora 
pdf is fixed at unity, an exponential increase ob 
W.(r, v, @/2) in the vicinity of its maximum value must 
be followed by a corresponding decrease in the size 0 
W.(7, v, @/2Z) away from its maximum value. In the limi 
as p tends to infinity, the @ posteriora density functior 
must approach a unit impulse located at r = 7,, » = | 
and a = a,. For values of ® such that 


R> af + 2 | ; (48) 


the exponential term in W,(7, v, a/2) will be a sharply 
“peaked”’ function of 7, v, a in the vicinity of 7,, », a. 
It will be assumed that @® is sufficiently large to satisfy 
inequality (48). When the number of radar pulses receivec 
is much larger than one, satisfaction of inequality (44) 
will usually imply satisfaction of inequality (48) unles: 
the average energy ratio per pulse, p,, is unusually low 
Since this paper is concerned only with the case whereii 
the a posteriori pdf is sharply peaked about its maxim 
value (which maximum value is moreover, located in thj 
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icinity of r., va, a4), it is only necessary, in investigating 
he nature of W(r, v, a/2), to examine S(r, v, a) in the 
yicinity of (r., v2, %). Presuming the existence of a Taylor 
eries expansion of S(r, v, a) about 7,, »,, a, (which 
mplies certain regularity conditions on the transmitted 
vaveform), it must be that 


Pye OT a) 
42+ pp) 2No 


= Rpp 
2(2 + pp) 


+ higher order terms, 


— 2Q(7', »’, a’) 


(49) 


where Q(r’, »’, a’) isa positive definite quadratic form 
m7 = 7 — 7,” = vy — », a = a — a. The reason 
for this restricted form of Taylor series about 7,, 12, 
a, is that S(r, v, a) has a positive maximum at r = 7,, 
- = %, a = a,. Retaining no terms higher than second 
order, then 


W.(r, v, a/2) © K exp {—3Q(7’, ’, a’)}, (50) 


which is in the form of a three-dimensional normal pdf. 
Thus 7 = 7,, v = v,, and a = a, is a point of symmetry in 
the pdf W.(r, v, a/2) of (50). 

As long as inequalities (44) and (48) are satisfied, the 
shape of the a posteriori pdf W(z, v, a/Z) cannot differ to 
any extent from that of W,(r, v, a/2). It is not difficult 
to demonstrate that the first order effect of F(z, v, a) in 
modifying W,(r, v, a/z) is a shift in the location of its 
maximum value by a random amount. This statement 
assumes the existence of a representation of W,(7, v, a/2) 
of the form of (50). The proof involves the inclusion of 

nly the linear terms in a Taylor series expansion of 

(7, v, a) about 7,, v., @. The linear terms may then be 
interpreted as shifts in the quadratic form variables of 

.(7, v, a/Z). Thus, for sufficiently high energy ratio 
and assuming the validity of (49)], one may write 


| v, a/2) 
~ K exp {-—4Q(7’ + «, ,»’ te a’ + «,)}, 


where e,, ¢,, and e, are random variables representing the 
-andom displacement from 7,, ¥., @ of the location of the 
maximum value of W(r, v, a/Z). Thus (under appropriate 
‘estrictions) the validity of condition 2) above has been 
emonstrated. 

' It is worthwhile to discuss briefly the validity of 
nequalities (44) and (48). Taken together they specify 
chat ® must be greater than some value, say Rmin- Since 
R is a random variable, such an inequality can be satisfied 
only with a certain probability. In fact since 


(51) 


ee 


Loic 2 
eee pale 2 
Rie a Lim (52) 


is (apart from a scale change) distributed according to 
she chi-squared pdf with 2n degrees of freedom.” One may 
hen compute the probability with which @ fails to 
axceed Rimin: 


9H. Cramer, “Mathematical Methods of Statistics,” Princeton 
University Press, Princeton, N. J., p. 233; 1954. 
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However, it is not difficult to argue that if reliable 
signal detection is to take place, then ® >> ®Rnin. The 
heuristic argument here is simply that a necessary con- 
dition leading to reliable detection is that the a posteriori 
probability density function must have a well-defined 
peak located in the vicinity of the true signal parameter 
value; and from our previous discussion, this is essentially 
equivalent to the condition R > Rin. 

Thus any expressions derived in the following Section 
for lower bounds on errors in estimation of delay, Doppler, 
and Doppler rate should be regarded as bounds relevant 
to a class of receivers which have effected reliable signal 
detection. 


V. Error VARIANCES 


Since the minimum variance estimator is one that 
computes the mean value of the parameters on the basis 
of the a posteriori density function [see (51)] it follows 
that 


oS i WwW.) i (r — 7)’ Wr, v, a/2) dr da dz (53) 


is the value of the minimum error variance in estimation 
of +, with analogous expressions for 7, o2, the minimum 
error variances in estimation of », and a,, respectively. 
As (53) indicates, o7 may be computed by first evaluating 


= fil (r — 7)’ W(r, v, a/2) dr dy da, (54) 


the conditional error variance, and then averaging over 
all possible received waveforms. Therefore, 


f= 62, (55) 
where the overline indicates an average with respect to 
the received waveform. 

On the assumption that (51) represents W(r, v, a/2), 
it is readily determined that 


Cre Iii r exp [—3Q(r, v, a)] dr dy da (56) 
with similar expressions for a7, o,. The positive definite 
quadratic form Q(z, v, a) may be expressed as the matrix 
product 


A 
Q(r,v,a) = [rva]lM| |, (57) 
a 
where the positive definite matrix MW is given by 
Mir Miz Mrs | 
M =| min tg. Mos |* (58) 
M3 M3 Mesa 
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From the well-known properties of the Gaussian 
multivariate density function one can write 


= Poem poe | Mop | Ae 
sgh eee lias 


(59) 


where || is the determinant of M and |M/,,| is the minor 
of the 7j element in M. 

Since the m;, have certain common factors, it is con- 
venient to define the matrix R, 


Fase Tia) ise Tag |, (60) 
3 To3 133 
where 
2(2 + pr) 
An (61) 
Then 
| M;; | | R;; | 
= 62 
aan ae 


The expressions in (59) assume that all three parameters 
Tay Va, @, are unknown a priorz. If one of these is known, 
say a,, then the appropriate quadratic form is found by 
setting a = 0 in Q(z, v, a) and carrying out integrations 
only over 7 and v. Then one readily determines that 


2 1220 2 ion 
= ) , = ; . known, 
Z (ee eee cee gel ‘ 
UE aw Dives 6 
o; =p [Re f° Cap Ruel’ vz known, (63) 
133 2 lo0 
= : CaS : «2 known. 
ReMi ee oce ATs i 
Similarly when two parameters are known, 
5 1 
= p—* ¥,,@, known, 
Ti 
ay known 
Cc. mie a »Q&q ’ 
ee ee (64) 
5 1 
C, =p: Ts » ¥e known. 
T'32 
In Appendix I it is demonstrated that 
Tr = GeoAo , 
To. = Goo 5A, =e 2611 6A, ae Go2Ao ) 
Be 
ey = Alen 4 A, + G,, 6A3 + Grads | ) 
(65) 


Tie = Goo 6A, + G1 Ao ) 


aie Pe alley ; A, 2 Gx.A, | ) 


I 


ake. 2 © ds t+ Gud CAR mere A] 
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where A, is a random variable given by 


Aw=5 Mie 


k=-r 


(66 


and the Goo, Gi, Goo are coefficients in a Taylor “7 
expansion of a function G(é, 7) as indicated below: 


)| ii uroul (1 2 st 


née | —j2mrét 3 
e€ dt 
Ger 


=1 = Co = = Gaby Og Pe q 
) 


Ge) = (1 - 3) 


The remaining symbol, 6, in (65) is given by 


fo (68 
i 
To compute the error Fanner o?, o and o2, ita 
necessary to average 62, 62, ¢2 with respect to the |m,|* 
In the most general case this involves computation of the 
average of |R,;|/|R|. This average appears to be difficul 
if at all possible to carry through analytically. Som | 
approximation must then be resorted to. This pape’ 
will only be concerned with the situation in which = 
number of received radar pulses n is much greater oa 
one. Consider the mean and variance of A, for n large 


7 ps ee ve (1 n odd ' 
a no O23, is 1 (69) 
ee 5 
Hoshi a ee 
: 
ere i es: ae 1 he 
sme soe 23, i 22g +1) n 


Thus the mean value of A, is independent of n while: 
the variance decreases by 1/n. As n increases, A, may be 
regarded as approaching a deterministic quantity A, 
Similarly, r;, may also be regarded as approaching 7;, for 
large n. If the approximation 


(70) 


is used, one obtains as error variances (in the 3-unknown 
parameter case): 


R=R; n-large 


2 ayia alnagaale 
Tv | R | ? v | R | ) | 
opal al 


(71)\ 


where |f,,| is the minor of the 7j element in R and |R| isi 
the determinant of R. Even if n is not large, however,! 
there is reason to believe that the variances in (71 
represent lower bounds on the error variances. Thi 
assertion is based on the author’s belief that the diagon 
elements of the inverse of a positive definite matrix are 
convex functions of the matrix elements. If W(a,, 2, -- ‘| 
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) is a convex function of 2,, oe et 


, 2,, then it is well 
own"? that 


W(x, 5 vo pale: Ty) > W (a, Visca easy a): (72) 
nus, if ¢7, ¢%, and ¢2 are convex functions of the Peso Kt 


lows that 


ye Ree 
C= Gp : R , ; (73) 
here oj = 0°, 0, = o°, og = o2. Actually the author has 


ly been able to determine that the diagonal elements 
the inverse of a positive definite matrix have the above 
mvex property fora 1 X 1 and 2 X 2 matrix. To de- 
rmine by direct evaluation whether this property 
ists for a 3 X 3 matrix offers a prohibitive amount of 
‘culation. It appears that a general proof for ann X n 
atrix should be constructible; however, the author has 
en unable to do so. 

In one particular case the actual value of o”? = ¢ may 
- evaluated. This is the case in which »,, a, are known 
id it is desired to measure 7,. From (64) and (65), 


pa apne, 1 


a an: 0 aie Cf) 


¥,,Q@, known, 


iere x, 1S a chi-squared pdf with 2n degrees of freedom, 


Sy MD 
Gara ‘ 


ie (75) 
is readily determined that 
ipecieat 
Xn An — 1) (76) 
herefore, 
. aa ap, n ap 
ee | = G,, for n large, (77) 


Lich, for large n, equals the value of a, that would be 
mputed by replacing R by R. 
The elements of R are listed below: 


= Ga 5 


Te = Gi ) 


6 ; 6 
= Geo 12 + Gos ; 3 = ToGeo 4 ) (78) 


= 15) Gao 320 + Goo 4 ; Fog = TG < 

is important to note that the characteristics of the 
msmitted waveform enter the 7;,, and thus enter the 
dressions for error variance only through the coefficients 
Ds G,,, and Go.. 

The following Section will be concerned with a dis- 
ssion of the nature of the coefficients G1,, Go, and Goo. 


‘oD. A. S. Fraser, ‘Nonparametric Methods in Statistics,’ 
in Wiley and Sons, Inc, New York, N. Y., p. 54; 1957. 
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VI. THE ComFFICIENTS Goo, Gis, Goo 


By expanding G(é, 7) in a Taylor series about ¢ = 0, 


n = O, it may be determined that 
G20 —Coo 3 Gis = 40 Im enact 
oe ide (2)?Coo ae Qa Im 1 Gort 
fo 
i Re (Cs Cal? 
2 ; 79 
+ fer (79) 
where 
Con = fury 2 at. (80) 
If the spectrum of u(t) is defined as 
ui) = | ube?" at, (81) 


then an equivalent frequency domain expression for 
Gacis 


CELEBS (82) 


Orin [rug = 
It is interesting to note that for m = n, the time and 
frequency domain integrals become identical in form. In 
evaluating the expressions of (79) it has been assumed, 
for convenience, that the ‘average’ location of the 
pulse u(t) in time and frequency is zero. Specifically, it 
is assumed that 


[rium taf = 
(83) 


[elu Pat = 


The first integral in (83) is made zero by proper choice of 

carrier frequency, while the second is made zero by 

proper selection of time origin. It is readily seen that the 
expressions in (83) imply Cyp = Co: = 0. 

The coefficients C,; and C5 have simple interpretations, 

Coo = de? = —4n° f | UD) P af, 

(84) 


Co = = if e | u(t) le dt, 
where F may be interpreted as the rms bandwidth and 
A the rms duration or pulse width of y(t). 

The coefficient G,, has appeared in the statistical radar 
theory literature before’’’’” but without any simple 
interpretation. A simple interpretation of G,,; and some 


11 Manasse, op. cit., p. 9. 

27S. Reed, E. bis Realleys and W. L. Root, “The Detection of 
Radar Errors i in Noise, Part Il: The Accuracy, of Radar Measure- 
ments,’ M. I. T. Lincoln Lab., Lexington, Mass., Tech. Rept. 
No. 159; July 19, 1957. 
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other coefficients may be found by using the polar repre- 
sentation of u(t), 


u(t) = a,(e*. (85) 
For the practical situation in which the transmitted pulse 
has a bandwidth small compared to fo, a, (¢) is the envelope 
and ¢(t) is the phase modulation of the transmitted pulse. 
Then it is readily determined that 


Ga = 4a Im {Ca} a 8r'C (86) 
where the parameter 
oh i! (2a die ee (87) 
20 t 


may be interpreted as just the product of ¢ by the in- 
stantaneous pulse FM, ¢/2z, averaged with respect to a 
distribution of t values given by aj(t), the squared pulse 
envelope. It then becomes clear that C and thus G,, will 
vanish for a symmetrical pulse envelope whenever the 
pulse FM is an even function about the point of symmetry. 
Of course C' will vanish for any pulse envelope if ¢ = 0, 
z.e., if there is no FM. 

In terms of a,(¢) and ¢(t), it is readily determined that 


Pie Fork Be: (88) 


“eae ad (cals ar 
ies ie ()ato gr 


(89) 


Note that the mean squared bandwidth is the sum of two 
positive quantities. The first, 7%, is zero only when the 
pulse FM vanishes and may be regarded as that com- 
ponent of the pulse mean squared bandwidth which is 
due to the pulse FM. Note that 7; has the interpretation 
of the mean squared value of the pulse FM when averaged 
with respect to the distribution a‘(t). The second term 
F* is independent of the pulse FM and thus may be 
regarded as that portion of the pulse mean squared band- 
width which is due to the pulse envelope. By application 
of the Schwartz inequality, one readily determines that 
C has an upper bound FjA’, 7.c., 
OF = Paghe: (90) 
When the pulse I'M is sufficiently large, F’ will be de- 
termined primarily by Fj. Then C gives an interesting 
lower bound to the time-bandwidth product of a pulse. 
The other coefficients may also be expressed in terms 
of a(t) and ¢(t). Thus it may be shown that 


Qn Tin {C.,} = 49° / e( # as dt. 


2a (91) 
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It will be convenient to define 


of Ee 
(ee i / (2) a2(t) dt, 


. 2 
% mf 
see / : (“) - 
Then it is readily shown that 


1 es Re KOE: a | (OFe |? — 4’ [Koo = C4 + An’ Ls =a k 
2r Im {C,,} = Are Kone 


(92) 


Application of the Schwartz inequality yields various 
inequalities relating coefficients, such as 


C2; SK iN a 


Ar’L, > 1, (93) 
Kes WARE 
The definition 
Goe a CEI 
will be used, where 
r on y2 = ji +e 
A? a A? 4 KGa a8 Kee (6 + Lin Ay 167 ; (95) 
fo 4fo 
Because of the fact that G(é, 7) has its maximum a 
G(é, n) = 1, it follows that GoGo. — Gj, < 0. This ‘eal 
directly to 


F? a2 > C. (96 


VI. ExpreEssIONS FoR ERROR VARIANCES 


To obtain the error variance for large n, the diagonae 
elements of [R]~’ must be found. The matrix R is given by 


5 2 6 
F C fe ey 
R= 3riC Pisin. pos - ( 
cart ue 12 A} OV 8 
Ti jie oY ros rl 5 Ee ai] 
Pe SBA eee "S90: an ae 


After some algebraic manipulation, one finds (7,, »,, 
unknown) that the error variances may be expressed i 
the forms 


b 3 ie 3 
yi x a+ lane +t 162, 
ee 
12 60; elcaiaw ena tt 


p 60 


(ee 
(E41 60.0 4 eae, 


2 
(a 
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b 
oe 3p = (B+1)-4 
ONE b @ ( ea 
(Rry(e+i Pe i+f) 


vhere the dimensionless quantities b, y are given by 


FS, die he 
Soomere Ta 
Y Fa <1 


The expressions for the variances in (98) are somewhat 
avolved. Considerable simplification results when y = 0. 
‘he condition y = 0 is, in fact, a desirable condition since 
i may be shown that increasing y from zero only increases 
he error variances. From the definition of y it becomes 
jear that y = 0 implies C = 0 and vice versa (assuming 
”, A, finite). The conditions necessary on the transmitted 
vaveform to make C = 0 have been discussed in Section 
IT [See (87)]. For y = 0, the error variances become 


(3 . | ;) 
: pe 80 b+ 1 
a - Sr fF | 1 
60 b+ 1 
s P ut ep aed gt 230 
me Sr A; . ) 8x | oF” 3 : 
fea por 
>» RE 1 3p 1 
ae. Dn Ait. ~ 1) Ont 61 aie 
pe 0 
| ae “60 + “J coo) 


| Examination of the expression for o7 shows that the 
ms error in measurement of 7, is inversely proportional 
» the reciprocal bandwidth of pulse times a factor in- 
olving b. Since this factor varies monotonically from 
jat b = 0 to 1.5 at 6b = o it is of no importance in 
etermining a.. Thus a- is essentially a function of only 
1e bandwidth of the pulse. 

Examination of (100) shows that o% and o2 are de- 
Petit upon both F’ and Aj. For C = 0, Aj is given by 


= feo att feat a 

+z | es) a di + i / Ae} tS 
- il aE + $2, ] a dt 

ee [f (ay a— 2] 


| (101) 
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For a narrow-band pulse, 
d 
on X fo (102) 


2.e., the peak FM is much less than the carrier frequency. 
Then 


fi aE i $794, | a(t) dt a | Pa Oub= 


In order for the transmitted pulse to be narrow band, a 
necessary requirement is seen to be that the pulse width 
be much greater than the duration of an RF cycle, 2.e., 
that 


(103) 


1 
INS eo 
fo 


It follows that the term 1/(47f,)” in (101) may be neglected 
in comparison to A’. Using approximations (103) and 
(104), 


(104) 


a 


Ai = A’ +3 (2) dt. 


The error variances o, and o2 show an interesting 
behaviour as a function of transmitted pulse width. 
Assume that the width of u(t) is varied without changing 
its shape, 7.e., consider a contraction or expansion of the 
time scale of u(t). Let 


(105) 


0 = ul), (106) 


where u’(t) is a version of u(t) with some normalized 
duration. The —/k is necessary to normalize |u(é)|’ to 
unit area. If the transformation (106) is used, then it is 
readily demonstrated that 


AY = kay’, 
se (107) 


ay o| Cae 


z.e., the pulse width is increased by k, the bandwidth 
divided by k, and L, remains unchanged. The expressions 
for o2 and «2 become 


Ge = (oe l 5 5 

v Qa” @ SS ibys Dn ) 

ee : ; (108) 

aoe at bs A Fe Calg ea 
ee | 
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For small pulse widths, the term in 1/k” becomes all 
important so that 


abel Se Ue Qk” i en ood 

i Re ACE) Sa ARO 

"aay SAL) a ges oe Pi 

GAS CO Eerste ay eee 
small pulse widths 

2 3p__ 60fk” _ 3p 60fs ko 0) 


EY le eT 


For large pulse widths, the term in k* becomes all 
important so that 


2 


Pate Dias) pled Mts 
Menten (Foe eee 
1 large pulse widths 
os ae Flay a aT ad a 
?. 3p 1 3p 


eT BA TS 

Thus, the error in measurement of Doppler and Doppler 
rate approaches zero not only as the pulse width gets very 
large but also as the pulse width gets very small. There 
is, in fact, a value of k, k,, at which.the Doppler error is 
worst and a value of k, k, at which the Doppler rate error 
is worst. These are 


rigged 
Vi2 = ore (111) 
b’ 
aS 
V60 


The fact that the Doppler measurement error decreases 
monotonically as 1/A for large pulse widths is to be 
expected from previous work on the measurement of 
Doppler on a single pulse. The fact that the Doppler and 
Doppler measurement error approach zero monotonically 
for small pulse widths might also have been expected 
from the following reasoning. When the pulse width is 
small one may obtain excellent delay measurement capa- 
bility on a single pulse (although not good Doppler 
measurement capability). Thus one may operate upon 
delay information to obtain estimates of Doppler and 
Doppler rate with good results. Since the delay measure- 
ment error approaches zero as 1/F so also will the Doppler 
and Doppler rate measurement error. 

An interesting corroboration of this reasoning may be 
found in the work of Manasse’® who considered the 
problem of fitting a second degree polynomial to a set of 
independent equally-spaced measurements with equal 
variance. Thus, assume that a measurement of delay is 
made on each radar pulse, and from the set of n delay 


5 R. Manasse, “Parameter Estimation Theory and Some Appli- 
cations of the Theory to Radar Measurements,’’ Mitre Corp. Tech. 
Rept., to be published. 
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measurements, it is desired to estimate the second degree 
polynomial 


voz 4 So f 


D,(b) = To + ie 25 a 


From Manasse’s results one readily deduces the following 
expressions for minimum error variance in measurement 


Of 7,, Ys, Ga: 


2 _ 90 
mG 
252 ; 
ot = aye (112) 
0 


2 wee 7200sfo 
aed ie 


where o; is the variance of the measurement of delay on a 
single pulse. A comparison of (112) with (109) shows 
that if o> is chosen as 


oe tle ee 2 +t) eS 
FOS), Shee ( Pp p,(2rF)” ’ (118) 
then the expressions for error variances in (112) become 
identical to those in (109). 

It is interesting to note that for p, sufficiently large, 
7, becomes identical in form to the expression for Wed 


error variance in delay measurement derived by Wood 
ward for the case of a constant amplitude pulse. The 
expressions become identical (for p, large), if p,, the 
average received pulse energy ratio, is equated to the 
actual received pulse energy ratio in the constant ampli 
tude pulse case. 


APPENDIX I 


EVALUATION OF 7 ;; 


Let the Taylor series expansion of S(7, », a) abouj 
7’ = 0, »’ = 0, a’ = 0 be written in the form 


S(r, v, a) = 2E — 7Q"(7', »’, a’) 
+ (higher order terms), all 


where Q’(7’, v’, a’) is a positive definite quadratic form i 
7’, v’, a’. Then from (49), 


| 


(118, 


1 O'S De, a’) x 


/ , , = 
Qe 9 Ge eaiae p 
In view of (60) and (115), the coefficients 7;, are just thi 
coefficients in the quadratic form Q’ divided by 2e,7, 
Since the function S(r, v, @) is given by 


S(r,r,@) = Lm, P 


2 
? 


[eodma), a 
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me may obtain the desired Taylor expansion of S(z, v, @) 
rom that of the function R,(r, v, a) given by 


(117) 


Gn ye | [ coun a 


| When 7’ = »v = a’ = 0, g,(t) = g(t). By application of 
he Schwartz inequality, it is readily determined that 


Max {K,(7,»,a)} = Ri(r, v5, 0.) = 1. (118) 
Jonsequently (assuming certain regularity conditions on 
he transmitted waveform), R(r, v, a) has an expansion 


i the form 


Rie, Vv, a) =1- 3Q.(7’, Vi, a’) Spaces 


ft the coefficients in Q.(7’, »v’, a’) are denoted by r°°, 
hen it is clear that 


(119) 


r 


i! (s) 
Ui pees %¢e De Vik - 
Dp 


s=-—r 


(120) 


4 remains then to determine the r‘;). 
With the aid of (18) one may express R&,(7, v, a) in the 
orm 


ee = | [Creams af, aan 
‘here 
es = V1 — D.C + sT)) 
salt — DAE TDM, 


ew —— DE + sT,) 
“ult — DE+ Me erer™, 


nd the first radar period is assumed to cover the time 
wterval —T,/2 < t < T7,/2. While the delay terms 
4(t) and D(t) are quadratic functions of time over the 
servation interval due to the presence of a rate of 
hange of Doppler, one may assume that a radar period 
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is sufficiently short so that a linear approximation to 
D and D, is valid over any given radar period. Thus the 
linear approximation 


D(t + sT,) = D(sT,) + tD(sT,) 


= 272 a (123) 
=|[rtiontes mi] +24 = <7, | 


will be used for Di + s7,) with an exactly analogous 
approximation for D,(¢ + sT,). If these approximations 
are used in (121) and an appropriate change in variable 
is made, one finds that, for all practical purposes, 


Ral; V) a) = IGE, m)}é =p + a’sT 
n= 7" ae 

~~ eT? , 124 

ss af, (124) 


where G(é, 7) is given by (67). Since é, 7 are linear func- 
tions of 7’, »’, a’ one may quickly obtain the expression 
for Q,(7’, v 


a’) from a Taylor series expansion of G(é, 7) 


about £ = 7 = 0 by appropriate substitution. The results 
of this substitution are listed below: 
rit = Goo ) 
ra. = dal ® ay ais 2G,( = Goe ) 
fo fo 
lhe rhe 
Rae = a(S) ae a(F ) =f Gola), 
° (125) 
T, 
eg = Cal) iE Gu ) 
fo 
sT: 
ek = ale Fo ‘ + Gy sT, ) 
rn = G (a | +6 (eae Zt) + Gus 
DOE Yin ae 20 oy; 11 DA 02) 


Use of (125) in (120) yields the expressions for Tin 
given in (65). 
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Processing Gains Against Reverberation (Clutter) 


Using Matched Filters’ 


E. C. WESTERFIELD¢, R. H. PRAGER}, ann J. L. STEWARTT 


Summary—The Woodward ambiguity function is discussed in 
connection with the output of a matched filter. A formula for the 
treatment of sonar reverberation or radar clutter is set up in terms 
of the ambiguity function. This formula is applied to determine the 
effect of signal waveform on the output signal-to-reverberation 
power ratio of a matched filter for a simple distribution of rando- 
mized scatterers. 


INTRODUCTION 


N radar and sonar, the ultimate goal in signal pro- 
cessing is to achieve a receiver output for which the 
desired signal echo stands out well above the accom- 

panying noise and the clutter or reverberation’ due to 
random scatterers in the transmitting medium. This goal 
provides a criterion for selecting the proper signal to 
transmit as well as the proper receiver for processing the 
returning echoes. When the background noise is Gaussian, 
the optimum receiver is a cross-correlator, or the equiva- 
lent matched filter, which correlates the input with a 
normalized replica of the expected signal echo. The 
expected echo-to-noise power ratio on the output of such 
a receiver is known to depend only on the total energy in 
the expected signal echo and the spectral power density 
of the expected noise [1]. Within the limitations imposed 
by noise considerations, variations in the waveform of 
the transmitted signal may be made to improve the 
output echo-to-reverberation power ratio. 

A convenient mathematical tool for investigation of 
the echo-to-reverberation power ratio on the output of 
a matched filter is the signal ambiguity function used 
by Woodward [2] to study range and Doppler ambiguities 
for radar targets. Since the random scatterers producing 
reverberation may be considered as unwanted targets, 
this ambiguity function may be turned around to investi- 
gate the combined effect of scatterers at various ranges 
and velocities in obscuring the expected target at a 
particular range and velocity. The corresponding ambi- 
guity diagrams [2], [4] have been used [1] to obtain quali- 
tative graphic determinations of the effect of waveform 
in processing against reverberation. In the present paper, 
an analytic expression for the processing gain against 
reverberation is set up in terms of the signal ambiguity 
function, and the result is illustrated by a simple example. 


* Manuscript received by the PGIT, October 18, 1959. 

+ U.S. Navy Electronics Laboratory, San Diego, Calif. 

1 Tn the present paper, the terms ‘clutter’ and “‘reverberation’’ 
are used inter-changeably to refer to the combined echoes from 
large numbers of small random scatterers. The term “clutter’’ is 
more common to radar, and “reverberation” is the more common 
term in sonar. 


In this, as in the previous studies noted above, the ambi- 
guity function used is based on the assumption that the 
carrier frequency for the transmitted signal is large com- 
pared to the signal bandwidth, so that for a given target 
velocity the Doppler frequency shift may be assumed. to 
be essentially constant across the frequency band. It is 
planned to treat the more general case of broad-band 
signals in a later paper. . 


BackGROUND THEORY: AMBIGUITY FUNCTIONS 


Suppose the transmitted signal is represented by the 
complex waveform [3] 


Au(t) exp (277fot) (1) 


where w(¢) is normalized so that” 


it Mogae (2) 


Since the total energy & of this signal can be written® 


= ya? | | w(t) |? dé, 
it is seen that 
Ai = (26h (33 


Following Woodward,’ the combined time and frequency, 
autocorrelation function of w(¢) may be written in the 
complex forms . 


Mee i ul dra®lt + a) exp. 2eapinde (4a 


I 


[ UG +.)U*) exp (—2nifs) af (Ab) 


where U(f) is the complex spectrum of u(t) defined bd 
the Fourier Transform relation 


EN: 


UG) 5 ie ‘| u(t) exp (—2Qnéft)-dt. 


The corresponding signal ambiguity function may b: 
written 


W(7, ¢) = | x(7, ¢) |? = x(7, b)x*(z, 4). ( 


* In this paper the superscript (*) is used to designate the comple: 
conjugate, and all integrations are assumed to be taken over thi 
significant region of the integrand unless otherwise indicate 

’ Woodward [2], pp. 40, 41. 

* Woodward [2], pp. 115-120. 
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t this point, some useful properties of the ambiguity 
mnction will be derived. 
From (4b) and (5), it is seen that 


x(7, 6) = [Uf + ¢)U*(f)]. 
t follows that 


Fx(7, ) = US — w)U*(—yp) (7a) 


nd 
Fux*(7, o) = U*G + uw) Ulu). (7b) 


lence, the Fourier transform of the ambiguity function 
s given by the convolution integral 


(7, 4) 
= | Ue — v)U*(—v)U*@ + wp — )U(u — ») dv. (8) 


ince ¢ and p enter symmetrically in this last integral, 
; follows that 


Tray az; ?) aa FW, h) (9) 


r 
; V(r, &) exp (—2ziprt) dr 


2 i Wr, uw) exp (—2nibr) dr, (10) 


which could also have been derived from the essentially 
quivalent relation 

Wp, w) = FoF u(r, $)- 

ue to Siebert [5], [6]. Taking » = 0 in (10) gives 


[8 ar = | W-,0) exp (—2nigx) dr, (12a) 


(11) 


relation which is found useful in a later section of the 
resent paper. Similarly, (4a) may be employed to obtain 
ne relation 


[ v6.0 du = | 400, 0) exp @rinr) du. (120) 


| Taking p and p each equal to zero in (11), we obtain 
F oF 0¥(T, ?) oa vO, 0). 
ince ¥(0, 0) is unity from (2) and (4a), this relation can 


e stated in the integral form 


[[ ¥.8) ar dg = 1. (13) 
iq. (13) holds for any waveform u(t) which satisfies (2), 
nd has been presented [2], [3] as a form of “uncertainty 
rinciple.” 

For the frequency-shifted and time-delayed waveform 


v(t) = u(t — 7.) exp [—2rig.(t — 7.)], (14) 
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having the complex spectrum 


VQ) = Uf + ¢.) exp (—2ntfz.), (15) 


it is seen that the combined time and frequency auto- 
correlation function is given by 


a ates i, rier Es) exp (= 2nigt) al 
= exp [272(o.7 We $7.) |x(7, ?), (16) 
where x(r, ¢) is defined for u(¢) in (4). 
Thus it is seen that 
Wi(7, ¢) = xo(r, &)x¥(7, >) 
= x(7, d)x*(7, ¢) 
= Yr, 9) (17) 


where the symbols x and y without subscripts apply to u(é). 


TREATMENT OF SINGLE ECHOES 


Consider a Doppler filter F, which is matched for the 
signal waveform v(¢) defined in (14). Following Goldman,’ 
the complex transfer function of F, may be written 


Y(f) = koV*(f) exp (—2mifto) (18) 


where k, is a constant to be evaluated later and /, is a 
time delay characteristic of the filter. 

After being heterodyned down by the carrier frequency 
fo, a received signal echo with time delay (two-way travel 
time) +, = 7. + 7 and total Doppler frequency shift 
o, = ¢ + ¢ may be represented by the waveform 

w,(t) = A.v,(t) exp (28,) (19) 
where 
v(t) = v(t — 7) exp [—2mig(t — 7)] (20) 


and where, corresponding to (3), the total energy in the 
signal echo is 
Ale 
x 


&.= (21) 
The phase 8, is the sum of a number of phase terms, 
but the dominant term is —2zf 7,. In the present treat- 
ment, fo is assumed large compared to ¢, or ¢., and r, 
is assumed to be of the same order of magnitude as 7,. 
Thus, small and otherwise negligible adjustments in the 
value of +, may be made to compensate for the other 
phase terms in 8,. For simplicity, then, 6, may be re- 
placed by —2zfj7, 1f desired. 

For the waveform w,(f) on the filter input, the corre- 
sponding output spectrum is 


ZA) = W.ADNYH) 
= kA, exp (8.) V.(f) V*(f) exp (— 2rtflo) 
= koA, exp (#8.) Vif + o)V*(f) exp [—2mif(r + to)] (22) 


5 Goldman [8], p. 232. 
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and the output waveform is 


z(t) = F7.Z.(f) 
=p Aig 6Xpi(78:) 


-[ VG + 6) V*O) exp [-2nif(r + bo — Olaf 


ae kA, exp (78.)x.(7 = to ae t, ). (23) 
The input power is represented by 
Si) = | w.(® |? = 28, | o.( |? (24) 


and the corresponding output power is represented by 


So(t) = | 2.(8) |? = 2koS.¥(7 + to — #4). (25) 
The total output energy is thus 
&. = 4 | Sod at 
= kis, [ Wr + t — 6,9) dt 
= ks. | ve,¢) at. (26) 


If it is assumed that there is no loss in energy in the 
filter for a perfectly matched echo, it follows that 


ko? 


I 


ih W(t, 0) dt 


=T) = (27) 


ah 
Ww 
where 7’, is the time resolution constant and W the fre- 
quency span of the signal as defined by Woodward.° 
Replacing kj by W in (25) and (26) gives 


t, $) (28) 


So(é) = 2WE.v(7r + to — 
and 
= we. | W(t,9) at (29) 
For t = t, (23) becomes 
Z(t) = koA.x.(7, ¢) exp (7,) 
om ko A.x(7, ¢) exp (vy,) (30) 
where, from (16), 
VY. = B. + 2r(o.7 — $7,). (31) 


As noted above, the dominant term in #, is —2rfor,. 
For f, large compared to ¢, and ¢,, and r, the same order 
of magnitude as 7,, it is seen that either 6, or y, (but 
of course not both) may be replaced by —2mfo7,. Eq. 


§ Woodward [2], pp. 117-119. 
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(30) may thus be written as 


Z(t) = ko A.a.x,(7, $) (32) 
where 
a, = exp (—2zifo7.), (33) 
T=%1—-h ; | (34) 
$=$.—¢ 5 (35) 


and where x,(7, ¢) may represent the combined time and 
frequency autocorrelation of either u(t) or v(t), but not 
of both. 

The output power for F, at the time ¢ = fy (4 + a 
after the emission of the signal) is thus represented by 


So = So(to) = 2WE.W(z, ¢). (36) 


This value of the output power may be physically achieved, 
at least in principle, by operating two identical F, filters 
in quadrature and combining their squared outputs. 
Before concluding this section, we wish to point out 
that the time average input power in an interval about 
= 0 (time 7, after emission of the signal) is more mean- 
ingful physically than the instantaneous input power as 
given by (24). This quantity can be written 


Si = f 8. |o@ Pat 


= 28, f | role — 0) Pat, (37) 


A development similar to that used to obtain (8) yields 
[iwowe+ oP ae= [vem de — 8) 
so that 


5 = 28. f vr, w) du. 30) 


TREATMENT OF MULTIPLE ECHOES 


Suppose now that instead of a single echo, the receive 
signal consists of the sum of NV overlapping echoes arisin 
from extended targets, multiple targets or multipath con 
ditions. Replacing the index s by n in (19) and letting 
take on the integral values from 1 to N, the wavefor 
on the input to the filter , may be represented by 


w(t) = Lew) = 2) A, (d) exp (8,) 
and the input power by 
| w(z) |° = 


(40)) 


> > w,(t)w*(t) 


Rit) + Rd) 


ll 


(41° 
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vhere 
V(t) = v(t ae Xs) exp [—27i¢,,-(t re) alli (42) 
tse = Te Te (43) 
Poon — Do's (44) 
Ri) = D7 | wal) PF = 20 An | on(t) |? 
= 2 = Spb — Ta) 4s (45) 
nd 
RO = LL wa(Qwa(d 
| = LD AAnva(oe() exp [i(B, — Bx)]. (46) 


orresponding to (32), the filter output at ¢ = ¢) (a time 
aterval t; + 7, after the emission of the signal) is re- 


resented by 
| 


@(lg) == Ds, 2alto) 


= ko 3 AnQnXn (47) 
‘here 
A, = exp (—2r7tfo7,) (48) 
nd 
1G. = Kh Li se (49) 


‘he corresponding output power is then represented by 


| 2( to) i DS >, Zn( tom (to) 


| a Poti) AR Teettsy, (50) 
‘here 
: Ro(to) = Do | en(to) |? = 2W Do ey, , (51) 
Ro(to) = ~ Do 2n(to)em( to) 
= WD Dd AA ncnatxnxe ; (52) 
ad 
(53) 


Vn = WT ne RC eaMe 


TREATMENT OF REVERBERATION (CLUTTER) 


In the case of reverberation, where the received signal 
; any particular time is assumed to consist of a large 
amber of small overlapping unresolvable echoes, it is 
apractical to consider each individual echo as in (40) 
id (47). Instead, it becomes necessary to deal with 
atistical averages (expected values). 

For this purpose, consider R;(¢) as given by (45). The 
dividual echoes with energies &, are now assumed to 
» coming from large numbers of individual scatterers 
ndomly distributed in range, velocity, and acceleration. 
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For the purposes of the present paper, it is assumed that 
the range and velocity (or the equivalent time delay 
and Doppler frequency shift) for a particular scatterer 
are essentially constant over the effective duration of 
the signal. For a given physical situation, this may place 
an upper limit on the signal durations for which the 
present discussion is applicable. In general, however, if 
the signal is repeated at intervals which are long compared 
to the signal duration, the values of time delay and fre- 
quency shift for a particular scatterer may be expected 
to change radically during the interval between signals. 
In order to obtain a representative expression for the 
input power, it is therefore convenient to replace the 
discrete energy contributions &, from the individual scat- 
terers by a continuous function of time delay and fre- 
quency shift. For a given small area dr d@ at (7, + 1, 
¢. + $) in the (7, ¢) — plane, it is thus seen that the 
returned energy may be expected to vary radically from 
one signal to the next. Representing the expected value 
(mean) of the reverberation energy from this area as 
&(7. + 7,¢. + ¢) dr dd, where &(7, + 7, ¢, + $) is assumed 
to be a continuous variable in 7 and ¢, it is seen that 
(45) may be replaced by 


R,(2) 


2 |f 8. + 7,4. +9) lot = 9 [Par dg 


af s+ 7) | ot 2) Par (54) 
where now &(7, + 1) dr is the mean reverberation energy 
returned to the receiver from a strip of width dr in the 
(7, )-plane extending from 7, + 7 tor, + r + dr. 

Because of the random phasing of the cross-product 
terms in (46), &;(¢) is a randomly fluctuating term with 
zero mean. The rms value of &;(é) is of course not zero, 
but it is not being considered in the present paper. 

Corresponding to (39), the time average of the mean 
input reverberation power in an interval about t = 0 
(time 7, after emission of the signal) is 


= [ Rw loo Pat 


=2 ff so.+ 


The mean output power in (51) may be written in the 
integral form as 


7) W(1, u) dr dy. (55) 


Li-= Ro(to) 


=2W [fr + 1.4. +978) drds. (66) 
As with R,(t), the mean value of Ro(to) in (52) is zero. 
Although the rms value is not zero, it is not being treated 
in the present paper, and random fluctuations of the 
output power about the mean value are ignored. 
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CASE OF SEPARABLE DISTRIBUTIONS 


In many, if not most, cases of practical interest, it 
is possible to take 


(7. + 7, ¢. + 9%) = &(7. + QO. + ¢) (57) 


where 


foetea=fe@a=1. 68) 
It should be noted that even though Q(@) is assumed to 
be essentially independent of 7 in the region of interest 
about 7,, this function may be different for different values 
of r,. &(r, + 7) dr has the same interpretation as in (54). 
For the above assumptions, (55) remains unchanged 


R= 2 ff 8. + Dv, w de dy, (59) 
but (56) becomes 
R= 2W |f er. + DQG. + Hv, 9) dr dp. (60) 


In the usual case, &(7, + 7) may also be taken as 
essentially constant over the region of interest about 7,. 
Taking this constant value as 


& = &(7.) = &7. + 7) (61) 


and making use of (2), it is seen that (59) reduces to 
= 28, [[ vr, u) dr du = 28, (62) 
and (60) becomes 
R, = 2we. [[ QG. + ovr, 6) drdg. (63) 
From (12) and (62), this becomes 


R= RW | Q6. + 9) | Hr 0) exp (—2midr) dr de 


= RW [ W(r,0) | Q6. + 8) exp (—2nigr) do dr 


= RW | Wx, 0q(—2 exp nip.) dr (64) 
where 
q(t) = FQ). (65) 
Since 
¥(7, 0) = ¥(—7, 0) (66) 
it is seen that (64) can be written 
Ry = RW | Yr, O)a(r) exp (—2mig.2) dr 
= R.WS,,.9(7) = RWG.) (67) 
where | 
g(t) = (7, 0)q(r) (68) 
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SIGNAL-TO-REVERBERATION PoweER RATIOS 


For a signal echo that is perfectly matched by the 
filter /’,, it is seen from (37) and (39) that the time average 
of the input power is 


if 


ll 


28: | | v(t) |* dt 


as. | WO, u) du 


preys elk (69) 
where, following Woodward,’ T is the nominal time span 
of the signal. The corresponding output power, from (36), 
may be written 


So cot 2Wé,v(0, 0) 
— 2We, . (70) 


Suppose the processing gain against reverberation is 
represented by 


Ke = (Si/R/(S7R) 
= ISR Sloe (71) 
From (55), (56), (69) and (70), this becomes 
ff 8. + Dv, w) dr dy | 
(72) 


[[ 8. + 1.6.4 8, 8) dr de 


For the special case where the energy distribution of 
the reverberation is separable, (59) and (60) apply, and 
(72) becomes 


fi ie S(t + 1)W(7, w) dr du 


| [feces 


And for the case of constant energy distribution with 
respect to 7, (62) and (67) apply, and the processing gai 
against reverberation becomes 


re = T/G@.). 


(73) 
+ 7)Q(¢. + o) (7, ¢) dr ‘- 


(74 


Usually one is interested in the output signal- f 
reverberation power ratio for a given situation. From 
(71), this may be written 


8,/Ro = K,(S,/R)). (75 


For the particular case of perfectly matched signal eche 
and constant reverberation energy distribution wit 
respect to 7, this becomes 


So/Ro.= Key Ten, (7 
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ILLUSTRATIVE EXAMPLE: GAUSSIAN-SHAPED 
PoWER SPECTRUM 


For a signal with a Gaussian-shaped power spectrum, 
1e squared magnitude of the time correlation function 
Gaussian-shaped also: 


W(r, 0) = exp (—7W*r’), (77) 


here W is the nominal frequency span of the signal as 
(27). 

Assume the distribution of reverberation energy with 
spect to velocity to be Gaussian also, so that 


Q@) = (1/W,) exp (—1¢"/W%) (78) 


here W, is the nominal spread of Doppler frequency 
ufts in the reverberation. Then, from (65), 


g(r) = exp (—17°W,) (79) 
ad, from (68), 
ga) =_exp (—a Wi 7) (80) 
here 
OW eet WAL We) <<(81) 
his gives 
G@.) = (1/W,) exp (—7¢./W;). (82) 


rom (74), the processing gain against reverberation for 
us particular case becomes 


: K, = TW, exp (r¢?/W?). 


For convenience in plotting, both sides of (83) are 
vided by TW, and the result is written in the form 


(83) 


K./TW, = (W,/W.) exp [r($./W.) /(W,/W.) ]. — (84) 
rom. (81), it is seen that 
W,/W, = (1+ W/W)”. (85) 


hus K,./TW, may be plotted as a function of W/W, 
r various values of ¢, /W,. This has been done in Fig. 1 
ter conversion to db. Taking uo to represent the adjusted 
> value, we have 

! 10 log (K./TW,) 


Uo = 
= —10 log [W.G@.)]. (86) 

rh (76), it is seen that 

po = 10 log, [(80/F)(6./8.17 

= 10 log (S)/Ro) + 10 log (8./8.W,). . (87) 


is noted that (87) is dimensionally correct, since &, 
‘tually has the dimensions of energy per unit time delay. 
ssuming &, & and W, to be known for a particular 
ysical situation, it is seen from (87) that the output 
Be cohetion power ratio for given values of 
and W may be determined from Fig. 1. The constant 
L/ &,W,) affects the zero db reference point but not the 
ape of the curves. 


Westerfield, et al.: Processing Gain Against Reverberation 


347 
INTERPRETATION OF Fia. 1 


The general trends of the curves in Fig. 1 will be con- 
sidered in relation to the relatively simple situation 
illustrated in Fig. 2. Here a distribution 8&(r,, ¢,) of 
reverberation energy and the elliptical ambiguity func- 
tion ¥(7, ¢) of a short “single-frequency” pulse are re- 
presented by their “3 db down’ contours in the (r,, ¢,)- 
plane. (See Stewart and Westerfield [1] for more complete 
details on this type of representation in terms of ambi- 
guity diagrams.) 


Ot 0.2 0.5 i) 2 Ss 10 20 50 100 
RATIO OF FREQUENCY - SPAN OF SIGNAL TO DOPPLER FREQUENCY SPREAD, & 
q 


Fig. 1—wo plotted as a function of signal bandwidth for various 
Doppler frequency shifts. 


E( Ts, $s) 


Tet Tett 


Fig. 2—Reverberation energy distribution and signal ambiguity 
function illustrated by their nominal extents in the (73, ¢;) — 
plane. 


The upward trend of uo for large values of signal band- 
width (7.e., large values of W/W) is due to the improved 
range resolution associated with the decrease in time 
resolution 7, = 1/W which represents the extent of the 
ambiguity function along the r, (delay time) axis. To 
state it another way, the intersection of the ambiguity 
function and the reverberation energy distribution is small 
for large W. This intersection is given by the volume 
integral in the denominator of (72). From a detection 
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stand-point, this effect is most important when attempting 
to detect a “target”? having small Doppler frequency 
shift. In fact, for ¢, in the vicinity of. zero, one has no 
alternative but to increase W in order to increase po. 
Urkowitz [9] has treated the optimum filter for this case. 

In a similar fashion, the upward trend-of uo for small 
values of signal bandwidth is associated with a flattening 
of the ellipse so as to have small extent along the ¢, 
axis. In this case, the effect is clearly most pronounced 
for targets having large Doppler frequency shifts. The 
transmitted signal is a narrow-band pulse which is of 
long duration since 7 > 1/W. 

The most striking feature in Fig. 1 is the presence of 
pronounced minima in all curves except those for very 
small Doppler shifts. The minimum of a particular curve 
occurs at that bandwidth for which the intersection of 
the ambiguity function and the reverberation energy 
distribution is largest. 

It is noted that the output signal-to-reverberation 
power ratio, represented by uo in Fig. 1, does not depend 
on 2. 


CoNCLUSION 


The striking feature of the curves in Fig. 1 is the 
pronounced valley exhibited by all curves for nonzero 
values of ¢, (Doppler frequency shift of signal echo). 
From the standpoint of obtaining large values of pu 
(output signal-to-reverberation power ratio in db for 
matched filter), it is necessary to employ either large or 
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small values of W/W, (ratio of transmitted signal band 
width to spread of Doppler frequency shifts in rever 
beration), depending on the value of ¢./W,. In no case 
is the mid-region of W/W, best in this regard. 

If the scattering distribution is different from Gaussiar 
and/or if the power spectrum of the transmitted signa 
is different from Gaussian in shape, graphs corresponding 
to Fig. 1 may be plotted to suit these new conditions 
The Gaussian power spectrum for the signal and _ the 
Gaussian velocity distribution for the scatterers were 
chosen in this particular example because of the resulting 
simplicity in the computations. 
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Jn New Classes of Matched Filters and Generalizations 
of the Matched Filter Concept” 


-Summary—In this paper it is shown how the earlier concepts of 


1e matched filter may be generalized by recognizing explicitly 


ve decision-making character of most reception systems. Ac- 
wrdingly, when an approach making use of statistical decision 
\eory is applied for both signal detection and extraction, a variety 
; new classes of matched filters (Bayes matched filters) can be 
efined. These can be described specifically in the critical situa- 
on of threshold reception, where system optimality is at a premium. 
is shown, for incoherent reception in some important special 
‘stances, that matched filters based on maximizing output signal- 
noise ratio (the S/N matched filters of the earlier theory) are 
so optimum from the broader, decision viewpoint. The required 
timum filters are themselves time-varying and nonunique, and 
ius permit a measure of design freedom. In all instances, realizable 
[ters are possible, and it is shown how their weighting functions 
ay be determined. Both discrete and continuous filtering on a 
aite interval, (O,7), are considered. 


: I. InrRopucTION 

“matching” is a form of optimization which at- 
tempts to enhance in some appropriate sense the 
ception of desired signals in undesired noise backgrounds 
; now well known. Reception itself may consist of a 
etection process, where ‘yes’ or “no” as to presence 
r absence of the desired signal is the desired system 
utput; or reception may be an extraction, or estimation 
peration, where the intent is to measure some signal 
‘aveform or information-bearing parameter of the signal. 
[atched filters themselves, in this study as well as in 
wlier definitions, are required to be linear, though not 
ecessarily invariant or realizable (in the usual technical 
mse of operating only on the ‘“‘past”’ of the input dis- 
irbance), and are used in conjunction with (possibly) 
ibsequent zero-memory nonlinear elements and linear 
postdetection” integrating filters. However, it should be 
nphasized at the outset that, unlike earlier definitions, 
atched filtering in the present definition implies a more 
sneral relationship between filter structure, noise, and 
onal characteristics, and includes the earlier class as 
yecial cases, as we shall see presently. The structure of 
atched filters in general depends on, 1) the character 
the signal process in reception; 2) the statistical prop- 
ties of the accompanying noise (and the manner in 
hich it combines with the signal process); and 3) in 
wticular, the criterion of optimality which is selected. 


ie general concept of a matched filter’ in which 
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rticular sec. II, ‘vt. I mae sec. III, pt. I. 
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In most instances 1) and 2) are a priori data; accordingly, 
by modifying and broadening the third element, 7.e., the 
criterion itself, we can expect to generate new and wider 
classes of matched filters. How this may be achieved and, 
specifically, what new types of such filters can be defined 
and described is the main purpose of the present paper. 

The earlier classes of matched filters have all been 
defined essentially on an energy basis, 7.e., on some form 
of maximization of signal energy vis-d-vis that of the 
accompanying noise, without direct reference to the actual 
decision process implied in reception. Usually, these 
matched filters have been derived by maximizing a signal- 
to-noise (power or intensity) ratio S/N, where one seeks 
to maximize a peak value (at some specified point in 
time) of an output signal against a given (rms) noise 
level (see the original work of North,’ Van Vleck and 
Middleton,” and others.* ** 

Strictly speaking, such a formulation really belongs to 
reception as an estimation process,” but since maximizing 
S/N also bears a monotonic relation to a natural model 
of the detection mechanism, it has been reasonably applied 
to detection, as well. The essential new feature of the 
present approach is the recognition of reception as a 
decision process (2.e., a ““yes’’~“‘no”’ or measurement opera- 
tion), and the consequent use of statistical decision theory 
to provide criteria of optimality upon which, in turn, 
a broad generalization of the matched-filter concept can 
be founded.”* Here the principal results of this broadening 
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of the criterion is the creation of a number of new classes 
of matched filters,’* whose structure, appropriate to the 
reception situation (e.g., detection or extraction), can 
be described explicitly in the critical condition of thres- 
hold, or weak-signal operation.’* Although optimum thres- 
hold operation essentially yields an energy (7.e., quadratic) 
form for receiver structure, and hence linear filters may 
once more be expected as optimizing elements, the precise 
nature of these Bayes matched filters (as we shall call 
them from the criterion from which they are derived) 
is often quite different from the earlier class of S/N- 
matched filters, which are also based on an energy (7.e., 
quadratic) form. This is not surprising, since the criteria 
of optimality in the two cases are so different. In what 
follows, Section II provides a short introduction to optimal 
threshold reception; Section III contains the main mate- 
rial of the paper, the definitions and derivations of several 
classes of Bayes matched filters; and Section IV briefly 
reviews the differences and occasional similarities of these 
Bayes and the earlier S/N matched filters. 


II. Optimum (THRESHOLD) RECEPTION” 


A few remarks on reception as a decision process are 
needed to indicate the general form of optimum system 
structure, from which, in turn, these Bayes matched 
filters are obtained. First, in a decision system certain 
costs or numerical value judgments are assigned to the 
various possible correct and incorrect outcomes. Optimum 
or Bayes reception is then defined as that operation on 
received data which minimizes the average cost of deci- 
sion; receivers which do this are called Bayes receivers. '°''” 
Next, let us consider detection. Without specifying parti- 
cular statistics, we make the somewhat unrestrictive 
assumptions that the input signal and noise processes 
are additive and independent.'* ** In order to discuss 
specific structures, let us make the further assumption 
of threshold operation, where the level of the input signal 
(when on) is comparable to or less than that of the back- 
ground noise. This is almost always satisfactory for design 


14 In special cases of interest, explicit results for general signal 
levels are also sometimes possible. 
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which now is strongly influenced by the original signal. However, 
it is usually possible to treat such interference as additive (and 
specifically Gaussian) after suitable modification of the primary 
noise mechanism. 

19 R. Price, “Optimum detection of random signals in noise, 
with application to scatter multi-path communication, I,” IRE 
Trans. ON INForMATION THEORY, vol. IT-2, pp. 125-135; December, 
1956. 

20 G. L. Turin, “Error Probabilities for binary symmetric ideal 
reception through nonselective slow fading and noise,’ Proc. IRE, 
vol. 46, pp. 1603-1619; September, 1958. 

21D. Middleton, “On the detection of stochastic signals in 
additive normal noise, I,’”’ IRE Trans. on INFORMATION THEORY, 
vol. IT-3, pp. 86-121; June, 1957. See also Middleton, op. cit., 
footnote 11, problems following sec. 11.3. 
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and evaluation purposes, since systems optimized for weak 
signal performance surpass this on an absolute basis at 
high signal levels (although they are no longer optimum 
for such levels), where strict optimality is rarely required 
anyway, provided, of course, that care is taken to avoid 
saturation, or similar effects, which might suppress the 
information-bearing features of the signal. 

For detection of the presence or absence of a signal 
in noise, it is well known that the optimum structure is 
embodied in the (logarithm of the) generalized likelihood 


ab) Gel 


ratio, ”'’’ namely, 
log A,(v) = log {p(F.(V | S))/qF.(V | 0)} (1) 
for discrete data sampling, where V = (V,, Vo, --- , Va)» 


Vane V, Gey diel < t,, represent the received 
data, now expressed as a vector, on the data acquisition 
or observation period (0, 7). Similarly, the signal is 
S = (S,, S., ---,8,); and ¢ ) in (1) denotes the statistical 
average over S, or as is more often the case, over the 
random parameters, 6, of S = S(6), when the waveform 
is known. In the usual way, p, q(=1 — p) are the @ 
priort probabilities of the states H, : V = S + N or 
H, : V = N, on any one sample V, while F’, is the con- 
ditional distribution density of V, given S. When con- 
tinuous data processing is employed in (0, 7), the likeli- 
hood ratio (1) is replaced by the likelihood ratio functional 


log Ay(V(t) = lim log A,(V) Os ees (2)| 


when this limit exists.” | 

The optimum structure in threshold operation is then 
obtained by a development of (1) ina power series of 
the input signal-to-noise ratio ad, (or its mean, or rms 
value), defined by 


dy = Ao/V/24;. v= 


fig A i 2 
= “at S(t, 0)? dé, (3a) 


) 

; rex 4 

where y is the mean background noise intensity. Intro- 
ducing the further normalizations 


S) = VyaS); Vi) = Veo, CB 


we find for discrete sampling on (0, 7’) that the threshold) 
expansion is of the type” 


log A, = By + B,wC™(s) + BWC” wv 
aie O(as ’ Se Vv; a v’) (4) 


when C, (C) are symmetric, positive definite (n X ny 
matrices. (The positive definiteness and symmetry reflect 
the physical observation that optimum detection systems 
are energy discriminating devices, at least.) Here C! 


* 7.e., when the regular case occurs, as it does in all physica. 
applications, for both deterministic and stochastic signals. Se¢ 
also Middleton, op. cit., footnote 11, sec. 19.4-3 and references 

_ % Although this is in somewhat different form from that usually, 
given, the derivation is unchanged from that of the original develop 
ment of Middleton, op. czt., footnote 11, (19.50) and (19.56). 
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“ etc., are determined by the noise statistics and the 


hanner in which signal and noise interact. Specific exam- 
les in the common situation of normal noise backgrounds 
re cited in (61) and (64a), subsequently. The dominating 
erms of Bo, B,, Bz are O(a5, or ao, or a3), O(ao), 0(a?), 
espectively.* For continuous sampling on (0, T), (4) 
ecomes 


og Ar V(O)] = Bur + Bir /[ vr’ (t, w(s(u, 8)) dt du 


BS Bs f | HG? (t, Wu) dt du --- + O(a, at) (5) 


vhere Bor, B,r, Bor, etc., Gy, (Gy) are the appropriate 
mmiting forms’ of Bo, --- , C, etc., and GY, (G2) = 
= - , outside (O—, T+). 

_ The corresponding theory for optimum extraction is 
onsiderably more involved. For although the criterion 
f optimality is still the minimization of average risk, 
_ much wider class of cost functions is now possible, 
lepending on the particular problem. This is in effect 
n additional degree of freedom for the designer, and 
oticeably affects the explicit form of the resulting Bayes 
stimators. Thus, if y,(S | V) is the estimator of S given 
7, then one common choice of cost function is C(S, y,) = 
% || S — y.(S | V) ||’, the familiar mean-square error 
stimate. The Bayes, or optimum estimator y* here is 
he well-known conditional expectation of S, given V,”° 
footnote 11, Eq. 21.5, for example) and threshold opera- 
ion yields a development of the type (4), or (5) (with, 
f course, different bias and weightings). Difference cost- 
unctions of a degree other than quadratic can also be 
hown to give optimum threshold estimation of this same 
eneral form. However, when a “‘simple” cost function like 


CS, Yo) = Cn a > Gs 6[S,, est aval} ) 


of. Eq. (21.56), Ref. 11,] is chosen, the Bayes estimator 
s also the maximum (unconditional) likelihood estimator, 
yhich does not directly lead to a threshold development 
ke (4), or (5), unless the quantities being estimated 
waveform, or amplitude) appear linearly in the signal. 
n spite of the more involved nature of optimum estima- 
ion procedures, we may say again that for threshold 


24 Compare this with the development of Middleton, op. cit., 
yotnote 11, (19.50) and (19.56). We observe also that there are 
igher order terms in v (0s; v?, v3, ---) for Bi, 0(s’, v3, v4, ---) for 
>, etc. However, with the present threshold development, for 
arms in v of higher order in B, (vis: v*, v3, ---), which is otherwise 
(s, @o, ***), we take the ensemble average over v in these terms 
ith respect to the null hypotheses Ho, remembering that 
= aos + n, and collect the resulting terms 0(a0?, ao’, --:) in the 
bias’? Bo. Because of the weak signal assumption, this procedure 
ields only slight departures from optimality, which can be ignored 
. most applications. Note, too, that this is particularly true for 
coherent reception; see the discussion of footnote 11, sec. 19.4. 

25 For a discussion of the limiting process, see Middleton, op. 
t., footnote 11, sec. 19.4-2. 

26 Middleton, op. cit., footnote 17, (4.8). 


operation quadratic forms in v, v” are the essential opera- 
tions on the received data, yielding numbers which are 
then subjected to various purely computational manipula- 
tions, such as multiplication, raising to powers, evaluation 
of Bessel functions, hypergometric functions, and the 
like, with these numbers as their arguments.” 

Before we examine the basic quadratic forms that, as 
we have now seen, arise in an optimal threshold theory, 
let us make a further observation concerning reception, 
which usually simplifies the optimum structures [ef. (4) 
and (5)] somewhat. If we represent the (normalized) 
signal process by s = s(t — e, 6’), where « is the epoch, 
or time, relating some representative point on the wave 
to the receiver’s time-scale, we can distinguish three 
principal conditions of operation: 1) Coherent reception, 
with sample certainty, 1.¢., signal epoch is known pre- 
cisely, so that (s). # 0, and consequently the term in 
B,, or B,7, which is O(a), is the dominating one. 2) Pure, 
incoherent observation, with sample uncertainty, where € is 
uniformly distributed over the duration of the signal if 
broad band, or at least over the duration of an RF cycle, 
if narrow band, so that (s). = 0, and the dominant 
term is now O0(az), ef. By, B,7 and their coefficients above. 
3) Finally, there is partially coherent observation, where 
e is not uniformly distributed or such that (s), vanishes; 
then both first- and second-order terms in the structure 
are required, and the optimum threshold system is con- 
sequently a mixture of linear and nonlinear operations 
on the received data. Thus, coherent reception involves 
a generalized, averaged cross-correlation of the received 
data with the known signal waveform, while incoherent 
reception requires a generalized, averaged autocorrelation 
of the received wave with itself.”* 

To summarize, for optimum (or Bayes) threshold recep- 
tion of deterministic signals in general additive and inde- 
pendent noise, processing of the received data depends 
on either a generalized and averaged cross- or auto- 
correlation, embodied in the quadratic forms 


(®,0, 8)) = FCs); ,) = KO™)v 


for discrete sampling, and in 


(6) 


(@1(0,9) = [f EP, Welw; ®) at du, (7a) 


(in) = |] o@PG www at au, (7b) 


for continuous sampling in (0, 7’). As we shall see below, 
it is by resolving these expressions into sequences of 


27 Middleton, op. cit., footnote 11, see sec. 21.3-2,3 where a 
fairly complete theory of Bayes estimation of the amplitude of a 
deterministic signal in narrow-band normal noise for incoherent 
reception is developed, using a quadratic and a simple cost function 
(maximum likelihood estimation). 

23 For a more comprehensive statement, applied to detection 
only, see Middleton, op. cit,, footnote 11, sec. 19.4-3, and D. Middle- 
ton and D; Van Meter, op. cif., sec. 3.7. 
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linear and [for (7b)] nonlinear operations, that new classes 
of matched filters, which we have called Bayes matched 
filters, can be defined. Moreover, from the preceding 
remarks it is clear that such filters possess optimal prop- 
erties, since they arise in optimum decision systems for 
both detection and extraction, which minimizes the 
average cost of incorrect decisions. 


Ill. Bayes MarcuHep FILrers ror 
THRESHOLD RECEPTION 


Our central task now is to resolve the quadratic forms 
(6) and (7) into ordered sequences of circuit operations 
which can be interpreted as combinations of optimum 
linear filters, nonlinear devices, integrating or averaging 
elements, and the like. For this purpose we shall start 
with discrete filters, corresponding to the discrete sampling 
procedures implied in (6), and pass to the appropriate 
limit (x — ~) on (0, 7) for the continuous cases. 

For all types of Bayes matched filters we require gener- 
ally that: 

1) they be linear (but not necessarily invariant or 

realizable) ; 

2) they precede other (possible) zero-memory nonlinear 

elements, and any subsequent (linear) integrations. 

There will be several classes of these filters, depending 
on whether the observation (7.e., data acquisition) process 
is coherent or not (cf. Sec. II above), and on that fact 
that quadratic forms like ®,, W,, etc., are resolvable 
into ordered sequences of elements in more than one 
way, even subject to the general requirements 1) and 
2) above. Some are realizable,” some not; all to some 
extent involve time-varying components, since we are 
dealing (realistically) with finite data samples. 

Let us consider first the simpler situation of coherent 
operation, so that (@,), (®-), [ef. (6) and (7a)] are the 
quantities of interest. 


A. Coherent Operation, (®,,), (®r) 


We begin with the quadratic form® yC‘”s, [ef. (6)], 
and observe that it has a number of structural inter- 
pretations. Here we are concerned only with those leading 
to matched filters obeying the general conditions 1) and 
2) above. To see how this comes about, let 


(8) 


be the discretely filtered (and truncated) wave, obtained 
on passing the received data v through a discrete Bayes 
matched filter Q, = Q, = C‘”, which also truncates 


Vr = Q.v 


29 Here we mean by “realizable’’ those filters which operate 
only on the past of the input and, in the case of invariant filters, 
those whose system functions Y(iw) satisfy the Paley-Wiener 


criterion 
| | ” log Y(iw) d 
ae eee ce 


8° We use the superscript bar (—) and the brackets () inter- 
changeably to indicate statistical averages over the appropriate 
random parameters. 
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the input to insure the finite samples on (0, 7’) postulated 
here. Then we have directly 
(®,) = ¥r8 = De ve(t))Gt)). (9) 

The result is a discrete cross-correlation without delay 
(i.e., multiplication) of the filtered input with the locally 
generated signal §. We see accordingly that the linear 
operation Q, = C\” (= C"”) takes the role of a Bayes 
matched filter, as required here, which may or may not 
be invariant, and realizable, depending, of course, on the 
(symmetric) (n X n) matrix C™. Usually, if we invoke 
invariance we do so at the expense of realizability, while 
if realizability is possible, we lose invariance. 

The matched filter may be expressed in more detail 
in terms of a (truncated) weighting function h,: 


ce! — O; = [A (é; , t;) At] — [h.(t; = i ; t,) At], 
= [he (ts coh; — t;) At] =: CVs 


or 
(10) 


since C™ is symmetric,” exhibiting the time-varying 
character of the weighting function. Realizability is 
expressed by the condition 


H(t; ) t;) = h(t; = t;) = 0, 


Loonie. (11) 


However, we cannot impose this condition on (€,) without 
changing its value, since v,8,;C{; # c¢;s;CS?, even if 
CS? = CP. Accordingly, the time-varying filter h, (or 
Q.) is not realizable here, in consequence of the unsym- 
metrical character of (,) itself (in either v or 8). This 
is to be compared with (¥,) for incoherent reception 
(ef. Section III, B), where it is possible to have time- 
varying realizable (Bayes) matched filters (which, on the 
other hand, do not possess symmetric weighting functions), 
Note also that if h, should be invariant, 7.e., h.(t;, t;) =: 
h.(| t; — #; |), realizability is still not possible, because 
now h, # 0, 1; > #,, 2.e., because of the postulated sym 
metry of h, (or ©”). | 

There is, however, another interpretation of the opera 
tion (,), (6), which does make use of a realizable matchec 
filter. To see this, let y be a column vector, such that 


C's Soy. (12) 


Then, (9) becomes alternatively 


(On Bante 


n 


vy = Doty; - 


7=1 


oe (3. 


31 One can always write A(z, y) as C(x — y, x), if A(z, y) = 
A(y, x), i.e., if A is symmetric in its arguments. This is readily 
demonstrated. Replace y by —y in A(y, x). The result is anothe> 
functional form in x, y, viz: 

A(z, y) = A(y, x) = By, Zs 
The functions are, of course, equal. Whenever —y appears, add z 
to it, and in addition, add the compensating function(s) of x td 
maintain equality with the original function. The result is agait 
another functional form in 2, y, specifically in y — x and z, viz 


A(y, x) = BC=y, r) = C(x —Y z), 
which establishes the desired result. Note that C(x — y, 2) 
C(z, y — x) although A is symmetric. 


1960 
Next, set 
¥ = [hy (1 — 4,) Ai], (14) 


where hy, is now the weighting function of a time-invariant, 
realizable linear filter, with a readout at time T (= n Ad). 
Eq. (13) becomes 

(®) = Di v(t)hu(T — 4) at, (15) 
so that (®,) is the output of this discrete, realizable, 
invariant Bayes matched filter at time ¢ = 7, when v 
is the input. In practice, such filters may be achieved 
in terms of a delay line filter with suitable weighting 
and readout at ¢ = 7. From (8)—(10) and (12) it is clear 
‘that the Bayes filter Q, is related to hy, At by 


y¥ = Q.8, or 


hy(T — t;) = Dot; — ts, t)Xo(ts , )). (16) 
t=1 

We remark that hy is closely related to, and in some 
‘Instances identical with, the S/N matched filters of the 
earlier theory.’’” (Cf. Sections I and IV.) 

With continuous sampling the quadratic functional (®,), 
(7a), which is the continuous analogue of (@,), can be 
‘expressed directly as 


Man) = [ oze)at= f oOh(T — Nat, 7) 
where 
xO = is Gr (t, uw(s(u; 6)) du, = 0 
: a 
(18) 


: outside (O—, 7+) 
= hy(T ee t), 


: 

and hy is once more a (continuous), realizable, invariant 
‘matched filter [determined by (18)] with readout at? = T. 
‘This is the continuous analog of the discrete filter hy 
in (14) above. Similarily, the continuous version of (8)— 
(10) is easily seen to be 


j T+ 

(Br) = | (s(t; Or at, (19a) 
with 

: yurte 

7 ea | Wan HEA die, (19b) 
! o- 

where now h, and hy are related by 

: fe 

hu? —) = [ Ho wWislu;®) du 20) 


{ef. (16)]. Again, h, is not realizable, although it may be 
invariant if GY (t, n) = Gy(| ¢ — wu |).| Figs. 1 and 2 
show the two equivalent realizations of (7), in terms 
of H. and hy (with obvious modifications in the discrete 
cases). Usually, hy will be the easier to instrument than 


H,. As a simple example, let us assume a stationary 
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Fig. 1—A nenrealizable Bayes matched filter h, (coherent reception). 
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Fig. 2—A time-invariant, realizable Bayes matched filter hy 
(coherent reception). 


white Gaussian noise background, for which the co- 
variance function is Ky(t, u) = W./2 6(¢ — wu). Then, 
it can be shown that®” H.(t, uv) = 2/W, 6(¢ — u), so 
that from (20) we get hy(T — t) = 2(s(t, 0))/Wo, on 
(0, T); = 0, elsewhere. This same result also follows 
from the basic integral equation (63). Consequently, from 
(19b) we get 


ve(t) = 2V(t)/W, on (0,7). 
The desired number (#7), (19a), becomes 


signal energy in (0, 7’) 
noise intensity per cycle’ 


en) = [ou ora~ 


which in the case @ = 65, a set of nonrandom parameters, 
is again the familiar result of earlier models in this simple 
situation. (See also the concluding paragraph of Section 
III.) 


B. Incoherent Operation; (V,,), (Wr) 


We consider now the considerably more involved situa- 
tion of incoherent reception, where the fundamental opera- 
tion on the input data is nonlinear, embodied in the 
quadratic operations on v in (¥,) or (Wz) [ef. (6) and 
(7b)]. As before, we start first with discrete systems, and 
examine various equivalent classes of realizable, time- 
varying matched filters which (VW) contains. 

The first class consists of linear filters, which are then 
followed by zero-memory square-law devices and simple, 


32 Middleton, op. cit., footnote 11, (20.43a) and (20.43b). 
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or “ideal,’’ integration. As we shall see presently, these 
filters are time-varying or invariant, realizable or not, 
in various combinations. Let us begin by introducing a 
(real) linear discrete filter Q (¥ Q.), again with truncation 
on (0, 7), such that 


Vin i= Qv, (21) 


so that (6) becomes 


= 4Cy = 570 C70 vy, 550, (22) 


where V, is the filter’s output. Remembering that Cc? = 


C®), and is positive definite,* with C® = 0, (i, j > n; 
z, 3 < 1), since only finite data samples are considered, 
we note that it is then always possible to find a congruent 
transformation, Q, which simultaneously diagonalizes C’ 
and reduces it to the unit matrix I,** viz: 

(23) 


Cc” = 0Q ~ 0, 
(24) 


LS S.0). 


== (i) elsewhere 


Kq. (22) accordingly becomes 
W,,) = Vrve = SURAT 
j=1 


which is just a zero-memory square-law operation on the 
filtered wave v,z;, followed by an ideal “integration” over 
the interval (0, 7’). 

Let us list the properties of the discrete filter Q, which 
is one type of Bayes matched filter: 

1) Q is Linear. This follows directly from (21). 

2) (Q);; = 0, 7 > 7@. This is simply an expression of 
the fact that C can be reduced to diagonal form by a 
congruent transformation with this property. (See Mar- 
genan and Murphy,” for example.) Accordingly, we 
observe that Q represents a realizable filter [ef. (11)], 
since we can write 


Q = [H(t, , t,) At] = [h(t; — t; , t,) At] = 0, t; > t;. (25) 


Note, moreover, that Q ¥ Q, i.e., H(t,, t;) ¥ H(t;, t,), 
necessarily for realizability. 

3) Therefore, Q = [h(t; — t;, ¢;) At], all ¢;, ¢;, 18 time- 
varying. 

It is convenient to set 


C7 = [polis pt) At] = [oolt) 4 t) At]-= oo At, , (26) 


where we recall from (23) that ec = 0 outside (1 < 7, 
j <n), since only operations on data acquired in (0, 7’) 
are used in the decision process. The set of basic non- 
linear equations determining the elements of Q can be 
rewritten 


38 This corresponds physically to the fact that (W,) is a measure 
of the energy in the received wave during (0, 7’). 

34 Middleton, op. cit., footnote 11, (20.13) et seq. 

3° H. Margenau and G. M. Murphy, “The Mathematics of 
Physics and Chemistry,’ D. Van Nostrand Co., Inc., New York, 
N. Y., sec. 10.6; 1943. See also Middleton, op. cit., footnote 11, 
footnotes to (20.13) and (20.16b). 
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pclt; ) t;) = 2B h(t, ery t; ) ti), af t; ) ti) At, 
l=1 
, 2 
a<ij2o 
==a()3 elsewhere 


The number (¥,) becomes accordingly, with the help of 
(26) and (27) in (22), 


as n o(or 7) 2 
©) = WC y = ar a o(t)h(t; — t; , ti) ai} 
j=1 i=1 


n 


= a vp(t;)”, 


f=4 


(28) 


which gives as one interpretation of structure the sequence 
of a realizable linear time-varying matched filter,” 
followed by a zero-memory square-law device and a 
simple (ideal) “integrator.’’ Note that even if the back- 
ground noise is stationary [and normal, so that (64a) 
applies], the time-varying character of h is not removed, 
basically because of the requirement of a finite sample, 
on (0, 7). For an illustration, see the discussion after 
(65) below. 

Another, equivalent interpretation, also involving a 
realizable Bayes matched filter, may be found if we now 
impose invariance on h itself, z.e., require that h(t; — 4,, 
t;) = h(t; — t;) in (28), besides realizability. We cannot 
do this, however, without applying the compensating 
condition [in (27)] that h(t; — ¢;) = 0, h(@, — ¢;) = O 
all ¢;, t; < 0, or in (28), that h(é; — ¢;) = 0, ¢ < O. Thig 
is equivalent to h(z;) = 0,2; > , (> 0),74 = 1, --> , my 
and is required by the original condition on pc that oe 
vanish outside (1, n), or (0, 7’), and that vecv is kept 
unchanged. Accordingly, (27) can be reexpressed as 


poll; a) >y h(t, yt Gia eG 
l=1 


(LoS tye) 


= 0, elsewhere } | 


and (28) may be rewritten 


®) = 2 = h(t)u(t; — t.) at} , 
7=1 t=1 
Thus, our Bayes matched filter here is now the com- 
bination of an invariant, realizable linear filter and a 
time-varying switch®’ (j = 1, --- , n), which “scans” 
the output of this filter, followed as above, by a zero-| 
memory square-law device and ideal “integration.”’ This: 
is, of course an alternative and equivalent realization. 


36 Of course, A(é; — t;, t;) = H(t;, t;), generally. 

37 One realization of this combination of realizable linear invariant. 
filter and time-varying switch might consist of a delay line or’ 
transversal filter [of weighting function h, (29)] whose tap-offs are} 
scanned, or equivalently, readout at a rate equal to that of propaga-: 
tion down the delay line, each readout being applied in sequence 
to the following zero-memory rectifier. Thus, a typical output. is) 
indicated in the braces of (30), at tap-off t; corresponding to the 
smoothing period t; and observed at t;. The time-varying switch 
consists of the scanning process, which always keeps observation 
time equal to the integration period, for the different t; (0 < t; < 7). 


1960 


of the averaged, generalized autocorrelation of the received 
data v, embodied in (¥,), or (W,). 

We remark that without the additional feature of a 

‘ame-varying switch associated with this invariant pre- 
rectifier filter, it is not possible to write (29) with po = 0, 
2, j outside 1, n). In fact, we cannot have this, or any 
ame-invariant filter h alone [which would be equivalent 
30 replacing 2 = 1 by i — + © in the lower limit of the 
summation in (28)], and still satisfy the condition that 
Ic vanish outside (1 < 7, 7 < n), 7.e., maintain a finite 
sample size.** 
The filters considered so far are realizable. However, 
t is possible also to represent (¥,) in terms of a related 
subclass of nonrealizable matched filters. This occurs 
“ssentially because the reduction of the quadratic form 
7C™v to diagonal structure is not uniquely achieved by 
songruent transformations of the type above, where 
‘Q);; = 0,7 > 7 (the realizability condition). We can 
ulso reduce (W,,) to a sum of squares, [ef. (24)], by em- 
stloying another congruent transformation Q/ which is a 
combination of orthogonal and diagonal transformations, 
2: 


| Qo = Q'Q. 


vhere Q, is orthogonal, and selected to put into 


Hiagonal form, while Q’ (= [\” 6,,]) reduces the result 
° the unit matrix I. Here \,; are the eigenvalues of C’, 
vhich are positive [because of the symmetry and positive 


lefinitions of ©]. The filtered wave is now 


(31) 


(2) 


Vr = Qo, (32) 


cf. (21),] v4 # vr. Note that unlike Q in (21), although 
2, is in general, unsymmetrical, it does not vanish j > 1, 
0 that 


Qs = 


vhich expresses the non-realizability of H’ here. In some 
ases, Q/ can be symmetrical, as discussed in the footnote 
xamples of footnote 11, pp. 841, 844. The basic relation 
23) is now modified to 


Cc? = Q1Q: # 0, 
0, 


[H’(t,, t;) At] = [H’t;, t,) At\(#0), 


elsewhere 


(Q<ii< i (33) 


nd the analog of (27) becomes*” 


Pat) = x ect VE (bit, ut, 
een ae eee: 
= 0, Daag at pesos 


38 In fact, we must have some sort of switch or readout, in 
ny case. We remark also that if Q, (21), were invariant, there 
‘ould be more equations than unknowns in (23) when C®) is time- 
arying. Moreover, if C? were invariant and Q invariant, there 
ould be more unknowns than equations, so that C® and Q can 
nly be simultaneously invariant or time-varying. In most appli- 
ations C®) is time-varying (see the examples in Section III, C). 
‘or the correction of an error in this regard, see p. 348; this issue. 

38 With HL (ty: t;) — h'(ti ee ti, ti) = A(ti, Use t,); etc. 
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Bq. (28) is thus, alternatively, 


n n 2 

(Y,) = Weve = 5a v(t) H(t; , ti) ai} (35) 
g=1 \¢=1 

with the same type of over-all structure as in the realizable 

cases above. 

The actual weighting functions h, H’ in (28), (80), 
and (35) are determined from the sets of nonlinear equa- 
tions (27), (29), and (34), respectively. We shall determine 
their solutions for continuous sampling in Section III, C. 
Fig. 3 shows a characteristic block structure, with con- 
tinuous sampling, by an obvious modification of the 
discrete forms discussed above. 


ZERO- MEMORY 
SQUARE-LAW 


VE 
TIME 
VARYING 


Fig. 3—Interpretation of (#7) in terms of Bayes matched filter of 
the first kind (incoherent reception). 


IDEAL 
INTEGRATOR 


Our second class of discrete Bayes matched filters 
consists of a realizable, time-varying, linear filter, which 
is followed in turn by a zero-memory multiplier and 
ideal integration to give us still another equivalent 
interpretation*®® of the quadratic form (¥,). Here we use 
(26) and set 


C™ = [volts , t;) At] = (ACE: , t)) At] 
= [htt; — t:,%) At] 6) 
where h = pc is the weighting function of this time- 


varying linear filter. Now, in general, if A;; = A;:, we 
can write 

n 

Dy LM i 
ta 


SD Ye, Aiz€i; ) Seen ne, © | ) (37a) 


f=1 i=1 =2, i=j 
so that (W,), which is a symmetrical form in its com- 
ponents (A;; = v,v;C‘ here), can be expressed as 


W,.) = Dd ov; H(; , t;) At 


== Be yan » v(t; =a t; ) {:) At. (387b) 


Consequently, the condition of realizability [ef. (25)] can 
be imposed without ehanging the value of (¥,), since 
setting h(t; — ¢,, t;) = 0, t; > t; does not alter the double 
sum, unlike the earlier situation of coherent reception, 
where (@,) is not “symmetric” [see comments following 
(25)]. Thus, if 


Ve = Donauc cbr, t;) as 


i=1 


(38) 


40 Middleton, op, czt., footnote 11, (20.20) et seq. 
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is the filtered output of this time-varying linear filter, 


W,) = 2vpv = 20v, = 2 2 (x) 30; (39) 
7=1 

for (37b), and A is realizable, though H is symmetric. 

Since pg is given, h is, of course, determined at once from 

the identity po = h, (36) above. Fig. 4 shows the re- 

solution of (W,) in this case (again for the continuous 

analog (V7)). 

Finally, we remark that a third class of Bayes matched 
filters, closely related to and identical in many cases with 
the S/N matched filters of the earlier theory’’’’’’’ is 
sometimes possible (for threshold optimality) in in- 
coherent reception. This occurs if the symmetric “kernel” 
c® can be factored into the matrix product of two 
vectors, ¢é.g., if 


(40) 
where, as in (14), 
Ohad [hu(T — t;) Ai], (41) 


and hy is now the weighting function of a time-invariant, 
realizable linear filter, with readout at ¢ = 7’, achieved 
in practice with an appropriate delay-line and readout. 
[Here, of course, hy *~ hy of (14), since C® ¥ C'S, 
ef. (12).] Then, when (40) holds, we have directly 


Y,) = (#7)Fv) = (#7)’ = {Els hat — 4) at} (42) 


which is interpreted as the Bayes matched filter, followed 
by zero-memory square-law rectification. Note that, 
unlike the two cases preceeding, there is no post rectifica- 
tion integration. Fig. 5 shows system structure for a 
sample interval (¢,, 4, + 7’); since ¢ is given [C is known 
and obeys (40)], ha follows at once from (41) as before 
[ef. (16) also]. A brief comment on reception conditions 
for which we may expect the factorization (40) in practice, 


MULTIPLIER 


BAYES-2nd KIND IDEAL 
INTEGRATOR 


Fig. 4—Resolution of (#7) in terms of Bayes matched filter of the 
second kind (incoherent reception). 


ZERO-ME MORY 


DELAY-LINE FILTER 


Fig. 5—Evaluation of (#;) by a Bayes matched filter of the third 
kind (incoherent reception). 
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is given in Section IV. The combination of h,, and read- 
out at ¢ = T, (t, = 0), is, of course, a time-varying system, 
as are all resolutions of (¥,,) necessarily, since only finite 
data samples are processed. 

There remain the continuous forms of the above. These 
follow readily from (7b) and the preceeding analysis 
upon suitable identification of terms. Thus, noting that 
G?(t, wu) may be identified with pc(¢, uw) where pc is the 
corresponding continuous form of po(t;, t;) in (26), we 
see that the basic set of nonlinear equations for the 
elements [h(t;, t;) Af] of Q, (21), the first class of Bayes 
matched filters, goes over into the nonlinear integral 


equation 
| (43) 


elsewhere ) 


T+ 
ne / hhae-= 6G ee 
o- 


O-—- <tu<TH+ 
= 0, 


where the (+, —) on the regions of existence of pe are 
inserted to include the total contributions of any possible 
singularities (e.g., delta functions and their derivatives) 
that the weighting function h may possess. Then (V7) 
becomes [as the analog of (28)] 


(ines if . a [ ea ar) 


i | o,f? dt. aa 


where 


t 
ve) = f oak — 7,0) dr. (44b) 
0 
If an invariant filter with time-varying switch is used, , 
this is alternately 


(G,) = i “ a ‘i : hawt oO dr) be [ ve(O? dt, (45) 


where the relation determining h is now the continuous} 
form of (29), viz: 


pclt, u) ly h(x — Hh(x — u) dz, 
‘i (46) | 


(O-— <t,u < T+) 


= (; elsewhere 


with h(x — t) = 0, t < 0, ete. (the switch-condition*’), 
The filtered output is 


one i SiC: (47) 


equivalent to (44b). 
For the nonrealizable case (31)—(35), the continuous: 
analogues of (32), (34), and (35) are, respectively, 


“ For an error in (47) in an earlier paper (Middleton, op. cit.,| 
footnote 21) see p. 348; this issue. : 


| 960 
WO = | Ht, Aol) dr, Ht) =H,0, (48) 


T+ 
Rien) = i ADR's hax, 


O-— <t,u<T4), 


,) = io anf HE) ar}. 


The second Bayes class (for incoherent reception) is 
Jescribed is similar fashion when continuous sampling 
is employed. The analogs of (38) and (39) are 


(49) 
and 


(50) 


6) = ieee vo(dh(t — 7, 0) dr, (51) 


and 


r= 2] bol0l0 at, (52) 


where A(t — 7, t) = 0,7 > #, (t > O-), for realizability. 
For the third class of Bayes matched filters, when these 
are possible [cf. (40)—(42)], we have similarly 


( Bese 2 
Wa) = {frat — oot9 ar, 6) 


where hy,(T — t) = 0,¢ > T, for realizability. 

%. Weighting and System Functions of Bayes Matched 
Filters of the First Kind 

There remains the problem of finding the specific 
veighting functions h, H’ in (43) and (49) for the matched 
lters of the first kind. Let us consider the time-varying 
2ase, (43), first, with continuous sampling only. We give 
2 solution originally due to Kailath,” and described by 
iim in a letter in this issue, p. 412. We begin by applying 
» sampling theorem in the frequency domain* to h 
n (43), since h(x — t, x) = H(z, #) is limited by the 
“ange of integration in « to (0, 7). Moreover, in order 
shat po vanish in (0 — < #, wu < T+) we shall also re- 
yuire that h = 0, for ¢ outside (OQ—, 7+). This permits 
is to write 


T(x, t) 20 SD aivene os 


(O27 <7); = 0 es ee 


Allg 105 0 


vith a corresponding expression for H(x, 7), where {g,,(¢)} 


re a set of functions to be determined. Substituting into 
43) and observing that the integration over x yields 


#T. Kailath, “Solution of an integral equation occurring in 
aultipath communication problems,’’ to be published in IRE Trans. 
NINFORMATION THEORY, vol. IT-6, June, 1960. See also, T. Kailath, 
‘Sampling Models for Linear Time-Variant Filters,’ M. I. T. 
es. Lab. Elec., Cambridge, Mass., Tech. Rept. No. 352; May, 1959. 

43 Middleton, op. cit., footnote 11, sec. 4.2-1, and (4.25) et seq. 
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T 8nn, With 6,,, the usual Knonecker delta, we get 
polenta) =-T. DorgaolGie 0 <tr re. (55) 


When pc is symmetrical, positive, definite, and continuous, 
Mercer’s theorem permits” the expansion 


Aes © dul ¥u(0, C2a 7, Payee 


where i, are real and nonnegative (some may be zero), 
and the {¢,} are the solutions of the homogeneous integral 
equation*™* 

T 
[rele weouu) du = 9), OS t< 7). (57) 
Comparison of (55) and (56) shows that the g,, can be 
obtained by appropriate relation to the ¢,. One such is 
clearly g,,(¢) = 47¢,()/T , O = << f +) =10 
elsewhere with g,,(t) = g-m(t), since d,, ¢, are real, in as 
much as pg is real here, and n > 0 in (56) and (57). Since 
the {g,} are not unique, there is considerable freedom 
of choice” for {g,,}, which is available at the designer’s 
discretion. In any case, the basic structure of this time- 
varying filter (54), is that of a parallel combination of 
sequences of time-varying gains (g,,) and realizable, in- 
variant, delay-line filters, h, = hy(T — x) = 2 cos 
[2rm(T — x)/T] = h,(«), with readouts achieved by 
suitable tap-offs of the delay line, since (54) can be written 
(with g,, = 9-m) 


Hep ii=2 x Jnit) cos (nme/T) = D Gn(t)hAT — x). 


For the Bayes matched filter of the first kind in the 
form of an invariant realizable filter and time-varying 
switch [ef. (47)], the defining relation is (46), which as 
Middleton has shown*’'*’ can easily be solved by taking 
an iterated Fourier transform of both sides of (46). 
The result is 


Vado = eG we ear a 
T 


r+ 
= al pc(t, u) cos w(t — u) dt du, (58a) 
0 


44 However, in many cases, pc(t, wu) may have singularities in 
the form of delta functions or their derivatives, so that continuity 
is no longer available. Then the limits (0—, 7’+) must be strictly 
observed, and Mercer’s theorem must be appropriately extended 
to include this more general situation. pg itself in application does 
not possess singularities of higher order than pairs, 7.e., Bd(t —0) 
6(u — 0), for instance, so that (Wz) is always a finite number (and 
v is suitably differentiable, if p¢ contains derivatives of delta func- 
tions). But then it can be shown that unsymmetric solutions H’ 
cannot exist. They can only exist when Pg is continuous. Accord- 
ingly, we cannot have filters of either type when the signal is 
deterministic and the background noise is nonwhite (in, the additive, 
gauss case). They are possible, however, with white noise back- 
grounds. It is in this sense, then, that the example (with symmetric 
H’) in the second footnote of reference 11, p. 857, is to be understood. 

46 Middleton, op. cit., footnote 11, sec. 20.2-2, (20.49) et seq. 
for the reception of deterministic signals. 
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where Y is the system function corresponding to h(r) 
in (47), e.9., 


Y(ia)e = [he'd (58b) 
ae 

An infinite number of these filters is available, since only 
the modulus of the system function is determined. This 
occurs in consequence of the condition of sample un- 
certainty, characteristic of incoherent reception, where 
precise phase information about the input is unavailable 
to the observer. Again, this unavoidable lack of uniqueness 
is, however, an advantage to the system designer, since 
he is at liberty to select any convenient phase responses 
o(iw), in Yr = | Yy | e**T for the system at hand. 

When the nonrealizable filters of (48) and (49) are 
used instead, we may determine their weighting functions 
H’' by modification of the procedure leading to (56) and 
(57). In the special case where the H’ are symmetric, (54) 
cannot apply, and the sampling technique of (54) is 
thus inappropriate. Mercer’s theorem*™ suggests that we 
write” 


HG, d)-= >) a.(x)bx(0), 


0 <7 <"T; = 0, “elsewhere (59) 
and set 
Om(t) = Am Pm(Z); — Omlt) = Am dm(Z); 
0O<t,2 <7), =0, elsewhere. (60) 


Substituting these relations back in (49) then gives (56), 
with the {X,,}, {¢,} formally obeying (57), as required; 
H’ is accordingly symmetric and time-varying, and it 
vanishes outside the sampling interval. In this form the 
time-varying gains and invariant, realizable filters may 
be interchanged. We remark, finally, that while the 
weighting functions of the realizable Bayes matched 
filters of the second and third kind h, (51) and hy, [when 
it exists, (53)] are unique. The realizable matched filters 
of the first kind [h, cf. (44a) and (47)] are not, which 
gives the system designer an additional degree of freedom 
in the latter instance. [The nonrealizable version H’ [cf. 
(48)| of the first kind is unique when the solutions of 
(57) are unique, as is certainly the case when pce is con- 
tinuous and positive definite in (0, 7’).] 

We conclude this section with a few short examples 
in the very important situation of additive (though not 
necessarily stationary) Gaussian noise processes,’ to show 
also how the Bayes matched filters of the second kind 
(coherent reception) [ef. (14) and (18)], and of the third 
kind (incoherent reception) [ef. (41) and (53)] are fre- 
quently identical with the S/N matched filters of the 
older theory. 

For coherent reception it can be shown that*’ 


46 This solution was achieved independently by Kailath (op. cit., 
and Middleton (op. cit., footnote 11, sec. 20.2). 

47 Middleton, op. cit., footnote 11, for details see sec. 20.1-1, 
20.1-2 in the discrete cases, and sec. 20.2-1, 2 in the continuous 
cases. 
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CY = yk = Ky, y= NW =0), GL) 


so that 
Q,.= Ky 


(ef. (10), (12), (14)]. With continuous sampling the in- 
variant, realizable matched filter hy, is determined from 
the basic integral equation** 


and 7 = Ky'8 = [ha(t — #) Ad (Gal 


vd 


EAL aad, Se 


o- 


0O= <i ieee (63) 


where hy = 0 outside (O—, 7+). But (63) is precisely 
the determining relation for the S/N matched filter of 
the earlier theory*® (where the average over s is omitted). 
Accordingly, the matched filters in the two theories are 
structually identical, although the derivation from the 
decision theory viewpoint is the much more fundamental. 

With incoherent reception in normal noise it can be 
shown similarly that” 


C® = W ky séky, (64a) 
and for continuous sampling, 
G(t, u) = (Drlt, u; 8)), (64b) 
where 
Dt, u; 0) = XE; Ad) _, 
et, uj 0) = Xx(59Xeu, 0), O- TH] ag 


=.0); elsewhere 


| 
Here X, is the solution of the basic integral equation | 
(63), with hy, replaced by Xy and & by s, viz: 


(s(t, 8)) (65) | 


T+ 
[ Ky(t, WX ru, 6) du = 
= 


and X 7 = 0 outside 0O—, 7+, as before. 

As a simple example, note that with stationary white : 
Gaussian noise, where Ky(t, uv) = W,/2 6(¢ — u), we get | 
at once 


2 
Xa 6) = w, te 6); = 0 outside (0, 7). (66) 


Then, from (64b), 


am. 4 
Gr(t, u) = Ww? 306 su; @) = pelt, u) (67a) 


on (0, 7’), and 


(v2) = ff ects, wow) at du. (67b), 


“8 The passage from the discrete to the continuous cases ist 
se in Middleton, op. cit., footnote 11, secs. 19,4-2 an 

= ’ . 

*® Middleton, op. cit., footnote 11, sec. 16.3, particularly (16.99): 
sec. 16.3-2 for a number of specific poamles in the Dao 
parn ia wires zi Dae methods of solution of (63) whem 

w(t, u) = Ky(|t — ul), 2.e., when the noise is a station r) 

50 Middleton, op. cit., footnote 11, sec. 20.1-2. aa 
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We may now use (55)-(58) to determine H(z, t) = 
h(x — t, x), or h(w — ?#) with a time-varying switch. 
Thus, from (58) we get for the system function of the 
invariant h, 


Py. ? = oa I COs 0) cos (Este di, 168) 


which is evaluated in straightforward fashion, since s(t; 6) 
is known a priori. 

Finally, from (64a) and (40) it is clear that unless 
85 = §-5, so that C™” factors: and, correspondingly in 
the continuous case, unless (Dr) = (X7(t, 6))(X7(u, 6)), 
it is not possible to obtain a Bayes matched filter of the 
third kind (incoherent reception), hy, [ef. (63)]. Thus, 
if hy [obtained from (63) or (65), on setting (X;) = 
Ay(t — u, 6) etc.] is actually used, the result is not (V7), 
but a suboptimum form, which may or may not be close 
to the optimum value. 

Generally, (D,) does not factor, (7.e., (Dr) # (X){X), 
so that the matched filter, h,,, for coherent reception, 
is not the correct filter for incoherent reception, although 
in some applications it may be close to the theoretical 
ideal. Just how close to or distant from the ideal it is 
‘depends, of course, on the particular random parameters 
§ and their influence on the averages. In radar detection, 
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for example, whenever a potential target may be located 
anywhere in a large volume, so that the strength of the 
target return is significantly influenced by distance (here 
a random parameter of the reception process)”* we may 
expect a noticeable difference between hj, (coherent) and 
the Bayes matched filter h for incoherent reception, with 
a consequent difference in threshold performance of the 
detector. (However, see the remarks in the last paragraph 
of Section IV.) 


IV. Concitupinc REMARKS 


In the preceeding sections we have shown how the 
earlier concepts of the matched filter may be generalized 
by explicitly recognizing the element of decision-making 
which is characteristic of most reception processes. 
Accordingly, when the methods of statistical decision 
theory are used, a variety of new classes of matched 
filters—the so-called Bayes matched filters—can be de- 
fined, and furthermore, can be specifically described in 
the critical situation of threshold operation, for both 
detection and extraction. While classification is arbitrary, 
it is natural to distinguish between the different and 
equivalent matched filters, first according to the mode 
of reception, e.g., ““coherent”’ or “incoherent,” and second, 
according to realizability, complexity, and the like. Table 
I summarizes the results of Section ILI. 


: TABLE I 
Bayres MatcHepd Finters ror THRESHOLD RECEPTION 
| 
: (®) 
| Type of Reception Type of Filter Structure Structure* of or Remarks 
: Filter (w) 
en FOU 1). Bayes HG, 7)= H,G, t) h, + read-out Unique; specified by C™. 
No. 1. = h(t — 7, t) 
| a Time-varying, non- 
) (er) = ff otGr, uw) realizable : : 

ne : 2). Bayes hy(T — t) hy + read-out = (S/N) matched filter; unique; 

ge No.2 Invariant, realizable specified by C5, or Gr (s). 
fneoherent: i Parallel combinations Ae 
| — 3), B a). H(t, 7) =ht —7,t a) h+()? + Jo” ( ) dt 1). time-varying gains an 
fe) = ¥COv No.1. beer : oe : invariant (realizable) filters, 
~~ H(r, t) + read-out 2). time-invariant, realizable filter 
| © fa tata Realizable, time- with time-varying switch, 
|r) = ff (Gr, u) varying 1)., 2). not unique. 
~é h(t —7,t) =0,7 >. 
-v(u) dt du ; 
b): AG, 7) =A (Gt) b). A’ +( )? + Li? ( ) dt May or may not be unique. | 
. Nonrealizable, time- Not possible for deterministic 
| varying + read-out signals and colored noise. 
r 4). Bayes A(t, 7) = or # h+@+ for()dt Specified by C® or Gp®; 
No. 2 h(t — 7, t) Realizable, : unique. 
time-varying + read-out 
iy eh y hy(T — 7) hy + ( + read-out Not usually possible, unless 
| No. 3 Realizable, invariant C® = yy; unique; =(S/N) 
| matched filter. 
* “Read-out’”’ = tap-off from appropriate delay line realization, at ¢ = 7’; ( )? = zero-memory, square-law rectification. 


51 Middleton, op. cit., footnote 11, sec. 20.4-6 for a detailed 
treatment of this radar problem. 
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Note that in the more usual situation of incoherent 
reception, these Bayes filters, realizable or not, are all 
basically time-varying, since we always have to deal 
with a finite data sample. Moreover, Bayes of the first 
kind [item 3), Table I] are not unique—there is a degree 
of freedom for the designer in the details of this structure. 
(The nonrealizable cases are included, of course, not 
only for completeness, but because of their potential 
usefulness in approximation.) 

With coherent reception an optimum, realizable, in- 
variant filter identical to that based on maximization of 
signal-to-noise ratio (the S/N matched filter) is possible, 
while for incoherent reception such an identity does not 
ordinarily occur. The optimum, “matched’’ filters are 
Bayes Type 1 or Type 2 [items 3) and 4) in Table J], 
so that the S/N matched filter is not optimum here. 
We remark, however, that when a structural identity 
between Bayes matched filters of Type 2 (coherent 
reception) or Type 3 (incoherent reception), and the 
S/N matched filters of the earlier theory does occur, 
it is not an inherent property of the matched filter concept. 
Rather, it is the result of 1) the particular signal and 
noise statistics involved, and 2) the fact that in the 
threshold Bayes case and in the S/N formulation (re- 
gardless of signal strength vis-d-vis the noise) the re- 
spective optimizations are both based on quadratic forms 
involving the effective signal and noise energies, so that 
enhancement” of signal vs noise in either instance, al- 


® Middleton, op. cit., footnote 11, sec. 20.2-4 for a geometric 
interpretation. 
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though for quite different criteria, lead to the same 
matched filters. For example, this identity effectively 
occurs when the received signal is narrow band, and 
when (if the signal is present) only the amplitude and 
RF phase are unknown at the receiver. Note however, 
that the Bayes matched filters are the result of an actual 
decision process, minimizing average cost or risk, where 
all pertinent knowledge (and ignorance) has been syste- 
matically employed in the formulation of optimality, 
while the S/N formulation is based on the more limited 
and incomplete second-moment criterion of signal-to- 
noise ratio. For these reasons, the Bayes matched filter 
is the much broader concept, subsuming the S/N matched 
filter, just as second-moment operations (e.g. calculation 
of spectra, covariance functions) are subsummed by those 
using the statistically more complete information con- 
tained in the nth-order distribution (n — ©). Also, 
for these reasons, as Section III above has already explic- 
itly indicated, the structure of Bayes matched filters 
may differ considerably from those based on the more 
elementary criterion. . 
Finally, for strong signals it is clear that although the 
matched filtering and subsequent linear and nonlinear 
operations described here for threshold systems are no 
longer optimum at these higher signal levels, they are 
absolutely better than in the threshold situation, and 
hence usually satisfactory. Thus, if the designer strives 
for threshold optimality, he will achieve effective perfor- 
mance at higher levels, as long as he takes care to avoid 
any destruction of desired information through saturation — 
of one kind or another. 
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Correlation Detection of Signals Perturbed 


_ by a Random Channel’ 


THOMAS KAILATHTt 


Summary—We show that the concept of correlation detection 
deterministic signals in additive Gaussian noise can be extended 
a natural manner to the detection of signals that are transmitted 
rough a ‘‘Gaussian’”’ random channel besides being corrupted by 
iditive Gaussian noise. Such situations are typical in communica- 
yn over scatter-multipath channels (with or without a specular 
mponent). In the deterministic case, the receiver essentially 
osscorrelates the received signal with the signal before the 
iditive noise was introduced. When a random channel is present, 
ywever, this latter signal, i.e., the output of the random channel, is 
it known at the receiver, However, knowing the statistics of the 
iannel and the noise, the receiver can make an estimate of it from 
@ received signal on the hypothesis that a particular signal was 
ansmitted. The optimum receiver then crosscorrelates this esti- 
ate with the received signal. 


I. InrRopDUCTION 


| HE detection of deterministic signals (7.e., signals 
[ whose form is exactly known at the receiver) in 
: white Gaussian noise has been studied by a number 
‘ authors—notably North,’ Van Vleck and Middleton,” 
1d Woodward.’ They found that the operation per- 
rmed by an “optimum”’ receiver is essentially a cross- 
mrelation, as shown in Fig. 1. The receiver crosscorre- 
tes the received signal, say y(t), with each possible 
ansmitted signal x(t). This operation can be per- 
rmed by a multiplier-integrator combination, with read- 
it at time 7, where 7 is the duration of the x(t), 
by a “matched filter’ with readout at 7. The term 
yptimum”’ merits some explanation: Woodward has 
own that all of the information in the received signal 
t) is contained in the set of a posteriori probabilities 
a (t) | y(t)}. These probabilities can then be weighted 
id combined according to different criteria—for example, 
eyman-Pearson, Ideal observer, etc.—in order to make 
e final decision as to which signal «“’(f) was actually 
resent. In Fig. 1, the box marked D denotes this final 
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wk was supported in part by the U. S. Army (Signal Corps), 
> U. 8. Air Force (Office of Scientific Research, Air Res. and 
»v. Command), and the U. 8S. Navy (Office of Naval Research). 
tis paper is based on work that is being done in partial fulfillment 
the requirements for the degree of Doctor of Science in the 
partment of Electrical Engineering, M. I. T., Cambridge, Mass. 
+ Dept. of Elec. Engrg. and Res. Lab. of Electronics, M. I. T., 
mbridge, Mass. : ‘ 
1Z). O. North, “An Analysis of the Factors which Determine 
mal/Noise Discrimination in Pulsed-Carrier Systems,’ RCA 
bs., Princeton, N. J., Tech. Rept. PTR-6C; 1943. ; 

2 J. H. Van Vleck and D. A. Middleton, ‘“Theoretical comparison 
the visual, aural, and meter reception of pulsed signals in the 
ssence of noise,” J. Appl. Phys., vol. 17, pp. 940-971; November, 
DP. M. Woodward, “Probability and Information Theory with 
plications to Radar,” Pergamon Press, London, Eng.; 1953. 


processing, while the outputs of the crosscorrelators are 
simply related to the a posteriori probabilities. In this 
paper, we shall only consider the problem of obtaining 
these probabilities, and this will define our ‘optimum’ 
receiver. 

Our purpose is to determine optimum receivers to 
detect signals that have been transmitted through a 
channel A, and have been corrupted by additive Gaussian 
noise n(¢) as shown in Fig. 2. Now if channel A is by some 
means exactly known at the receiver, the problem can 
be solved by a trivial modification of the receiver of 
Fig. 1. That is, instead of crosscorrelating y(é) and x” (é), 
we crosscorrelate y(#) and 2“? (é), the channel output 
signal for a particular input x“’(é) (cf. Fig. 3). The 
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Fig. 


1—A functional form of optimum receiver for detection of 
deterministic signals in white Gaussian noise. 
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Fig. 3—An element of the optimum receiver for the case of a signal 
perturbed by a known channel A. 
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signal z(t) can be obtained by passing x"? (¢) through 
the (known) filter A. (We shall use the words filter and 
channel interchangeably.) In our problem, however, we. 
shall assume that filter A is random and therefore not 
known exactly at the receiver. Of course, we need further 
assumptions on the filter in order to solve the problem, 
and these are discussed in detail in the next section. 

But briefly, if we assume that channel A is such that 
its output 2“ (t) for an input «“”(f) is Gaussianly distri- 
buted with known (zero) mean and variance, (cf. the 
detailed discussion in Section III) then the optimum 
receiver first makes a best possible estimate of 2‘ (é), 
say 2‘ (t)—we assume that x(t) was sent—and then 
crosscorrelates y(t) and z\"” (t) to produce an output simply 
related to pia” (¢) | y(d)}. 

A word about the mathematics used in this paper is 
in order. All we need is some rather elementary matrix 
algebra. However, the formulation used here is not 
always the most general or the most elegant—such an 
approach is unnecessary for the specific problem discussed, 
but is quite valuable and proper in a more general study, 
which we hope to publish at a future date. 


Il. DEFINITION OF THE PROBLEM 


The general problem is the following: one of a finite 
set of known signals {a(t)} of limited duration is 
transmitted through a random linear time-variant chan- 
nel A of finite memory, resulting in a waveform, say 
z(t), which is further corrupted by additive noise, say 
n(t), before being available to the receiver (cf. Fig. 2). 
Let y(t) denote the final received signal, that is, y(¢) = 
n(t) + z(t), and let 7 denote the duration of y(t). 
We then define the optimum receiver in the sense of 
Woodward’ as being one that computes the a posteriori 
probabilities pia“ (¢) | y(d)}. 

We assume that the additive noise is Gaussian (though 
not necessarily white) and that the random channel is 
such that its output z(t), for a particular input 2“ (0), 
is Gaussian. We also assume that the parameters (the 
mean and the variance) of these distributions are known 
a priort; however, the distributions themselves need not 
be stationary. No further assumption is made about the 
structure of the channel; that is, whether it consists of 
a finite number of paths, independent or otherwise, or 
whether there is only a continuum of paths, ete. Channels 
with a number of relatively delayed, randomly-varying 
paths, the so-called “‘scatter-multipath’” channels, are 
often of this type, and our model includes the cases of 
Rayleigh fading, and of fading when a specular com- 
ponent is also present (so-called ‘“Rician” fading), with 
arbitrary rates of variation. 

In this paper we shall make a few additional assump- 
tions; namely, that n(¢) has zero mean, and also that 
z(t) and n(¢) are independent, for all k. Again we shall 
initially derive the result for a low-pass (video) channel, 
and then indicate how the analysis should be modified 
for a band-pass channel. 
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III. A MoprE. ror THE CHANNEL 

We shall find it convenient to use a discrete analysi 
in this work. While it is true that we might work directly 
with continuous functions, the approach is then mathe- 
matically more involved because it uses integral equations 
in place of the matrix algebra used in the discrete case. 
The physical significance of the steps is often obscured 
by the mathematics required to manipulate the integral 
equations correctly, whereas the elementary matrix 
algebra used in this paper should be relatively familiai 
to the reader. The author has performed the analysis 
with integral equations but has not found any advantages 
in the method. 

As a first step, we shall consider the discrete analog 
of the convolution integral that relates the input and 
output of the channel filter A. The convolution formula 
gives 


t 
A) = [ ar, )ult — 2) dr, (1) 
0 
where 
a(r, f) = impulse response of the filter 
= response of filter measured at time ¢ to an 
impulse input 7 seconds ago; we shall also 
assume a(r, t) = 0, 7 < O; 2.e., the filter 
is physically realizable, 
x(t) = input to the filter; z(t) = 0, ¢ < 0. 
We would expect the discrete analog of this equation to be 
2(m) = >> alk, m)2(m — b), (2) 
k=0 
or 
z = Ax (3)) 
where m, k are integers (on a suitably normalized time 
scale) and x, = | x(0)z(1)z(2) --- | is a row vector re~ 


presenting the discrete input signal x“; the subscript 4 


denotes the transposition of the matrix; z similarly re+ 
presents the output waveform; and A represents th 
channel. To get a feeling for this formula, consider th 
discrete channel shown in Fig. 4. The reader can easil 
verify the following matrix relation: 


| |eoQ) Ose Ole, don 0-0 a 
21 @y( 1), ag) Ons: Qin, Con SOIG: 
Za | = | a2(2) (2) . ao(2). jae) =. | on. . ap —>day. be (4. 
Ze On %a3(8) cad) On agh-on, | 
2 wed) 0 a,(4) OR Oo vegs 

2") 


DELAY LINE 


Fig. 4—A simple delay-line channel. 
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We have written for convenience a(k, m) =-a,(m) = dum. 
With reference to Fig. 4, notice that for fixed k, we can 
interpret a,,, as the values assumed by the kth tap- 
function. (Notice that the number of columns in A depends 
on the duration of « and that the number of rows depends 
on the sum of the channel memory and the duration of z. 
Therefore A is rectangular, unless we have a single-path 
channel.) In Kailath* it is shown that, in general, an 
arbitrary linear time-variant filter can be represented as 
closely as we wish by a discrete filter of the type shown 
in Fig. 4, for which a matrix equation like (3) always holds. 
We shall therefore assume a matrix input-output equation 
in future work. 

_ To make our channels’ models Gaussianly random, we 
shall assume that the ‘‘tap-functions” a;(f) on the delay 
fine are sample functions from a Gaussian process. We 
shall assume that the a;(#) have zero means and that the 
correlation matrix 


: im 2 o 26 Te) ee ee 


QAo0 = Ano Ao1 Ap0A11 ApnoA22 
om 
A190 Aor 
| =3° 
Dia = 1411400 11 ay RO” SU A (5) 
| . 
2 
A22QA00 ~=A22A1 22011 A22 


is known. (@,4, is, of course, symmetrical.) 
: With such a channel, the output signal z“” for a given 
nput signal x” is Gaussianly distributed with zero mean 
ynd covariance matrix 

@? = [6:; ] (6) 
where ${* = z\"z\. A formalized method of calculating 
p given x” and ®,4,4 can be developed, but is not 
needed here. Instead, we shall illustrate the calculation 
or the simple channel of Fig. 4. There we have 


ee: Dyree 
Zo = AooXo 5 


2 
= ApoAoi Lot, + AooAi1%o , 


(7) 


2 
22 = Ay1Ae2% + (Gy1412 4° Qo122)Lo%1 + Ay1Ao2VoLe 


Pireke> ——~ 4 
Ft Mp1 A92%1Le + Api A12% , 


nd so on. And finally, if z (for a given x“’) is Gaussian, 
nnd the additive noise n is Gaussian, the received signal 


y = Ax” +n= yl +n (8) 


4T. Kailath, “Sampling Models for Linear Time-Variant Filters,” 
tes. Lab. of Electronics, M. I. T., Cambridge, Mass., Tech. Rept. 


52; May, 1959. 
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is also Gaussian and we may write 
: i ve 1 
vy | x's) = Geak [@ 172 
-exp [—1/2{y.[@, T"y}], ©) 


where ®" is the covariance matrix of y (given x”). 
If we assume the additive noise to be statistically inde- 
pendent of the channel, then 


@) = 2) +4, . (10) 


We now have all of the relations that we need for the 
study of the optimum receiver itself. 


LV. THe Orprimum RECEIVER 


As stated in Section I, the optimum receiver computes 
the set of a posteriori probabilities {p(x | y)}. We 
shall show how to get one of these, say p(x“ | y). 

If we use Bayes’ rule (or theorem), we can write 


ply | xp) 


De wy | x ype) 


We shall assume that the p(x‘) are known; then, since 
the denominator of (11) is a constant, what we essentially 
have to compute is the “forward” probability p(y | x“). 
This is given by the multivariate Gaussian distribution 
as in (9). But notice that since the exponential is a single- 
valued function of its argument, we might just as well 
compute the quadratic form 


Coo int (11) 


AMO = y,[@y) 'y. (12) 
Furthermore, we can write [as shown in Appendix I, (82)] 
A’ = yy — y0.H’y, (13) 

where 
H® = #22) =1-6,1097. a9 


Since the first term on the right-hand side of (13) is 
independent of x“, we need only to consider the second 
term: 


(15) 


and A“, which is also a quadratic form, will determine 
the operations that the receiver will have to perform. 
These we shall now consider. 

It is instructive to examine first the case in which the 
additive noise is white Gaussian, with a noise power of 
1 watt per cycle; that is, ®,, = I, the identity matrix. 
Then we have 


AY = y@AHy 


yH y=), (Hy): 


To compute this, we can use the receiver structure that 
is shown in Fig. 5; that is, we pass y through the filter H, 
then multiply the output of H by y, and integrate for 
a time 7. The output of the integrator at time 7 is simply 
related to p(y | x“); the multiplier and integrator com- 
bination is just a Srceaconrelntoe But what is the role 


AP = (16) 
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of the filter H\”? It is shown in Appendix I that H“” 
defined as in (14) isa filter that operates on y (= z\” + n) 
to give an estimate, z‘”’, say, of z. 

This estimate is a minimum average Mean-square error 
(or Wiener) estimate, which is equivalent to a maximum 
likelihood estimate for our situation, where we have 
Gaussian statistics. The filters H are, in general, un- 
realizable. When we have white Gaussian noise, however, 
the H“ are symmetric, and therefore we can write 


(17) 


where H’” is a realizable filter. H’’ is obtained from 
H™ by omitting all terms above the main diagonal and 
doubling all terms below the main diagonal. This is 
proved in Appendix I. Therefore in Fig. 5, the output 
of the filter h(r, ¢) (which is a realizable filter) is 2{”, 
and hence the receiver effectively crosscorrelates y(¢) and 
z(t) to give an output directly related to p(a” | y). 
Thus we have a rather natural generalization of the 
situation in which the channel A is known, for which 
case an optimum receiver is shown in Fig. 3. Finally, 
note that we can also set up a matched filter type of 
receiver to perform the crosscorrelation in (16). 

Now let us return to the case in which the noise is 
not white and therefore ®;' + I. In this case, 


A at y.H’“’y, 


pS A ed s eg (18) 


Here, a receiver structure of the type shown in Fig. 5 
can be used. Since ®;/H™ is symmetric [it is equal to 
the difference of two symmetric matrices, cf. (14)], we 
can again use the method given above, cf. (17), to make 
the filter ®,(H"’ realizable. Note that while ®;! is 
symmetric, H“’ is not necessarily symmetric. In this 
receiver, H“” again plays the role of a maximum likeli- 
hood filter that produces as its output the best possible 
estimate of z”, say z{”. 

While we thus have a receiver structure for the non- 
white noise case, we can obtain another structure which 
is equivalent to this, but has a direct physical interpreta- 
tion. To do so, we note that there is a theorem in matrix 
algebra® which states that a positive-definite matrix can 
be factored into the product of a triangular matrix and 
its transposition. Applying this theorem to >), we can 
write 


®,, = W.W, (19) 


where W is a matrix with all zeros above the main diag- 
gonal. Using (19), we can write 


AM? = y.W.WH’y 
= (yW),(WH,”). 


(20) 


A receiver structure for implementing (20) is shown in 
Fig. 6. Now it is proven in Appendix II that the filter 
W acts as a “whitening” filter for the noise component 


5K. A. Guillemin, “The Mathematics of Circuit Analysis,” 
John Wiley and Sons, Inc., New York, N. Y.:11949. : 
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of the received signal y. The action of the receiver is 
now clear: to reduce the nonwhite case to the white 
noise case, we pass y through a “whitening”’ filter W. 
However, W distorts the signal portion z’ of y, and te 
compensate for this distortion, we pass z‘” (which is the 
output of the filter H“’) through the same filter W. 
We are now in the same situation as in the case for white 
noise, and the optimum operation, once again, is the 
crosscorrelation of y and z<". 

Thus we see in Figs. 5 and 7 how the concept of corre- 
lation detection extends in a rather natural fashion to 
the case of transmission through a random channel. How- 
ever, the extension is incomplete in one respect; we can- 
not now assume that A is not random and get the result 
shown in Fig. 3. This is because, here, z is no longer 
random and y is not a Gaussian distribution with zero 
mean; therefore (9) is not true. But the situation is easily 
remedied. We shall assume that channel A is such that 
z” is Gaussian with a mean Zz“? which is known a priori. 
Then z“ can be written as the sum of a random com- 


ponent z\” and a constant component z””: 
ee te ae (21) 
and similarly, we can write 
poe Ax” = Ax” a3 Ax. (22) 


With these additional assumptions and definitions, it can 
readily be seen that y is Gaussianly distributed with 
mean Z and covariance matrix 


(k) 
Dye aie ®,,, == 


(23) 
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Fig. 5—An element of the optimum receiver for a random channel. 
A (for white Gaussian noise). 
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Fig. 6—An element of the optimum receiver for a random channel! 
A (for nonwhite Gaussian noise). 
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Fig. 7—An element of the optimum receiver for a specular plus 
random component and white Gaussian noise, 
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Since we have already gone through the derivations in 
letail for the case where z\” is zero, we can proceed by 
analogy without much further explanation. 


Thus, 
Vv? = Gy — 2), oy — 2%) (24) 
ee ye) Pye”) 
| Ge LAO yl 2), (25) 
vhere 
ee Hy? = @)) fo + ,,]7 (26) 


ind then, if we assume that the transmitted signals «” 
ull have the same energy, and that the noise is white, 
vith power of 1 watt per cps, we have 


A? = $22\?y + (y — 2%) HPy — 2). 27) 


i 


4° determines the receiver structure which is shown in 
Fig. 7. 

_ Now notice that if z°’=0 — that is, there are no 
‘andom components in the channel—we have the receiver 
hat is shown in Fig. 3. Modifications can be made as 
sefore when the noise is not white and/or when the 
ransmitted signals are not of equal energy. 

_ One final point should be made. Our analysis has 
ussumed low-pass (video) signals and channel. The exten- 
ion to the band-pass case is easily made. Consider the 
‘ow matrix x‘ to be in the form 


(k ee Sea EA 
ex S| rot, ah : 


vhere the ¢\” are samples from the Hilbert transform 
s(t) of x(t). We write the channel matrix A in similar 


partitioned form so that 


ce lat 


x 
This, however, is still of the form 
z= Ax 


is in (3) (where z, x, A are now partitioned matrices), 
ind therefore all of our analysis for the low-pass case 
an be carried over directly to the band-pass case. The 
eceiver structures must be modified suitably, but the 
hanges are readily made and we shall not discuss them 
1ere. 


V. CoNncLUDING REMARKS 


We have shown in Figs. 5 and 7 that the optimum 
eceiver for detection of signals transmitted through a 
andom Gaussian channel can be interpreted as a bank 
f “estimator-correlator’’ combinations. A result of this 
ype was originally obtained by Price,’ with a somewhat 


6 R. Price, “Optimum detection of random signals in noise, with 
pplications to scatter-multipath communication, I,” IRE Trans. 
N InrorMAtTION TueEoRY, vol. IT-2, pp. 125-135; December, 1956. 
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different interpretation, for a channel that consisted of 
a single scatter path without a specular component and 
with white additive Gaussian noise. In Price’s receiver, 
to test the hypothesis that a particular signal, say «“? (#), 
was transmitted, an estimate is first made, from the 
received signal y(t), of the path values, assuming that 
a (#) was transmitted. [Note that unless in fact 2” (¢) 
was actually the transmitted signal, this estimate is not 
an estimate of the true channel path.] This estimate is 
then crosscorrelated with the product of «“(é) and y(é) 
to give a number simply related to p(x“ | y). This receiver 
can be reinterpreted in terms of our structure in Fig. 5. 
However, our interpretation and the matrix analysis, 
first, provide a much simpler proof of Price’s result and 
second, enable the proof to be extended to more general 
channels, while also revealing the receiver as a natural 
generalization of the deterministic channel case. This 
receiver structure is very intuitively satisfying and we 
might reasonably expect it to be good even in situations 
that do not quite conform to our theoretical model. It 
can also be shown that similar structures are optimum 
for arbitrary statistics, provided that the noise power is 
very high; 72.e., we are operating with low “signal-to- 
noise”’ ratios. 

Finally, we might point out that the receiver structures 
described here are not the only ones possible. We have 
found some other forms with equally interesting physical 
interpretations. (It is hoped that further results will be 
published at a later date; they can currently be found 
in preliminary form.’ 


APPENDIX I 
THe Minimum VARIANCE ESTIMATOR 


We have y = z + n and we want to find the linear 
filter, H, not necessarily realizable, for which 


Zz, = Hy (28) 


and 


e = (Z — Z,)” = aminimum. (29) 


y, n, z, « are all column matrices of length proportional 
to the duration of y (or n, etc.); 2.e., TJ seconds. Let 
T = M At. Then these matrices have M elements. What 
about the dimensions of H? Clearly, the number of 
columns in H must be equal to the number of rows in y. 
Furthermore, we want to have z, of length equal to the 
length of z. Therefore H must also have at least as many 
rows as Z (or y). We say “‘at least’? because, clearly, we 
could assume H to have more rows than this, but all 
outputs from H after T seconds would be neglected. 
Thus all of these additional rows of H may be quite 
arbitrary. This brings out an important point. We want 
H to be an optimum estimator for only the first T’ seconds 
of its operation; it can be arbitrary at other times. This 
fact gives us some freedom when it actually comes to 


7See current issues of the Quart. Prog. Rept., Res. Lab. of 
Electronics, M. I. T., Cambridge, Mass. 
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building H. Having said this much, we can now tacitly 
assume for our purpose here—namely, determining the 
minimum variance estimator—that H is a square matrix 
with M rows and M columns. 

Therefore, now 


M 
Ch Ne ee Se his¥; ) 
7=0 


n M 
ioe vey 
Cha = ih 2 > hi j2:Y; qe oe, oar! hish Liki Yr (30) 
— M M 
= Zs as 2 oS hind 39). +> Dek hindu, k). 
7 k 
For a minimum, 
de. rae : im 
a ae j,k = 0,1, M. 
Therefore the 7th row of H must satisfy 
M 
dir(t, )) +z pe hindwy J; k) cK k= 0, 5 aos) § (31) 
=0- 


or, rearranging all of the terms in a matrix equation, 


®,, = H®,, = @,, 


since z and n are statistically independent. Therefore, 
shat 


= @,, = ®,,,) Py, soit tes ®,,P,) . 


Multiplying both sides of the equation on the left by 
® > gives 

®,, = ©, — ®,,H (32) 
which is the relation used in (13). The proof that the 
H so obtained actually minimizes -¢ is omitted here. 
(Our method is a direct analog of one given by Levinson.* 
See also Friedland.’) 

Notice from (32) that ®7)H, since it is the difference 
of two symmetrical matrices, is itself symmetric. But what 
about H itself? We see that H will be symmetric if ®,,,@7/ 
is also symmetric. But even though ®,, and >) are 
individually symmetric, their product is not symmetric 
unless they commute. In general, they do not commute, 
and therefore H is not symmetric. However, if the additive 
noise is pe ®,,, is a scalar matrix and thus commutes 
with any ®;), thereby making H always symmetric. 


vy) 


“The Wiener rms (root mean square) error 
J. Math. Phys., vol. 25, 


8 N. Levinson, 
criterion in filter design and prediction,” 
pp. 261-278; January, 1947. 

9 B. Friedland, “Theory of Time-Varying Sampled-Data Sys- 
tems,’ ’ Blectronics Res. Lab., Columbia University, New York, 
N. YY Tech. Rept. T-19/B; April, 1957. 
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Finally, consider the identity 


| 20 Ly |" | a = ary + 2c a 2, + bat 
€ 


lay ll ay, 


a 0/2 
= | a0 2, | | | 
Capua, 
This indicates that if in the matrix of a symmetric quad- 
ratic form, we remove all terms above the main diagonal 
and double all terms below it, the value of the quadratic 
form is unchanged. However, we now have a matrix that 


nly) 


AppENpIx II 


Proor THAT W or (19) 18 A ‘WHITENING’ FILTER 


We shall first derive a formula for the covariance matrix 
of the output z(¢) of a filter W, for a random input n(t). 
The input-output relation for this situation is [ef. (3)] 

z= Wn. (33) 
The covariance matrix of z can be found by taking the 
direct product (or Kronecker product) of z and z,. Thus} 


®,,= 2® 2, ke bar denotes an ss 


Wn ©n,W, Laverage over the inputs x(é) 
= Wo,,,W, . 


ll 


(34) 


Now @,,, is a covariance matrix and is, therefore, positive 
definite and can hence be written, 


© = BB, ote (35) 


where B is a triangular matrix; that is, .B has all zeros: 
above the main diagonal. Then 


®., = WBB.W, . (36) 
If we wish 2(¢) to be ‘white,’ we must have ®,, = I, 
This can be obtained by selecting filter W so that 
Wi = Ba (37)| 
Then W is a “‘whitening”’ filter. Now note that 
W.W = BsB =(BB) =o. (38)| 


which is (19) of the text. 
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A Matched Filter Communication System 
for Multipath Channels* 


STEVEN M. SUSSMANt+ 


_ Summary—A matched filter communication system is described 
vhose underlying principles are based on the Rake. The point- 
0-point synchronous teletype system employs complex lumped- 
parameter networks to generate and receive a pair of long-duration, 
sroadband signals representing Mark and Space respectively. The 
‘eceiver contains a pair of matched filters whose output is a narrow 
sulse when the matching waveform is applied. One advantage of the 
system, arising from the long duration of the signals, is an increase 
= energy per teletype baud when operating under a peak power 
imitation. Another is that multiple propagation paths due to iono- 
spheric reflection are resolved by the broadband signals, resulting 
a the appearance of the multipath pattern at the output of the 
Mark or Space matched filter. Recombination of paths is achieved 
2y means of a recirculating delay line tuned to the teletype baud 
‘ate in conjunction with parallel multiplier-integrators in the Mark 
2nd Space channels. The combination acts as a self-adjusting 
sorrelation detector for the multipath pattern. 


: 
I. InrrRopucTION 


f HE SUBJECT of this paper is the theoretical 
expect of a recent development in radio-teletype 
communication via the ionosphere. The _ iono- 
spheric channels are characterized by multiple propa- 
ration paths, resulting in echoes for pulse transmission 
and in selective fading for narrowband waveforms. The 
‘fading or interference phenomenon is due to the super- 
oosition of signals arriving at the antenna with different 
shase-shifts after passage over transmission paths of 
lifferent lengths. The shortcomings of narrowband signals 
inder multipath conditions have impelled development 
xf systems employing broadband signals capable of 
‘esolving the path structure. Once the paths have been 
‘esolved the signals can be combined algebraically rather 
shan vectorially as in the narrowband case. One such 
videband system is the ‘“‘Rake’’* whose basic principles 
ulso underlie the present system. 

In radio-teletype communication the fundamental 
nformation-carrying symbols are the ‘‘Mark” and 
‘Space’ represented in transmission by characteristic 
ignals referred to as ‘“‘bauds’”. Frequency-shift keying 
FSK) systems, for example, represent Mark and Space 
yy two different tones. In principle, the large bandwidth 
equirement stated in the previous paragraph could be 
iatisfied by transmitting short pulses spaced sufficiently 
ar apart to avoid intersymbol interference. However, 


* Manuscript received by the PGIT, September 24, 1959. This 
york was supported by the U. 8. Army Signal Corps under Con- 
racts DA-36-039-SC-63190, DA-36-039-SC-73071. 

+ Melpar, Inc., Falls Church, Va. 

1R. Price and P. E. Green, Jr., ‘A communication technique 
or multipath channels,’ Proc. IRE, vol. 46, pp. 555-570; March, 
958. 


practical restrictions on transmitter peak power would 
severely limit the energy per teletype baud. Much higher 
efficiencies in this respect are achieved by operating the 
transmitter continuously. One is thus led to a qualitative 
specification on the transmitted signals to be broadband 
(for resolution) and of long duration (for energy) 7.e., 
to have large time-bandwidth (TW) products. We have 
tacitly assumed binary operation, similar to FSK, in 
representing Mark and Space by signals of the specified 
form. The representation could also have been made for 
blocks of symbols, but this would involve considerable 
increase in complexity in both the analysis and the 
implementation. 

For the binary case we can draw upon the theory of 
detection of signals in noise to find the receiver which 
minimizes error rate.” ° Since the signals are to be detected 
using passive networks as matched filters, we can, as a 
natural consequence, generate the signals by impulsively 
exciting similar passive networks. In the absence of 
multipath the basic communication system has the form 
shown in Fig. 1. When a Mark is to be sent, the Mark 
generating filter is excited by an impulse, and the corre- 
sponding impulse response, which has the desired large 
TW product, is transmitted. At the receiver a pair of 
filters matched to the Mark and Space waveforms re- 
spectively perform the detection. The impulse response 
of the Mark matched filter is the time-reverse (delayed) 
of the Mark waveform so that the output as expressed 
via the convolution integral is the auto-correlation func- 
tion of the Mark signal. Because of the large TW product 
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Fig. 1—Basic matched filter communication system. 


2 P. M. Woodward and I. L. Davies, “Information theory and 
Inverse probability in telecommunication,” Proc. IEE, vol. 99, pt. 3; 
March, 1952. 

3.0, W. Helstrom, ‘‘The resolution of signals in white Gaussian 
noise,’ Proc. IRE, vol. 48, pp. 111-1118; September, 1955. 

4G. L. Turin, “Communication through noisy, random-multi- 
path channels,” 1956 IRE Convention Recorp, pt. 4, pp. 154-166. 

5 ]), Middleton and D. Van Meter, ‘Detection and extraction 
of signals in noise from the point of view statistical decision theory,”’ 
J. SIAM, vol. 3, December, 1955; vol. 4, June, 1955. 
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of the signal the autocorrelation function will have a sharp 
central spike with low-level contributions extending a 
time 7’ in either direction. Concurrently, the Space 
matched filter displays the cross-correlation of its impulse 
response with the received signal, 7.e., the cross-correlation 
between the Mark and Space waveforms. For reasons to 
be clarified shortly the waveforms for Mark and Space 
are chosen to make the Mark-Space cross-correlation as 
small as possible relative to the peak of the auto-correlation 
function. The decision between Mark and Space is based 
on the sign of the difference between the two matched 
filter outputs sampled at the instant of the peak of the 
auto-correlation function. This procedure is optimum 
with respect to error rate for equi-probable, equi-energy 
signals in white Gaussian noise.” * 

Unfortunately ionospheric propagation phenomena do 
not permit the implementation of the simple binary 
matched-filter communication system as sketched above. 
Multiple propagation paths result in multiple correlation 
pulses at the output of the matched filter. The pulses will 
fluctuate in amplitude and delay and will occasionally 
drop out to reappear at a different delay. Under these 
conditions sampling of a correlation peak, say the one 
corresponding to the strongest path, is extremely difficult 
(besides being nonoptimum, since the energy of the 
remaining paths is ignored). To cope with this problem, 
the Rake technique for multipath channels was developed. 
In essence, the existing multipath pattern is measured by 
averaging the signal strength over the recent past for a 
large number of delay increments. The measured pattern 
is then used as a local reference in a correlation detection. 
For a more detailed discussion of the Rake idea and its 
theoretical foundation we refer to Price and Green.’ The 
system described in the following section is an imple- 
mentation based on matched filters rather than on 
correlation by multiplying and integrating. The utili- 
zation of matched filters yields a number of important 
benefits as outlined in the conclusion. 


Il. MuuripatH ComBiIniIne TECHNIQUE 


In Fig. 2 we trace the signal from the output of the 
matched filters, consideration of whose realization is 
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Fig. 2—Multipath combining circuitry. 
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deferred to Section III. The multipath pattern appears 
as a sequence of pulses at the output of the Mark or Space 
filter depending on which symbol was transmitted. The 
outputs are summed thus assuring that the multipath 
pattern, for the moment assumed invariant, is available 
for each baud at the input of the delay line. Advantage is 
now taken of the periodicity of the pattern resulting from 
the fixed baud period 7’. The delay-line and positive 
feedback (less than unity) form a recirculating storage to 
which is added the most recent matched filter output. The 
period of the pulse pattern being equal to the delay 
insures that successive patterns add in phase, thereby 
building up the stored signal in accordance with the 
series. 


1 


es. 4 


1+K+K’..- 
Additive noise which may be mixed with the signal adds 
incoherently or power-wise since noise samples separated 
by T’ seconds will be independent. The noise power in the 
loop grows as 


1 


I eee (2) 


The improvement in signal-to-noise power ratio due to | 
the feedback loop is 

( 1 ) if Le jt ie 

1—K//1—K 1—K 

The output of the delay-line may be regarded as a 
“cleaned-up” estimate of the multipath pattern which is 
now to be used as the local reference in a correlation 
detection for the presence of the pulse pattern at. either 
of the two matched filter outputs. After multiplying and 
integrating in each channel for a time T, sufficient to 
cover the multipath spread, the Mark and Space integrals 
are compared and a decision made in favor of the larger 
one. 

A system evaluation can be based on the signal-to-noise 
ratio (S/N) .u, at the decision point f. For Gaussian noise 
statistics (S/N).ut is then easily converted to error rate. | 
Appendix I contains a derivation of (S/N).u, under some 
simplifying assumptions which are stated there, for 
rectangular signal and noise spectra extending from 0 to 
W cycles per second. The result is 


(3) | 


2E 

(4) a No y 

N out 8WT) (1 a. x) 4 : ) 
2H/No \l + K Mea aa! a€ 


where F is the energy per baud and N, the noise power 
spectral density. This relation expresses the influence on 
system performance of the parameters in the idealized 
configuration of Fig. 2. The optimum behaviour 
(S/N) out = E/N, is attained when K = 1. In practice | 
K is less than one to prevent oscillation of the loop and | 
also to accommodate slowly varying multipath patterns. 
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he role of the integration time 7, is seen to depend 
rongly on 2H/N, (1 + K)/(1 — K). For reasonably 
rge 2H /N, (the signal-to-noise ratio at the output of the 
‘atched filter) and K not small, the choice of 7’) is not 
ary critical provided TW >> 1 to satisfy the assumptions 
. the derivation of (4). This means that the receiver 
ming, whose chief function is to establish the end points 
* the interval 7’), need not be very precise so long as 7’ 
raddles the multipath pattern. 

Up to now the system’s RF portions which are inter- 
osed between the generating filter and receiver have 
2en ignored. Since the physical constraints on the filter 
salization restrict operation to the audio-frequency 
unge, modulation and demodulation are required. To 
reserve linear operations on the received signal, the 
‘ceiver employs frequency-translation to de. We de- 
perately avoid the term synchronous demodulation 
nce phase coherence is not required, as can be seen from 
ie following. Assume for the moment no frequency error 
ut a constant phase-shift introduced in transmission 
ther through ionospheric reflection or phase-shift 
etween transmitter and receiver oscillators. For double- 
deband suppressed carrier transmission a phase-shift 
applies a multiplicative factor cos @ to the demodulated 
gnal and this factor effectively reduces the signal energy. 
or single sideband, on the other hand, the effects are 
10re subtle. The phase-shift is translated to low frequency 
‘aving the signal spectrum at the output of the matched 
Iter in the form 


_ [oe 
l@et® 0O>wst 


‘he normalized output is the Fourier transform of this 
ectrum, giving 


rao sar 


: (5) 
—27W 


S() 


sin 2rW + : 1 — cos 2rtWr 
SUSAN a ee 6 
QW + yo (6) 


(7, 6) = cos 0 onWr 


hich reduces to the former case when 6 = 0. The relevant 
roperty of this function is that 


oe 1 
| 8, 94: = oy (7) 
\dependent of the phase shift 9.° The implications of this 
ict are that for reasonably stable phase conditions the 
reulating loop (Fig. 2) stores ¢(7, @); multiplication with 
1e received signal and integration forms (7) approxi- 
ately, and the result is independent of @. Thus for SSB 
odulation the signal suffers virtually no degradation due 
. arbitrary phase-shift in the channel. This feature is 
tributable to the operation of the feedback loop and 
yrrelation circuitry which performs somewhat like a 
If-tuning optimum detector for the matched filter 
itputs. 


6It can be shown, using the Hilbert transform representation 
r the SSB signals, that this property is not restricted to rectangular 
ectra but is true for any signal spectrum. 
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The phase stability required to achieve the above effect 
is related to the memory time of the loop. The stored 
waveform is the superposition of past phase patterns of 
the form ¢(7, @), and if the phase structure changes 
appreciably during the memory span of the loop, the stored 
pattern will not resemble the most recent signal and a 
coherent build-up will not occur. Hence the rate of change 
of phase (frequency error) must be held small relative to 
the inverse time-constant of the loop. But the time- 
constant is adjustable through K and can therefore be 
adapted to prevailing conditions. Such an adjustment will 
have the desired outcome only as long as the phase rate 
remains small enough to have negligible effect on the 
matched filter output itself. 


III. StgnNaL GENERATION 


The generating and matched filter realization is initiated 
by again considering Fig. 1. The matched condition in the 
frequency domain states that the generating and receiving 
filter transfer functions be conjugate, except for an arbi- 
trary linear phase included for realizability, 7.e. 


Hm ,2(Jo) = Hys(— jue ?°* (8) 
whence 
F n.1(J) 1m, 2(Jor) = | m,1 (joo) |” als (9) 


We are at liberty to choose the magnitude |H,,,,,(jw)| to be 
constant over the available bandwidth and zero outside.’ 
This choice is satisfying in that the band is fully utilized 
to achieve a broadband signal, although there may be 
some improvement to be gained by shaping the band to 
attain a desirable pulse shape at the matched filter output. 
Ignoring the last point, the cascade of generating filter 
and matched filter appears as a pure delay-line over the 
band of interest. The delay-line is split between trans- 
mitter and receiver so as to cause the generating filter to 
have the desired broadband, long-duration impulse 
response. It follows that H,,,,(jw) must have a nonconstant 
delay vs frequency curve, for then different portions of 
the spectrum of the excitation impulse will be delayed 
by different amounts and the response will be a stretched- 
out waveform. 

A particularly convenient realization for both generating 
and matched filter is in the form of a cascade of all-pass, 
constant-resistance bridged-7 networks. This elegant 
solution to the design problem is due to E. A. Guillemin 
of Massachusetts Institute of Technology. 

The pole-zero configuration for the over-all cascade is 
shown in Fig. 3. The symmetrical placement of zeroes and 
poles about the jw-axis characterizes an all-pass structure, 
while the uniform spacing of singularities parallel to the 
axis yields a nearly linear increase of phase with frequency 
along the jw-axis. Since the delay imposed on any fre- 
quency group (spectral components in the vicinity of a 


7 It is of interest to note that if |H,,1(jw)| is constant, and only 
then, the conjugate network coincides with the reciprocal network 
except for flat gain. 
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Fig. 3—Pole zero parameters. 


particular frequency) equals the derivative of phase with 
respect to frequency at the corresponding point, the 
configuration represents an all-pass, constant delay. 

From this pole-zero pattern we obtain both the generat- 
ing and matched filter by assigning singularities, which 
are realized in groups of four as circled in Fig. 3, in a more 
or less random fashion to one or the other filter. The 
generating filter will consist of a portion of the pole-zero 
pairs, and its phase-slope or delay will vary with frequency 
in a manner determined by the particular assignment of 
singularities. The matched filter contains those pole-zero 
pairs of the total array which are not present in the 
generating filter. Since each filter is individually all-pass, 
the two form a conjugate pair, except for the constant 
delay, as required by the matching condition (8). The 
design details and network analysis are contained in 
Appendix IT. 

The distribution of pole-zero pairs between the two 
filters is largely arbitrary. As developed in Appendix II, 
the number of pole-zero pairs is of the order of 2T7W, a 
large number in our application. Of the possible pole-zero 
assignments a great many will be acceptable in that they 
yield long duration impulse responses. Certain others are 
obviously undesirable and should be avoided, e.g. assign- 
ment of alternate pairs to each filter which results in each 
filter being approximately a delay-line of half the total 
delay. To insure that a substantial amount of transmitted 
signal energy appears at the extremes of the baud, it is 
necessary to provide spectral regions of long delay and of 
short delay in the transmitter filter. This is achieved by 
assigning long strings of adjacent pole-zeros at both 
terminals thereby introducing a large delay at the corre- 
sponding frequencies. 

As seen in Appendix II, large delay is associated with 
high attenuation due to the inevitable losses in the 
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network elements. Consequently, the envelope of th 
impulse response will show an exponential decay 1 
addition to other fluctuations resulting from the particul 
pole-zero assignment. Extreme nonuniformity of th 
signal envelope tends to defeat one aim of the syster 
which is efficient transmitter operation under peak pow 
restrictions. To counteract this tendency, the signal ma: 
be limited in amplitude prior to transmission. It is expecte 
that the increase in transmitted energy per baud made 
possible by limiting will more than counterbalance the los 
in signal-to-noise ratio due to the nonlinearity. 

In the preceding, the baud repetition period 7” has bee 
distinguished from the delay 7 of the cascade networks. 
The choice of these two parameters is influenced by thi 
range of multipath delays and the possibility of inter 
symbol interference. As pointed out earlier, the responsi 
of the matched filter extends approximately for a time I 
on either side of the correlation peak. Interference arises 
when the correlation function tail of one baud overlaps 
the main pulse or pulses of the succeeding symbol. The 
effect of the overlap is to introduce an additional noisé 
term proportional to the signal level in the tail. If 7 
exceeds 7’ by more than the difference between the longes 
and the shortest path delay, intersymbol interference wil 
not occur. Under these conditions, and also when 7’ = T 
gaps will appear in the transmitted waveform since thé 
signal energy per baud does not occupy the full interval 7’ 

One further point is worth noting here. Because the 
complete cascade of bridged-7 sections has all the proper 
ties of a delay line, it can well serve as the delay in the 
multipath tracking loop. This step will avoid a secone 
difficult network synthesis problem since delay lines 
having large delay-bandwidth products are not trivia: 
to design. 

The discussion of filter synthesis so far has focussec 
on the design of either the Mark of the Space generating 
and matched filter pair. We now consider a_specifia 
relation between the Mark and Space pole-zero assign: 
ment which insures that the unmatched filter output is 
low compared to the correlation peak from the matche 
filter. This is achieved by making the Mark generatin 
filter identical to the Space matched filter, and similarly 
for the other two. Thus, in Fig. 1 the signal path along th 
diagonals (through H,,, and H,, say) passes twice 
through the same network, whereby the phase distortiot} 
is doubled, and the stretch-out effect is twice that of eaclt 
filter alone. The unmatched filter output will therefore be 
the transmitted signal on an expanded time scale anc 
consequently no strong peaks can build up as in the case 
of the conjugate or matched filter. If the impulse response 
of the generating filter has a fairly uniform energy diss 
tribution over the baud length 7’, so will the unmatchee 
filter output. It follows that, since the integration time 
T) in the multipath combiner is very likely a small 
fraction of 7’, we may justify the neglect of the contri 
bution from the unmatched filter in the appended analysis: 
especially when the signal-to-noise ratio is low. 
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| IV. ConcLusion 


The utilization of matched filters in conjunction with 
novel multipath combining scheme promises a number of 
inportant advantages over the earlier Rake technique 
ased on a multiplicity of correlators. In the matched 
Iter system the major portion of the signal processing is 
erformed by passive networks. This leads to a smaller 
ver-all package as well as increased reliability and ease 
f maintenance. 
'In some respects the matched filter system is highly 
exible: various multipath fluctuation rates can be ac- 
Be scaten by simply changing the feedback gain K, 
‘ integration time 7’) and its epoch can also be adjusted 
cording to the existing multipath pattern. On the other 
end, the filters themselves are not easily variable; hence 
ne delay T is fixed and the baud period T” is waniable 
uly over a small range. 
Finally we note that the matched filter synthesis method 
=ported herein is of importance in its own right, having 
pplicability to pulse-compression radar and _ similar 
ystems, as well as to communication through multipath 
hannels. 
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APPENDIX I 
Mu.uripara ComBINER ANALYSIS 


: We consider a rectangular passband 0 — W per cycles 
er second. The corresponding normalized correlation 
anction for both signal and noise is 


sin 2xW tr 2aWr 


T (10) 
: San  OeW er 


\ssuming a Mark is sent, the signal output of the Mark 
Iter has the form*® 


s(t) = V2EW >) ad(t — t). (11) 
lere EH is the total energy per baud; the a, are path 
mplitudes and ¢; the relative path delays. The path 
tructure is assumed to be fixed and the paths sufficiently 


eparated so that 


Ot, — 1) 0 4 x 7. (12) 
ince the total energy per baud is H = fs;(é)dt, it follows 


hat 
(13) 


2 a, == || 
‘he noise output from the Mark filter is n,(¢) with mean 
ero, power n? = N and correlation function R,(r) = 
[o(r). Similarly at the Space filter for n,(¢) which is 
dependent of n,(¢) when the filters are reasonably 
omplex. Further, the pair of filters are assumed to be well 
esigned so that the output of the Space filter when a 
[ark is sent is sufficiently low for all time to be ignored 
lative to n,(#). This assumption is justified for small 


8’ Supscripts refer to corresponding points in Fig. 2. 
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signal-to-noise ratios under which the system is expected 
to operate. 

For fixed multipath conditions the loop signal output is 

ae el 
s(t) = V2EW aa Dd ag(t — ti). (14) 

The noise at c has mean zero, power n? = 2N/ (1 — K’) 
and is independent of n, and n, due to the delay T. 

Multiplying and integrating gives for the outputs at 
points d and e, respectively 


+ To/2 
Ee= fl) + rll) +n] ae (15) 
—To/2 
To/2 
B= f(s) +n yuld de. (16) 
—To/2 
At the decision point f we have 
(By = Beit eats 
Niow (BE, — 8)? —(E,—- EB) Bi + EB? - E; 
where we have used the fact that E, = 0 and HE, = 


E, E, due to the independence of the noise terms, averages 
being taken over the noise ensemble. =e 
We now proceed to evaluate E,, EH; and E?: 


Ey 


roti: 
, s.(d)s,() dt 
—To/2 
OBW opt 
i 1 nie K | To/2 


> > a.a,o(t — t)o(t — t;) dt. (18) 
The integration time 7’) will encompass the entire multiple 
pulse pattern and 7,W > 1. Hence as far as the signal 
contribution is concerned we may let the limits of inte- 
gration go to infinity. Then making use of the reproductive 
property of ¢(¢) under convolution we obtain via (12) 
and (13) 


= E 


Ee eae (19) 


Turning to #7 we have by writing the square of (15) as a 
double integral and averaging under the integral 


T o/2 T o/2 
reo | Ie {,(t,)8o(t2)Su(t1)8a( to) 
—To/2 To/2 


+ ne(tr)ne(te) Malt) nate) 
A 8.(t1)8,(te)Ma(tr)Ma(te) + Sa(tr)Su(te)Me(ty)Me(te) 


+ cross terms which average to zero }dt,dty. 


(20) 


The first term in (20) is simply #2. The second term is 


QN? fi 3 
ee be le Ole Olan: 
we]. | Oh HO th dt 


Since ¢(7) is an even function this reduces via a simple 
change of variables to 


2QN? i 
1 2 Ke Hie (Po 


—i r |) o'(x) dr. 


372 


For T,W > 1, ¢°(r) decays rapidly and we can ignore 
|r| relative to 7, and again let the limits go to infinity. 
The second term in (20) then becomes 


fone 
(] — K*) W 
The last two terms are 
Fe HE 
fiom ne 


+Ty/2 


+To/2 
v=Pof2 —To/2 
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where the previous approximations and convolution 
property of ¢(7) have been applied. This completes the 
evaluation of EH}. Similarly 


EN N’T > 


He SWa Ky | Gs ROW, 


Finally, setting N/W = No, inserting in (17), and simplify- 
ing gives (4). 


APPENDIX I] 
SYNTHESIS OF THE DESIRED NETWORKS 


The synthesis of a transfer function having a sym- 
metrically placed pair of poles and zeros, e.g. those circled 
in Fig. 3, follows well known procedures. Using the 
constant-resistance lattice terminated in a 1l-ohm re- 
sistance as the basic structure [see Fig. 4(a)] we have 


LL» — 1 


Ligne a egy pte Ls 
Coe 


l= Za 
Z, = ——S. 
me Ar 


The desired transfer function is 


8 AE) BS 
(s +a) + B, 


Zi. 


whence 


1 
Sp @ ch Bd 
2a a 2a § 


Z, = 


and Z, is its dual. The lattice has the elements shown in 
Fig. 4(b) and can be unbalanced to yield the bridged-7' 
of Fig. 4(c). Note that realization in this form is possible 
only if B° > 3a”; for zeroes closer to the real axis a different 
procedure must be used.” 

The bridged-7 networks corresponding to any combi- 
nation of conjugate pole-zero pairs can be connected 


° KE. A. Guillemin, ‘Synthesis of Passive Networks,’ John Wiley 
and Sons, Inc., New York, N. Y.; pp. 498, 639 ff; 1957. 
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Fig. 4—Network configurations. 


directly in cascade, the constant-resistance input imped- 
ance of one forming the load for the preceding one. 
Before proceeding to an analysis of the cascade networks 
we introduce the effect of incidental dissipation in the 
coils. This produces a shift of the entire pole-zero patterr 
to the left by an amount 6. We assume that the necessary, 
adjustments in component losses have been made so thd 
all singularities are shifted by the same amount. Th 
transfer function for the entire array now reads 


os Sy ee Oe) is Be 

HQ) = 2 Gtat te 
which is no longer an all-pass network. 
An excellent treatment of this network function i 
given by Guillemin,’ and we repeat here only the pertinent 
results. For a long array the delay is very nearly 
T = 2n/Aw, independent of the parameter a, except for 
fringing at the ends of the array. However, the fringing 
effect can be largely eliminated by adding a few judiciously 
placed pole-zero pairs near the edges of the frequency 
band. The ripple in delay due to the discrete nature of the 
singularities can be made negligible by choosing a seyera 
times greater than Aw. To cover a range’ of W cycles pe 
second with a delay 7’, singularities being spaced by 
Aw = 22/T radians, the cascade network must contair 


B, = n&o >| 
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E T of the bridged-T sections, plus whatever fringing- 
ympensation sections are necessary. 

The incidental dissipation manifested by the shift 64, 
itroduces frequency dependence into the magnitude 
inction of each section, viz. 


fs 2 (a — 6) + w — B,)’ 
| H,,(jo) | re, (a JS 6) a (w ai B,)> 
hich reaches a minimum at the section frequency 8, 
he attenuation affects the system performance adversely 
1 that the generating and matched filter functions are 
0 longer strictly conjugate since their magnitudes are 
ot identical. This follows from the fact that the attenua- 
on of the nth bridged-T section applies at the transmitter 
r the receiver but not at both. The loss due to the mis- 
ratch will depend on the pole-zero assignment, but will 
€ unimportant for reasonably high-Q coils. A second 
ractical consequence of incidental dissipation is the 
ymmposite attenuation of the entire cascade of sections. 
‘he magnitude of the finite array is essentially uniform 
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within the useful band of the filters, and is given approxi- 
mately by 


| H (ja) | = e278 


Outside the band the magnitude increases and approaches 
asymptotically to unity, 7.e., the shifted array tends to 
behave like a bandstop filter rather than a bandpass 
filter. To overcome this undesirable behavior the system 
must include a bandpass filter restricting the signal and 
noise energy to the spectral region where the filters are 
actually matched. 
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A Matched Filter Detection System for Complicated 
Doppler Shifted Signals” 


ROBERT M. LERNER{ 


‘Summary—A matched filter system is described which was 
esigned to detect complicated signals subject to a wide range of 
»ssible Doppler shifts. A 100 tap band-pass delay line was used in 
junction with a resistor weighting matrix to synthesize signals 
ad filter characteristics. The system could handle a signal with 
duration-bandwidth product of 100 over a range of Doppler 
equency shifts 17 times the reciprocal of the signal duration. A 
\eoretical discussion of the Doppler effect is given, making use 
‘ conjugate functions or Hilbert Transforms. Various engineering 
ympromises which simplify the construction of matched filters 
‘e suggested. The performance of the resulting signal detection 
"stem was within 5 db of that of an ideal theoretical model. 


I. InrTRoDUCTION 


| S THE ART of designing signals becomes better 
A understood, more and more emphasis is being 

placed on the design and use of waveforms for 
hich the product of waveform duration 7 and band- 
lidth W is a number much greater than one. Some 
[TW parameters can be independently specified in con- 


* Manuscript received by the PGIT, January 1, 1960. The work 
ported was performed at Lincoln Lab., Lexington, Mass., with 
e joint support of the U. S. Army, Navy, and Air Force. 

f Lincoln Lab., M. I. T., Lexington, Mass. 


structing such a waveform’ so that its most general form 
resembles a sample of random noise having the given 
duration and bandwidth. These “complicated”’ signal 
waveforms are useful whenever there is an apparent 
conflict between the desire to deliver signal energy slowly 
and the desire for the high time resolution inherent in 
the use of a broad bandwidth. Several authors [1], [3], 
[5], [6] have suggested and discussed the use of such 
signals in the design of radar systems in which it is desired 
to make accurate simultaneous measurements of velocity 
(implying long pulse duration) and range (implying wide 
signal bandwidth) of an object. Price and Green [12], 
and also Sussman [14], used such signals to measure and 
combat the multipath structure of the ionosphere in HF 
transmission. Darlington [16] has used them to overcome 
peak-power limitations in wide-band power amplifiers. 
Such signal waveforms have also been used in combating 
impulsive disturbances [15] in communication systems. 

The use of ‘‘complicated’’ signals requires a degree of 
sophistication in signal design and detection that is often 


1 See C. E. Shannon, ‘Communication in the presence of noise,’’ 
Proc. IRE, vol. 37, pp. 10-21; January, 1949; also D. Gabor [2]. 
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not necessary with “simpler” waveforms (7.e., duration- 
bandwidth product about equal to one’). Let us assume a 
signaling system in which the transmitter selects and 
sends out one of a group of possible waveforms. The 
transmission medium will produce changes in the trans- 
mitted waveform, some of them random, so that the 
receiver must guess which signal, if any, was transmitted. 
It is by now well established [1]-[3] that almost any 
statistically ‘‘optimum’’ procedure for distinguishing 
amongst a group of signals (including of course the 
absence of signal) masked by additive white Gaussian 
noise is equivalent to a coherent detection in which the 
integrals I, 


foe) 


[vse at 


I, (1) 
are compared with each other and with certain thresholds. 
In these integrals, y(t) is the signal actually received and 
the s,(t) are the various signal waveforms to be expected 
in the absence of noise. If the integral (1) is computed in 
actual apparatus by multiplication and integration, the 
detection process is called “correlation detection.” If the 
integral is obtained by examining the output of a linear 
filter at the appropriate time, the process is referred to as 
“matched filter detection.” 

In a communications system, a symbol* is transmitted 
by assigning to it a unique waveform. If the transmission 
path subjects the signal waveform to a-frequency shift 
due to Doppler effect or unsynchronized single-sideband 
oscillators, then the receiver must contend not with the 
unique transmitted waveform but with a whole gamut of 
waveforms extending over the likely range of the frequency 
shift. If the Doppler’ shift is ignored in the detection 
process, usually no degradation results, provided that the 
product of the amount of frequency shift and the duration 
of the signal waveform is much less than unity. However, 
if the Doppler-duration product is about one or greater, 
the Doppler shift cannot be ignored. It then becomes 
necessary to compute integrals, /,, corresponding to a 
number of frequency translates of the originally trans- 
mitted waveform.° 

In the fall and winter 1954-55, the author and some of 
his associates at Lincoln Laboratory undertook the 
project of demonstrating the feasibility of constructing a 
bank of filters matched to an arbitrary complicated signal, 


* For a more complete discussion of the duration-bandwidth 
product of a signal waveform, see Gabor [10] and also R. M. Lerner, 
“The representation of signals,’ IRE Trans. on INFORMATION 
Tueory, vol. IT-5, pp. 197-216; May, 1959. (Also IRE Trans. on 
Crrcuir Turory, vol. CT-6, pp. 197-216; May, 1959.) 

3 See Turin [13] in this issue. 

‘Tn a radar, reflection from a discrete object takes the place 
of the “symbol.” 

5 Except where the context indicates otherwise, the term “Doppler 
shift”’ will be used to refer to any a priori unknown displacement of 
the signal spectrum, whether or not it is due to the Doppler effect. 

° Clearly, additive Gaussian noise and a frequency shift are 
not the only ways in which the transmission path could affect a 
transmitted signal. The consideration of further possibilities such 
as a dispersive path or non-Gaussian noise is beyond the scope 
of this paper. 
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having a duration-bandwidth product of 100, in whiel 
the signal spectrum might be subjected to a wide range 0 
frequency shifts. 

Signals and filter responses were constructed at band. 
pass by adding up the outputs from equally spaced taps 
on a delay line with weights a,: 


f() = QU a(t — kr) (2; 


in which f(t) is the desired response, 7 is the tap spacing, 
and u(t) is the form of the transient response at each tap 
u(t) was chosen to be a band-pass transient whose duration 
was about equal to the tap spacing; the length of the line, 
T, was so chosen that there were 100 taps. A resistor 
matrix was used to construct enough orthogonal filter 
characteristics, matched to Doppler shifts of an arbitrary 
signal, to permit satisfactory matched filter detection for 
Doppler-duration products up to 17. 

This paper gives an appropriate mathematical descrip 
tion of the effect of Doppler shift on an arbitrary signal. 
describes the equipment that was constructed to imple 
ment the results of this analysis, and gives some of th 
experimental results of tests made on that equipment. 


Il. Tur REPRESENTATION AND DETECTION 
OF DOPPLER SHIFTED SIGNALS 


In order to build filters matched to a frequency trans 
lates of a signal f(t), it is desirable to have an expressior 
for the signal after its spectrum has been shifted in fre 
quency by A radians per second. Such an expression cat 
be obtained from the complex signal introduced by Gabor 
[10]. Except for a fixed delay, the shifted signal g(t) is 
given by 


g(t) = f(t) cos (At ++ A) — f(t) sin (At +A @ 
in which \ is an arbitrary phase angle and f(t) is the 
“conjugate function” or Hilbert transform (see below, 
of f(t). 

It is usually taken for granted that the result of Dopple; 
effect in a signaling system is to introduce a frequency 
shift A into the signal spectrum. Indeed, the filters to be 
described later on function only in the event that thii 
supposition is for all practical purposes correct. Ac| 
cordingly, we wish to discuss the circumstances unde} 
which the Doppler effect is equivalent to a rrequedil 
shift. A slight extension of this discussion establishes (8) 
and yields an expression for the output of a filter matched 
to one frequency translate of f(t) when it is excited by 
still another frequency translate. > 

A Doppler shift is an effect of continuously stretchin; 
or compressing the path length traversed by a signa 
during transmission. It appears as an apparent time scal 
stretch between transmission and reception. Thus if 
is the time scale of the transmitter and ¢, is that at . 
receiver, 


at. ( 


Q 


tus, if the transmitted signal is f,(¢), then the form of 
2 received signal, except for a constant delay, is given by 


f(t) = filat). (5) 


ie scale factor a differs from unity by an amount which 
oroportional to the ratio of the rate of change of effective 
insmission path length to the velocity of propagation 
mg that path. Ordinarily the rate of change of path 
igth is small compared with the propagation velocity, 
d 


: 


a=1+5 (6) 


rere 6’ is small compared with one. 

The importance of the Doppler effect depends on the 
vation of signal examined by the receiver, the size of 
and the highest frequency component in the transmitted 
mal. If w, is the highest (radian) frequency contained in 
*), if T is the duration of this signal, and if 


| ye Oncol (7) 
| 


en the Doppler effect is wholly negligible as far as corre- 
sion detection of the signal is concerned. In words, (7) 
ites that the Doppler effect is insignificant if the product 
duration and highest frequency present in a signal is 
ss than the reciprocal of 6. (In the case of radio com- 
unication to objects moving at the velocity of earth 
tellites, the reciprocal of 6 is of the order of magnitude 
,000.) 

If 76 is equal to or greater than one, the Doppler 
ect produces significant changes in the received signal. 
the transmitted signal bandwidth w,, is small in com- 
rison with its center frequency w,, and if, further, 


elo <1 e (8) 


en the received signal resembles that which was trans- 
itted, except that all frequency components have been 
splaced by an amount 6w,, the so-called ‘Doppler 
ift.”” The discussion of wide-band signals for which (7) 
es not hold is beyond the scope of the present paper, 
‘is the discussion of narrow-band signals for which (8) 
ils. 

The rest of this section introduces the analytical 
inciples used in the remainder of the paper and describes 
e Doppler effect in detail in terms of the changes pro- 
iced in the Fourier spectrum of a signal. 


he Doppler Effect 


What is known as the Doppler effect is the consequence 
a (uniform) rate of change in length of the path traversed 
-a signal in transmission. It appears as an apparent time 
ile stretch between transmitter and receiver. 


t, = at. (9) 


the transmitted signal is 


si) = x | Sulael* de (10) 
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then the received signal is (except for a constant delay) 


s,(0) = =i Siae" de, (11) 
or, except for a constant delay, 
1 iwat ne 
Ny See iP _Si(we"**" ds = s,(at). (12) 


If we analyze the received signal at the receiver so that 
we can write . 


SGie oa ir Sei! de (13) 


we find that 


S,@) = (L + §S.[@)U + 9)]. (14) 


Normally, the transmitted signal s(t) is the result of 
modulating a sinusoidal carrier with a signal f(¢). If single 
sideband modulation’ is used, the transmission is best 
represented in terms of real rather than complex Fourier 
integrals. If 


Ki) = xf Fide’ de, 


T 


(15a) 


then also 
ie =f AGeor oh aTee al BGA sin aed ee sto) 
WE Af pss UG Cae 


where A(w) = Real part of F'(w) 


and B(w) = Imaginary part of F'(w). (15c) 


The signal transmitted is then (by definition of ‘‘single- 
sideband’’) 


jd) % + 


i | cos (w + w,)t dw 


+2 Pe Bie) sin (@ + wt | dw. (16) 


By (14), the received signal is, except for a multiplicative 
constant, 


J.) =1 f° AW) cos {lo + alld + t= eH af (a7) 


ae if Bi) sin {fw + w,J[U + 6)¢ — ¢]} df 


where a fixed delay ¢ has now been added into the ex- 
pression. 

If the received signal is coherently demodulated, there 
results a time function, g(t), where 


7 This is the natural method of modulating (7.e., heterodyning) 
if the signal f(£) is generated at band-pass (see Section IIT). 
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gee an A(w) cos {w(1 + d)t (18) 


+ bw.t — wf — wf} dw 


+ =f Bi) sin {w(1 + dt 
T Jo 
+ bw, — wf — wf} dw. 


This representation of the demodulated received signal is 
exact. dw, is the “Doppler shift’? which will be henceforth 
designated by A. Since ¢ is fixed but otherwise arbitrary, 
the term w,f will be replaced by a fixed phase shift, d. If 
the interval, 7 during which an operation is performed on 


g(t) is such that 
w «1 (19) 


for all w for which A(w) and B(w) differ appreciably from 
zero, then the factor (1 + 6) may be replaced by unity in 
(18) with negligible error. [This is the basis of (8).] 
Assumption (19) will be made, so that (18) becomes 


os if Ai cos lat =e At — Aided (20) 


+2 J” Ble) sin felt — 9) + At — Ald. 


By further trigonometric manipulations, this expression 
takes the form 


g(t) = cos (At — 2) 


x | 
Jo 


— sin (At — d) 


[A(@w) cos (t — ¢) + B@) sin (t — §)] dw (21) 


3) 


x [2 Aye eee Bio ton (hte dae 


Now the upper integral in this last expression is simply the 
inverse transform of the original signal delayed by an 
amount ¢. 


=f PA Giecon dae) SABO eH Oia 


= ft— 9. 


In the second integral in (21), every frequency component 
in the first integral has been shifted in phase by 90° 
without altering its magnitude. That is to say, every 
frequency component of f(t — ¢) has been shifted in 
phase by 90°, turning f(t — ¢) into its “conjugate func- 
tion” f(t — ¢). The properties and uses of conjugate func- 
tions have been discussed by Gabor [10], Dugundji [11], 
and others. A conjugate function A(t) is, in general, related 
to an h(é) by the Hilbert Transform 


‘ LS eniG 
iy = 7] Ae ae 


(22) 


(23) 


(Cauchy principle value near x = ¢). Thus, in performing 
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the inverse Fourier transform (22), the second integr 
becomes f(t — ¢) and we obtain for the frequency-shifte 
signal after demodulation 


g(t) = cos (At + »f(t — H — sin (At — Af(E-— OH. (2 
Detection and Filtering of Doppler Signals 


In (24) we have an expression for a signal which ha 
been subjected to a delay and a frequency shift. In genera 
the delay ¢ and the phase shift \ as well as the Dopper | 
must be regarded as initially unknown parameters of th 
transmission path. The advantage of the matched filte 
method of computing the signal estimation integrals (1) 1 
that it does so continuously in time, so that the time dela 
¢ only introduces a corresponding delay in the output ¢ 
the signal decision circuits. We shall take advantage ¢ 
this system invariance with respect to delay to simplif 
the mathematical expressions by leaving out fixed delay 
(including the delay ¢)* in the knowledge that they ma 
be subsequently reinserted if necessary. Thus, we sha 
use as the expression for the Doppler shifted signal 


g(t) = cos (At — A)f(d) — sin (At — A)f(d). (2 


On the other hand, we cannot drop with impunity th 
arbitrary phase shift \. Even when the transmission take 
place over a fixed path with A equal to zero, the absolut 
radio frequency phase shift along the transmission path * 
difficult to determine. When the phase shift is not ne 
signal decision theory’ [1], [2] requires that we comput 
for each different (except for phase shift \) possibl 
noise-free signal signal s,(t) | 


=v (f vos at) +(fuoso)  @t 


Here y(t) is, as before, the actual received signal as dis 
turbed by additive white Gaussian noise. The decision a 
to which signal, if any, is present is then based on 
comparison of the integrals J, with each other and fixe 
thresholds. c ! 

A matched filter system is one in which the integra 
required in (26) or (1) are computed by passing t 
corrupted signal y(t) through linear filters whose transie 
responses are (except for a delay) {s,(—t)} and {8,(—@)| 
The output of such a filter is the cross-correlation functi 
eae 


eu) =f yladste — 0 de. (2: 


¢-,(0) is then the integral required in making the sign: 


* In the case of the Doppler effect, ¢ is of course not a fixed dela: 
The various assumptions [such as (19)] under which our preset 
analysis of the Doppler effect is valid are tantamount to the assum] 
tion that ¢ may be regarded as a fixed delay in the process of sign 
detection. 

* Results given the remainder of this section will be state 
rather than demonstrated. An excellent survey of the relevat 
theory is the review paper by G. Turin [13] in this issue. | 

10’The more common definition of the correlation function h 
+t rather than —t¢ in the integral. Clearly, this change of si 
makes no essential difference in the basic properties of the functio 
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lecisions. If s(¢) is set equal to f(t) and, if further, y(t) is 
, Doppler translate of f(t), as given by (25), uncorrupted 
'y noise, then the filter output is called an ‘‘Uncertainty 
function” or “Ambiguity Function” [1], [3], [4], [5], 
‘], [16], Xi (6, A): 


Q(t, a) = | fe — dif@ eos (ae — ») 


— f(x) sin (Ax — d)] da. (28) 


imilarly, we have for the second integral in the expression 


pr 
| = 
g(t, A) = 1 fic — d[f(a) cos (Ax — 2) 


— f(z) sin (Ax — d)] de. (29) 


. very much more compact formulation of these filter 
utput functions is obtained by using the complex output 
cE, A) of which X,(t, A) is the real part and X,.(t, A) the 
maginary part: 


| 


“here 


1 / Sa — Slay dx —-(30) 


F(x) = f(x) + if(a). 


he signal weight J computed by the matched filters is 
hen given as a function of time by the magnitude of 
c(t, A). It will be noted that this magnitude is independ- 
nt of the initial phase A: 


X(t,,A)>| | ee” ihe F(x — t)(x)e’** dx 


| 


(31) 


| [ F(a — t) F(x)e’*” dx 


Since generally Az goes through many cycles during 

he duration of f(x) or 5(x), we can simplify the expressions 

or the filter outputs little further except in the case 
= 0. In that case we have 


BG 0) = cosh ‘ ia) de 

+ sin d I f(a — t)f(x) dx 
(32) 
a? 0)’ = cos / ie Bin) a 


pia / ie ca 


t is known [11] that all the integrals in (32) may be ex- 
ressed in terms of the correlation function g,,(t) and its 
onjugate ¢,,(t). In particular, 


X,(t, 0) = cos Ag, (t) + sin A¥,,(d) 
X,(t, 0) = cos r¢;,(t) — sin hes ;(2). 


(33) 


Lerner: A Matched Filter Detection System for Complicated Doppler Shifted Signals 


377 


Finally, if we square and add these two functions to 
obtain J’, we have 


j= | g,/(t) [e (34) 


Thus, when there is no Doppler shift, but an initial 
unknown phase, the computation of J produces the same 
magnitude of output as would be delivered by the X, 
filter if the phase were known and equal to zero. 


Ill. Equipment Desicn PRINCIPLES 


In the preceding sections we have assembled a theo- 
retical background on which to base the design of practical 
devices for the detection of Doppler shifted signals. In 
carrying out practical designs it is necessary to keep in 
mind engineering questions which for reasons of simplicity 
and tractability do not (or cannot) appear in mathematical 
models of the detection problem. These questions can be 
divided into two broad categories, those which concern 
the choice of the signal function f(t) at the transmitter 
and the ones which concern the means by which the 
presence of this signal is indicated at the receiver. 

It is a general result of detection theory that the 
reliability with which a given signal f(t) can be detected 
(in the presence of additive white Gaussian noise) depends 
only on the total energy in f(t). Accordingly, the details 
of the waveform f(t) are dictated by considerations [such 
as duration, bandwidth, or type of corresponding X (é, A)] 
which are not directly related to the signal detection 
problem being discussed here. In fact, in the present case, 
technology played an important role in the selection 
of an f(t). In the first place, it was not known at the 
beginning of the project exactly what signal waveform 
would turn out to be the most interesting. Consequently, 
it was decided to construct signals and filter character- 
istics in the time domain in such a way that the function 
f(t) and the corresponding receiver characteristics could 
be varied at will. This was done with the aid of a delay 
line having a multiplicity of output taps at regular 
intervals in time. Secondly, it was desirable to generate 
and detect signals f(t) which have a reasonably large 
duration-bandwidth product. A TW product of 100 was 
arbitrarily selected’’ as being within the then existing 
limits of tapped delay line technology. Finally, it was 
decided to generate and detect the signals at “‘band-pass”’ 
rather than at “‘video” to take advantage of a substantial 
saving in the number of filtering operations required. As 
we shall see later, this saving is a consequence of the 
simplicity of obtaining the conjugate function f(é) at 
bandpass. 

With respect to signal detection, it is not the object of 
this paper to attempt a rigorous presentation of the 
principles by which equipment might be assembled to 
carry out the computation and comparison of the signal 


11 Tf an f(t) which has an X(¢, A) that is uniformly low away from 
the origin (¢ = 0), (A = 0) is desired, subsequent theoretical develop- 
ments [6], [7] indicate that TW = 127 would have been a more 
logical choice for the magnitude of the TW product of the signal. 
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estimation integrals (1) and (26). Indeed, many of the 
features of any such equipment are necessarily matters 
of engineering taste. Instead, we shall point to several 
important general problems which arise in the construction 
of equipment to implement the detection process and 
indicate the manner in which they were met in a particular 
case. Three such questions are: 

1) How should one deal with a continuum of possible 
signals? If the collection of waveforms that may be 
expected by a receiver is finite, then an optimum guess as 
to what signal (if any) is received (in the presence of 
additive white Gaussian noise) involves a comparison of 
the actual received signal with each of these possibilities. 
If it is known in advance only that the frequency shift 
of a signal will be within certain limits, then the ‘ideal’ 
receiver must perform in principle an infinitude of filtering 
operations, corresponding to the continuum of possible 
frequency shifts. This infinitude of operations cannot in 
general be built into practical equipment. Accordingly, 
one builds not an ‘‘optimum”’ detector but an “adequate” 
one, in the sense that its performance approximates within 
prescribed limits that of the mathematically optimum 
procedure. 

2) How can the signal processing equipment be kept 
as simple as possible? When dealing with signals which 
are complicated, in the sense that many parameters 
(e.g., samples) are necessary to specify them, it is difficult 
to avoid the fact that signal storage is generally available 
or accessible only in units’” which basically store or 
process a single parameter. Consequently, the signal pro- 
- cessing filters are likely to be complicated devices. If the 
Doppler shift can be large when compared to the reciprocal 
of the signal duration, many such filters will be necessary 
in the receiver. Especially if the transmitted signal s(t) 
and the corresponding response of the detector filters are 
to be changed, it is necessary to give some engineering 
thought to minimizing the complexity of the resulting 
apparatus, even at the price of a small sacrifice in system 
performance. 

3) What care must be exercised (and what advantage 
can be taken) with respect to the sensitivity (or in- 
sensitivity) of the performance of a detection system to 
variations in the performance or parameter values of its 
component parts? For example, the performance of a 
matched filter detection system may be very sensitive to 
differential drift in the phase angles associated with 
frequency response of individual elements in the matched 
filter; it may be very insensitive to the introduction of 
violent nonlinear distortion into the received signal-plus- 
noise [8]. 

Clearly, many other design questions than these three 
could be cited. It is also evident that there are many 
configurations of detection equipment to which they might 


2 Examples of such units are the flip-flop, the amplitude and 
phase of a frequency component as obtained by a resonant circuit, 
or the magnitude of a signal element as represented by the weighting 
assigned to a tap on a delay line. 
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be applied. We will be content here, however, to use these 
three sets of questions (in Section IV) to discuss a parti- 
cular experimental apparatus that was built to demon- 
strate the practicability of successfully detecting signals 
subject to a range of frequency shift that is large compared 
with the reciprocal of their duration. 


IV. Marcuep Fitter DETECTION SYSTEM 


The basic philosophy of the system described here is to 
build a set of filters each “matched” to a significantly 
different frequency translate s(f) of a band-pass signal 
f(t). The signal s(¢) corrupted by additive white Gaussian 
noise is then applied to these filters. The largest of the 
envelopes of the resulting outputs is compared with a 
threshold, and the signal is announced as present when 
the threshold is exceeded (see Fig. 1). This detection 
system is known” to be very close in its performance to. 
the mathematically optimum detection procedure, if the 
particular signals for which instrumentation is provided 
are the only ones possible. Since these are not the only 
frequency translates that are possible, one must determine 
the number of filters that will be required in the matched 
filter bank if the system of Fig. 1 is to perform adequately. | 
This is basically a question of determining what happens 
to the output of a given matched filter when it is excited 
by a signal whose frequency translation differs by A 
cycles per second from the one for which it was designed. | 
It is a difficult question to answer without some further 
information about s(t). Let us assume that s(¢) is a narrow 
band signal whose bandwidth is approximately W eps 
and whose duration is approximately T seconds. Let the 
product TW be large, as would be the case with a T-second 
sample of shot noise of bandwidth W. Then the output of 
a filter correctly “matched” to s(t) will be the auto- 
correlation function of s(t). Because s(¢) is a narrow-band 
signal, this output will also be narrow-band and _ will 
resemble a sinusoid at the band-center frequency which is 
phase and amplitude modulated at a rate corresponding 
to the bandwidth W [11]. | 

The envelope of such an output is sketched in Fig. 2. 
This autocorrelation function has a central ‘spike’ whose 
amplitude is proportional to the signal energy and whose 
duration is roughly equal to the reciprocal of the signal 
bandwidth. For 7 seconds on either side of this central 
spike there extends a region of lower output which has 
been called “side lobe level” or, more simply, “hash.” 
The rms value of this “hash” in the matched filter output 
generally lies about 1/1 TW below the peak of the central 
spike.'* If noise as well as signal is present at the filter 
input, then the SNR in the output of the matched filter 
(at the time of the peak of the central spike) is E/N, 
where F is the energy of the signal and N, is the added 


' A full discussion of this point is beyond the scope of the present 
paper. See [1], [2], [3] and the paper by G. Turin in this issue for a 
fuller exposition. | 

4 Exceptions to such general statements about the hash leve 
are easy to find, See [4], [5], [6], [13] for fuller discussion. 
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Fig. 1—Matched filter section system. 
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Fig. 2—Envelope of matched filter output. 


white Gaussian noise power per (single-sided) cycle of 
bandwidth at the filter input. 

Suppose now that the matched filter is excited by a 
different frequency translate of f(t) than the one for which 
it was designed. In general, the magnitude of the central 
spike will decrease and the level of both the noise and the 
hash™ in the filter output will remain about the same. 
The SNR in the filter output thus falls off as the square of 
the decrease in the amplitude of the spike. The precise 
manner in which the spike output of the matched filter 
varies with frequency mismatch depends on the form of 
the envelope of s(t). In general, if s(t) has an effective 
duration of 7 seconds, the central spike falls to a low 
value in a frequency mismatch interval comparable with 
1/T, as shown in Fig. 3. We will accordingly assume that 
the maximum practicable separation of the frequency 
translates to which members of the filter bank are matched 
is 1/T cps. Enough filters must be provided to cover the 
range of Doppler shifts which the signal may suffer. If 
the filter bank is constructed using the maximum interval, 
the signal available to operate the decision circuits varies 
with Doppler shift in the manner shown by the solid line 
in Fig. 4. The dotted lines represent the continuation of 
the individual channel outputs as the largest output shifts 
from channel to channel with changes in Doppler shift. 
With this maximum separation of filter translation fre- 
quencies, there will be a degradation of from 3 to 5 db 
[depending on the details of the envelope of s(é)] in the 
performance of the system when the Doppler shift lies 
halfway between those shifts to which adjoining filters are 
matched. That is to say, 3 to 5 db more signal will be 
required to produce a given level of detector performance 
when the Doppler lies halfway in between than when it 
equals that to which a given filter is matched. If the 
number of filters is doubled, so that the filters are matched 
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Fig. 3—Effect of frequency mismatch in filter. 
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Fig. 4—Filter bank performance. 


to frequency translates of s(¢) in intervals of 1/27 cycles, 
the variation of system performance with Doppler shift 
can in principle be reduced to about 1 db or less. 

Although we shall not prove the point here, it is worth- 
while to remark that if s(¢) is strictly limited to the dura- 
tion 7’, then one need actually construct little more than 
a minimal bank of filters matched to frequency translates 
of intervals of 1/7’, in the sense that other filter outputs 
that one may desire can be realized as linear combinations 
of the outputs of the minimal bank. 

The second problem to be dealt with in constructing a 
matched filter system of the scope under discussion here 
is that of keeping the complexity of the required filtering 
arrangements within reasonable bounds. 

In Section II, Detection and Filtering of Doppler Signals, 
it was pointed out that for each different signal of unknown 
phase it is necessary to process the actual received wave- 
form in two filters, one matched to the signal and the other 
matched to the conjugate function of that signal. In the 
present case that signal, s,(t), is a frequency translate of 
an initial signal f(t) by a (radian) frequency A: 


s(t) = cos (Adf(t) — sin (Adf(é) (35) 
and the corresponding conjugate function is [11] 
&,(t) = cos (Ad)f(t) + sin (Adf(). (36) 


At the beginning of this section it was pointed out that 
one set of these filters must be provided for each 1/7 
frequency interval (27/T in radian frequency) of range of 
possible Doppler shift; indeed, double this number might 
be necessary. In the present case it was desired to cover 
a range of Doppler frequencies some 17 units of 1/7’ wide. 
Thus one is faced with the prospect of constructing some 
34 different filters each having a different, complicated 
transient response with 7’W product of 100. To cover 
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negative as well as positive Doppler shifts the number of 
filters must be doubled; if the filters are to be placed at 
half intervals of 1/7’ as suggested, this number must be 
doubled once again. Thus, unless we are careful we find 
ourselves constructing some 136 filters, each of which 
contains the equivalent of 100 inductors and capacitors, 
without yet having considered the requirement of being 
able to change the system to accommodate an arbitrary 
f(t). Clearly, minor compromises with the ‘‘ideal’’ detec- 
tion procedure are acceptable if they result in substantial 
savings in the number of filter components required. In 
point of fact, the entire filter task was handled in one 
100-tap tapped delay line and a resistor matrix made up 
of some 4000 resistors. We shall now describe this delay 
line filter and the nature of the compromises which permit 
it to be used efficiently. 

The first reduction that can be made in the complexity 
of the filtering system is to eliminate the need for the 
filter matched to §,(f) by generating and processing 
signals at band-pass. In general, the Hilbert transform 
of a signal bears no direct simple relationship to the signal 
itself [other than the defining integral (23) or the 90° 
phase shift relation]. For example, the conjugate function 
to a sharp rectangular pulse is a pulse of an entirely 
different waveshape which falls to zero asymptotically 
only as 1/t. On the other hand, it is well-known that a 
band-pass signal can be represented as a sine wave at the 
band-center frequency wy) whose envelope R and phase 6 
are slowly varying functions of time:’® 


f(@) = R(O cos [wot — A(t]. (37) 


Inasmuch as the Hilbert transform of a sinusoid is another 
sinusoid shifted in phase by 90°, it is reasonable to expect 
that f(t) can be written 


f(t) = —R(E) sin [wot — O()] + QM (38) 


where Q(t) is an error term whose magnitude is small 
compared with that of R(¢). In the Appendix, it is shown 
that this is indeed the case, and that the relative size of 
Q(t) is at most of the order of magnitude of the percent 
bandwidth of the signal. 

If we consider now the output of the filter matched to 
s,(t) to be y(t), Dugundji [11] has shown that with a 
common input the output of a filter matched to §;,(é) is 
v(t). Hence, we have for the signal comparison integral 
function J, 


Je = Vind) + 00) 
V{R,(t) cos [wot — O(0)]!? 
+ V {R,(t) sin [wot — 0(#)]}? 

= | R,(d) |. 


15 See Dugundji [11] and also S. O. Rice, ‘Mathematical analysis 
of random noise,” in “Noise and Stochastic Processes,’’ Dover 
Publications, New York, N. Y., pp. 133-294. Generally R(t) is 
considered to be defined to be always positive. We note that here 
A(t) must be permitted to change sign if the phase function 6(¢) 
is to be truly “slowly varying.’’ Otherwise 6(¢) will exhibit discon- 
tinuities of radians which ‘would vitiate the analysis given in the 
Appendix. 
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where R, is the envelope of the output of the matched 
filter. Although the envelope of a narrow-band filter 
should in principle be found by a process indicated in 
(39), it is much easier to do envelope detection with a full 
wave rectifier and a low-pass filter. This was in fact done, 
thus eliminating the need for a filter matched to §;(¢). 

It is now clear that at band-pass the f(¢) which appears 
in the second term of the expression (35) for s,(¢) is also 
related to f(t) by a simple 90° phase shift. Before we try 
to use this fact to effect further simplifications in the 
detection process, it is convenient to introduce the delay 
line synthesis of the signal f(t). 

Consider the cascade of an ideal delay line and a band- 
width determining filter shown in Fig. 5. This ideal delay 
line has N steps of delay each equal to r seconds. The 
filter has a transient response, such as that shown in Fig. 
6, which is a simple band-pass signal lasting approximately 
r seconds. In this cascade arrangement the output of the 
nth tap is u,(t) where 


u,(t) = u(t — nr). (40) 
| 
| 

IDEAL DELAY LINE, t sec/TAP | 
INPUT | 
SUMMING NETWORK OUTPUT 


Fig. 5—Delay line model of signal generation. 


ah 


Fig. 6—Elementary signal w(t). | 


At each tap we provide a means of adjusting the tap) 
output (shown schematically as a variable resistor) by) 
a weight a,. Thus, it is possible to synthesize a general! 


signal of the form 


N 
Ki 3 a,u,(t — nr). (41) 
1 
Since the signal is being formed at band-pass the phase 
as well as amplitude at each tap output should be (and 
was) adjustable. Under these circumstances one can closely 
approximate any f(é) which lasts less than Nr seconds and 
which has a bandwidth of about 1/7 eps."® 
‘6 This last statement is basically a statement of the Sampliaks 


Theorem. The kind of generalization we use here has been discusse 
by Gabor [10] and Lerner, op. cit., footnote 2 
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_ The matched filter to the f(é) given above is one whose 
transient response is (except for a fixed delay) 
| 
| f—é = >> aa(—t — nz). (42) 
This filter could in principle be constructed just as was 
that which generates f(t), z.e., from a pulse shaping net- 
work in cascade with a tapped delay line. In this case, the 
‘transient response of the pulse shaping network should be 
(except for a fixed delay) equal to u(— ¢) instead of u(Z), 
and the taps of the delay line should be weighted with the 
‘same amplitude, the negative of the phase angle, but in 
the reverse order as in forming f(é). In fact, the weights 
‘at the taps of the experimental filter were set up in the 
manner just described, but the transient response of the 
‘pulse shaping network was u(t) instead of u(— #). To 
this end, u(t) was designed to be approximately symmetric 
‘in time with respect to its mean time of occurrence [7.e., 
u(t) ~ u(— t) except for a constant delay] so that the 
mismatch loss from this cause would be negligible. 
: We wish to use the tapped delay line not only to produce 
f(t) but also to set up the transient response characteristics 
of the various matched filters. If we substitute the ex- 
pression (41) for f(t) as a sum of u,(¢t) in the expression 
(35) for Doppler shifted signal we obtain 


s(t) = f(t) cos At — f(é) sin At 


= >> au,(t) cos At — >> a,d,(t) sin At. (48) 


Now, in principle, it may be possible to express this new 
function in terms of a set of u,(t) only” 


s(t) = D> dyun(t) + Do Britin(t). 


However, for the sake of simplicity in changing the signal 
function f(t), this course was not followed. Instead, it was 
‘assumed that the Doppler shift was sufficiently small so 
that the functions cos At and sin A¢ varied but little 
during a time interval 7 equal to the duration of w(t). 
Under these circumstances, (43) may be rewritten 


(44) 


si) = > a,ju,(t) cosn Ar 


— >> a,ti,(t) sin n Ar. (45) 


The only other factor needed to pass to the form in which 
the matched filter was realized is the observation that 
a(t — nr) differs from u(t — nr) principally in that the 
carrier under the envelope is shifted by 90° in phase. 
Accordingly, the second sum in (45) can be first obtained 
as 


> = Dd ay,(t) sin n Ar 


and later be shifted in phase by 90° for addition to the 
first sum at the filter output. 

It should now be observed that each term in the sums 
(45) has two weights, one due to the signal s(¢), vz. a,, 
and one due to the Doppler shift, viz. cos nAr or sin nAr. 
Accordingly, the matched filter may be realized in the 


(46) 


17 See Lerner, op. cit., footnote 2. 
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form of Fig. 7. Each of the tap outputs is first weighted in 
proportion to the a,, in reverse order to that used in form- 
ing s(t). (Resistors are shown as the weighting elements in 
the figure. In fact, both positive and negative outputs are 
available from the delay line taps so that real resistors 
can be used in the weighting.) Then these outputs are 
further weighted according to the cosine and sine functions 
corresponding to a given Doppler shift. For zero Doppler 
shift, all the additional weighting resistors to the ‘‘zero 
Doppler bus”’ are of course equal. The first Doppler shift 
was taken equal to 1/7, the reciprocal of the duration of 
the signal s(t). Accordingly, the weighting nth tap bus 
to the first cosine Doppler bus becomes (in accordance 
with the order reversal of taps in the matched filter) cos 
Ar(N — n)/T; the weights to the first sine bus follow a 
similar pattern. Filters matched to further frequency 
translates of s(t) are added to the structure by adding the 
weighting elements to a corresponding set of sine and 
cosine busses. 


FILTER 


BANDPASS DELAY LINE N TAPS 


INPUT 


18t DOPPLER 
SINE BUS 


TO ENVELOPE DETECTORS 


bared 


Fig. 7—Matrix filter. 


Thus, an entire bank of 18 Doppler filters, including 
zero Doppler, was constructed from a single 100 tap delay 
line. The resulting weighting matrix contained nearly 
4000 resistors. Nevertheless, the function f(t) to which 
this system responded could be easily changed by varying 
the 100 initial tap weights. Part of the resistor matrix is 
shown in Fig. 8. 

In the previous sections we have mentioned several 


engineering departures that were made from the mathe- 


matically ‘‘optimum” signal processing, on the grounds 
that the resulting degradation in system performance was 
negligible. Two further liberties were taken with the 
mathematical model. First, in discussing (46) it was 
pointed out that the output of the sine bus should be 
shifted in phase by 90° and added to that of the cosine 
bus for a given Doppler channel to produce the matched 
filter output. By methods beyond the scope of this paper 
it can be shown that very little loss in signal detection 
performance of the decision circuitry results if the (band- 
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Fig. 8—Resistor weighting matrix. 


pass) outputs of the sine and cosine channels are simply 
full wave rectified and then added together. This sum of 
rectified signals closely approximates the envelope of the 
signal that would have been obtained if the mathematically 
correct phase shifting and summation had been used."* 
It further eliminates the sensitivity of the detection 
process to the sign of the Doppler shift; thus one set of 
filters suffices for both positive and negative Doppler. 

Whereas the success of the various approximations 
and compromises mentioned up to this point has been 
independent of the TW product of s(t), the system proper- 
ties and sensitivities to be discussed in the remainder of 
this section are definitely those of signals with a large 
duration-bandwidth product. 

The second compromise referred to above falls in this 
category. Namely, to stabilize the performance of the 
decision circuitry with respect to wild swings in input 
signal level, the entire matched filter system was preceded 
by a band-pass amplifier having sufficient gain to be 
driven nearly to saturation by its own internal noise. 
Thus, for most signals this amplifier was effectively an 
infinite peak clipper, preserving only the zero-axis cross- 
ings of an input signal. With 7’'W of the order of 100, this 
violent nonlinearity makes little observable difference in 
either the general waveform of the matched filter outputs 
or in the performance of the system as a detector of 
signals. "” 


18 This particular feature is due to a suggestion made by D. J. 
Gray. 
19 See, for instance, Manasee et al, [8]. 
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It is beyond the scope of the present paper to discuss 
in detail the nature of the tolerances that can be per- 
mitted in the component parts of a delay line filter system 
for detecting signals with high duration-bandwidth 
product.” However, the following comments are in order. 

1) Relatively gross random errors can be tolerated in 
the amplitude or phase angle associated with the weight- 
ing factor at a given delay line tap or at a given cross point 
in the signal processing matrix. If there are 100 taps 
making roughly equal contribution to the signal, the 
complete elimination of the output of any one tap will 
scarcely make a noticeable difference (1 per cent) in the 
amplitude of a matched filter output. More specifically, 
if the tolerance on the matrix components or phase angles 
is e in a signal detection system that requires an N tap 
delay line, then the resulting variability introduced in 
the matched filter outputs is of the order of ¢/\/N. 

2) The tolerance of the system to internal reflections 
and spurious response in the delay line is low. It becomes 
more critical as the 7W product (number of delay line 
taps) of the signal is increased. The spurious responses to 
an impulse in the delay line should be below the main 
pulse by 10 log 7’'W plus 10 to 20 db. 

3) The sensitivity of the output of a single filter to 
systematic drift in the total delay of the delay line in- 
creases with the product of signal duration and band- 
center frequency. Such drifts (due to temperature changes, 
for example) are equivalent to time scale changes; they 
are not too important if a bank of filters is employed for 
detection purposes only. They are critically important if 
the output of a particular filter is relied on to give an 
accurate measurement of the Doppler shift. 


V. EXPERIMENTAL RESULTS 


An eighteen channel system was constructed, designed 
in accordance with the principles outlined above. The 
delay line filters made use of a tapped magnetostrictive 
acoustic wire delay line developed at Lincoln Laboratory 
by S. Autler, G. Pettengill and the author. A schematic 
diagram of the operation of this delay line is shown ir 
Fig. 9. 

An electric signal was transformed into acoustic energy 
in a ceramic piezo-electric input transducer. An acoustic 
matching transformer connected this transducer to a thir 
rod of magnetic material around which center tappec 
output coils were placed at regular intervals. A magnetic 
bias field was supplied at each coil. As the sound fielc 
passes through the rod it alters its local magnetic proper. 
ties. The corresponding changes in the flux due to the 
bias field are converted into electric signals at the outpu 
coils. The signal at a given coil is thus delayed witl 
respect to the original electrical input by the amount o 
time required for the acoustic energy to propagate dowi 


*° See R. M. Lerner, B. Reiffen, and H. Sherman, “Delay-lin: 
specifications for matched-filter communications systems,” IRI 
TRANS. oN Component Parts, vol: CP-6, pp. 263-268; Decembe 
1959. Also R. M. Lerner, ‘‘Delay lines for use in signal detection,’ 
IRE Trans. on Utrrasonics ENGINEERING, to be published. 
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the thin rod to that point (at the rate of about 5 
second). 100 taps were used on the line. 

The weighting matrix was made up of 5 per cent 
‘olerance resistors, whose nominal values were rounded 
ff from calculations in such a way that only a dozen or 
30 different resistance values were used in approximately 
2>qual numbers. 

The magnitudes of the envelopes of all the filter outputs 
were compared in a cathode follower ‘“‘greatestof”’ circuit 
shown in Fig. 10. (These cathode followers are operating 
basically as a diode “‘or’” gate.) The largest value of the 
envelope in any channel at each instance was thereby 
delivered to the decision circuits. Since the Doppler 
filters were spaced by intervals of 1/7 in frequency 
translation, the outputs of a second set of “interdoppler’’ 
alters was synthesized by linear combinations of Doppler 
filter outputs, as was suggested in the discussion of Fig. 4. 

To test the behavior of the system, the signal s(/) was 
synthesized in one delay line filter and detected in another. 
Between the filters, frequency shifts could be introduced, 
attenuation could be inserted, and noise added, as shown 
in Fig. 11. Ideally, as the “Doppler” shift added to s(¢) 
is varied, the amplitude of the spike delivered to the 
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| Fig. 9—Magnetostriction delay line. 
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Fig. 10—“‘Greatestof”’ circuit. 
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decision circuits by the “greatestof’’ output should vary 
as shown in Fig. 4. The signal appearing on the 
“greatestof’’ output for one value of Doppler, with an 
arbitrary s(t) is shown in a tracing of a photograph in 
Fig. 12. A measurement of the actual variation in the 
height of the central spike with Doppler frequency is 
given in Fig. 13. 

In the presence of additive noise, a detection system 
can make two kinds of errors: 

1) A signal is missed when its presence should have 
been indicated. 

2) The presence of a signal is announced when, in fact, 
none in there. 

By varying thresholds in the decision circuits it is 
generally possible for each given level of input signal 
to make either kind of error small at the expense of 
the other. The performance of a signal decision system 
is best assessed by a measurement of its susceptibility 
to errors or both types and by the comparison of these 
results with theory. Such a set of measurements was 
made on the equipment described above, covering a range 
of input SNR’s and decision circuit arrangements for 
which the probability of a type 1 error was low to moderate 
while that of a type 2 error was very low. 

When the signal to be detected had no Doppler shift, 
about 3.0 db more signal had to be supplied to reach a 
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Fig. 12—Matched filter system output. 
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Fig. 13—System response as a function of Doppler shift. 
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given level of performance than would have been required 
by a theoretically ideal detector under the same test 
conditions. Of this 3 db of degradation, 0.8 db was shown 
to be caused by the limiter; the rest was caused by dis- 
persion in the delay lines.”* The degradation of the system 
when detecting a signal with arbitrary Doppler shift was 
typically 2.2 db greater, for a total of about 5.2 db. Of 
this additional degradation, about 1.2 db can be ascribed 
to nonuniformity in the Doppler channel gain functions. 
The remainder is caused by the approximations that were 
made in obtaining the actual filters from the theoretical 
matched filter characteristics. 


VI. ConcLusion 


The key feature of the matched filter detection system 
which has just been described is the use of the tapped 
delay line and its associated resistor weighting matrix to 
synthesize in parallel a large number of filter character- 
istics. In the particular equipment that was constructed, 
it is also true that this delay line was the source of most of 
the difference between the performance actually observed 
and the performance to be expected from an ‘‘ideal”’ 
signal detector. Consequently, two questions arise with 
respect to the use of this kind of a matched filter system. 
First, in particular, could the performance of the delay 
lines of the system be made better by improvements in 
delay line technology? Secondly, in general, how does the 
delay line-matrix method of matched filter synthesis 
compare with other systems of producing and processing 
complicated signals? The first question can be easily 
answered in the affirmative. Delay line technology has 
reached the point where both low-pass lumped-element 
lines and acoustic band-pass lines suitable for producing 
filter characteristics with duration bandwidth products 
of several hundred are commercially available. These lines 
are free of the dispersion difficulties which plagued the 
experimental apparatus described above. Similarly, sub- 
stantial improvements have also been made in the tech- 
niques for constructing the weighting matrices. 

With respect to the second question, we remark that 
the usefulness of any technique of filter construction 
depends critically on the availability of a corresponding 
procedure for designing signals with prescribed character- 
istics. The method of filter construction used here is 
generally applicable where it is necessary to set up a large 
number of complicated filter characteristics corresponding 
to initially arbitrary waveforms. In any particular appli- 
cation another form of signal synthesis may be more 
appropriate. 
~ The frequency-domain dual of the filtering system 
described here is a bank of contiguous narrow-band 


41 For convenience in mounting, the delay line was divided into 
a cascade of six shorter sections. The resulting sequence of input 
and output transducers produced significant amounts of distortion 
in the signal spectrum in the later sections of the line. 
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‘filters. In principle, at least, such a filter bank could b 


used in the frequency-domain synthesis of a filte 
characteristic in essentially the same way the delay lin 
is used in the time domain. In point of fact, there ar 
practical difficulties in the design and application of sucl 
band-pass filter banks that make the delay line metho 
(initially, at least) more attractive. 

The equipment described here proved to be simple, 1 
tedious, to build, and it operated reliably. The use of | 
tapped delay line and weighting matrix is thus establishec 
as a valuable method for constructing an array of compl 
cated matched filters. 


APPENDIX 
Tur Hinpert TRANSFORM OF A NARROW-BAND SIGNAL 


We wish to derive the formulas given in Section II fo: 
the Hilbert transform of a narrow-band signal. We writ 
a narrow-band function of time, f(t), as the product of az 
envelope and a phase modulated carrier: 


f() = R(t) cos [wot + A(2)] (47 


where w, is the center frequency of the band and where 
R(t) and 6(t) are slowly varying functions of time. R(t) i 
allowed to change sign so that R(t) and 6(t) are both 
continuous. Then by (26) we have 


J.) = 1/e [| 8 R(o) 008 fave + 0(0)] 
== 1 far ie i e COS w,aR(c) cos O(c) 
—1/r ie ; asin woaR(c) sin 6(c). (48: 
Now let R(c) cos 0(c) = K(c) 
R(c) sin O(c) = J(o) (49) 
then | 
f(t) = 1/a fee ; fe COS woo K(c) 


(50 


—1/r Le ; aa 


We may now expand K(c) and J(c) in Taylor’s serie) 
around o = ft 


5 SIN wooJ (a). 


de 

fie ke. oe 

(o — t)’ 
2! 


= Cos woo[K(t) + (o — tK'(t) 


+ K'"@) +0] 


sin woa[J(t) + (¢ — t)J’(t) 


(o a t)” ’? 
aig ee a tea 


1960 


51) may now be integrated term by term. The first terms 
zive 


i) = fe [| cos wok) 


— 1/9 ie ; sin wood (t) + Q 


—sin wtK(t) — cos wotJ(t) + Q 


l| 


I 


—[sin wot cos 6(é) R(t) 
+ cos wot sin 6(f)R(A] + Q 
= —R(é) sin [wt + 6()] + Q. 


This is a function with the same envelope as f(t) but with 
earrier shifted in phase by 90°. The other terms in the 
series involve integrals of the form, 


I/x | (¢ — t)” cos woo do 


(52) 


COS wot [” 
= OS / vy” COS wov dv 
1 tae 
sin apt f°” : 
————— | vy" SiN wov dy 
(ite 


2n! [@) COS wt n even 


= ee (53) 
ena) ley sin wt n odd 
and 
i/x | (¢ — t)" sin woo da 
SiN wot [” 
= / v” COS wor dv 
1 ae 
oe atl vy” SiN woy dy 
=—2n! [7" sin wot n even (54) 
n+1 
Gor Wega 1. odd 
whence the remainder term, Q, in (52) is 
9/2 os k’ cos wot + J’ sin aot 
Wo 
He —K’’ sin wat + J’’ Cos wot 
Duss 
—K’"”’ cos wot — J’’’ sin wot 
+ --- ete. 


Now if w, is the highest significant frequency component 
n K(t) or J(t), then average magnitude of the mth 
lerivative is at most w,” times that of K(d) or J(t). From 
which 
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where « [| means “‘is at most of the order of” or 


f(t) = —R(d) sin [wot + A(t] + 2a| % acy snes cha (310) 


Therefore, for a narrow-band signal f(t), f,() has the 
same envelope but a carrier shifted in phase by 90°, 
with the error of the order of the percentage bandwidth. 
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Optical Data Processing and Filtering Systems” 


ibd | CUTRONAY, E. N. LEITH, C. J. PALERMO}, anv L. J. PORCELLO{ 


Summary— Optical systems, which inherently possess two degrees 
of freedom rather than the single degree of freedom available in 
a single electronic channel, appear to offer some advantages over 
their electronic counterparts for certain applications. Coherent 
optical systems have the added property that one may easily obtain 
many successive two-dimensional Fourier transforms of any given 
light amplitude distribution, or, by use of astigmatic optics, one- 
dimensional transforms can be obtained. Therefore, most linear 
operations of an integral transform nature are easily implemented. 
The optical implementation of integral transforms which are of 
importance to communication theory is discussed; the general 
problems of optical filter synthesis and multichannel computation and 
data processing are introduced, followed by a discussion of potential 
applications. Astigmatic systems, which permit multichannel opera- 
tion in lieu of two-dimensional processing, are treated as a special 
case of general two-dimensional processors. Complex input functions 
are discussed with relation to their role in coherent optical systems. 


A. Introduction 


PTICAL images have the inherent property that 
they possess two degrees of freedom, as repre- 


sented by the two independent variables which 
define a point on a surface. In this respect, optical systems 
differ basically from electronic systems, which possess 
only time as an independent variable. 

Optical systems have the additional property that a 
Fourier transform relation exists between the light 
amplitude distributions at the front and back focal planes 
of a lens used in such a system. This property may be 
put to use in coherent optical systems. An optical arrange- 
ment which presents a space-domain function and suc- 
cessive Fourier transforms is easily implemented. As a 
result, integral transform operations may often be carried 
out more conveniently in an optical system than in an 
equivalent electronic channel. Because of this Fourier 
transform relation, coherent optical systems behave, in 
many ways, analogously to electrical-filters. The ease of 
synthesis of these optical filters has recently made them 
useful in some areas where only electrical-filter networks 
were previously used. 

In many problems arising in the field of communication 
engineering, a piece of electronic equipment is required to 
operate on an incoming signal so as to evaluate an integral 


* Manuscript received by the PGIT, October 17, 1959. The 
work reported herein was carried on by Willow Run Laboratories 
for the U. 8. Army Signal Corps under Project MICHIGAN, Con- 
tract No. DA-36-039 SC-78801, and for Wright Air Development 
Center under Air Force Contract No. AF 33(600)-38019. University 
contract administration is provided to Willow Run Laboratories 
through The University of Michigan Research Institute. 
as University of Michigan, Willow Run Labs., Ann Arbor, 
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of either of the general forms 


b(y) 


Ico) = | fe, dole — eo, de 


ay 


where 29, a, and b may be functions of time, or 


a b(y) 
T(ao, Yo) = [ [. He, Yg@ — 20,4 — Yo) da dy 
where 2, Yo, a, 6, c, and d may be functions of time. ) 

Processes such as those of cross-correlation, auto: 
correlation, convolution, spectral analysis, and antenné 
pattern analysis are special cases of the integrals (1) anc 
(2) as are also various linear integral transforms. The 
integral (2), which includes a second integration over the 
y variable, allows the generation of two-dimensiona 
transformations. 

Electronic computation and evaluation systems fo: 
performing the above integrations exist, but they suffe 
from disadvantages inherent in systems possessing only 
one degree of freedom. In the electronic case, time is th 
only available independent variable. This is a severe 
restriction if either 1) the integral is to be evaluated for ‘ 
large number of different values of the parameter y, ©: 
2) an integration over y is also required. In such cases 
scanning, time-sharing, or time-sequencing procedure. 
must be employed. 

In an optical system, however, two independent vari 
ables are available. Thus, the optical system can readily 
handle the two-dimensional operation without resort te 
scanning. Alternatively, for a one-dimensional proces: 
with a varying parameter, the second dimension can be 
used to provide a number of independent computin 
channels for various incremental values of the Bee 
variable. In the optical system, the number of independen 
one-dimensional channels is limited only by the number o 
positions which can be resolved across the system apertur 
The two-dimensional nature of an optical channel ma} 
therefore be exploited either to provide a true tw 
dimensional processor or to provide a multichannel filte 
bank. For certain types of operations, the second degre 
of freedom may permit a considerable equipment simpli 
fication and, partly for this reason, interest in optica 
processing has been growing for the past several years. 

The basic optical theory which permits a filter-theoreti 
description of an optical data-handling channel is by n 
means new. The Fourier transform relations upon whic. 
the spatial filtering is based are essentially the relation 
established by Huygens, Fresnel, and Kirchhoff, whil 
the spatial filtering is essentially that proposed by Abbe 
in his theory of image formulation in the eee 
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é.g., discussion in Born and Wolf’). In the past decade, 
yptical systems have been extensively discussed in terms 
£ communication theory.”-° The present authors have 
nade use of astigmatic optical systems to achieve multi- 
thannel operation, as described in Section I, E, and have 
ynthesized complex filter functions of two variables. In 
iddition, bipolar and complex signals have been recorded 
is transparencies with positive transmittance, by use of a 
arrier frequency, and then optically converted back into 
yipolar or complex form by appropriate spatial filtering. 
_ This paper outlines some of the fundamental principles 
und techniques useful in understanding and designing 
soherent optical systems and indicates areas of potential 
vpplications. 


5. Elementary Optical Systems 


' Consider a piece of film having a transmittance func- 
tion 7; in general, T = T(x, y), a function of the two 
variables which define the film plane P,. If this trans- 
darency is illuminated with light of intensity J, (Fig. 1), 
he emergent intensity distribution is 


| I(a, y) = IoT(a, 9). 


Suppose that a second transparency is overlaid on the 
irst, or that the first transparency is imaged on the second 
with unity magnification, for the sake of simplicity). 
The intensity distribution of the beam which is emergent 
rom the second transparency is then 


Ite, ) = IT (a, y)T (x, Y), 


where 7, and TJ. are the transmittance functions of 
slanes P, and P,. 

Integration over a plane could be accomplished by 
maging the region of integration onto a detector whose 
esolution elemental size is greater than the image of the 
egion. The detector might, for example, be a photocell 
x a small region of photographic film. Fig. 2 shows a 
imple optical system that evaluates the integral 


r= [| fe, wale, w de dy. 8) 
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Alternatively, the integration is accomplished if the 
detector samples equally the light emerging from all parts 
of the plane of integration. The second technique is in 
general the more practical. 

In the event that integration in only one dimension is 
required and the remaining dimension is to be used to 
achieve multichannel operation, a method must be found 
to limit the integration to only one dimension. Astigmatic 
optical systems, in which the focal properties are different 
for the two dimensions, can achieve this result. The 
integral evaluated is then of the form 


b(y) 
1) = | fee, Yale, y) de. (4) 


(y 


The astigmatic optical system shown in Fig. 3 differs from 
that of Fig. 2 only through the presence of the cylindrical 
lens, which counteracts, for the y dimension only, the 
inherent tendency of lens L, to integrate the light emerg- 
ing from the plane P,. 


- o(f0-04 


Fig. 1—Optical multiplication. 


-0f0-0ffe- 


Fig. 2—Optical system for two-dimensional integration. 


f(x,y) g(x,y) 


- 0fe-ege 


Fig. 3—Optical system for one-dimensional integration. 


The more general case of evaluating 


by) 
Tye) = [fa voe-%, pdr ©) 
aly 

is easily handled by merely transporting the g transparency 
across the aperture in the x dimension. This is achieved by 
recording g(a) on a strip of film which is then translated 
across the optical aperture, while all other elements 
remain stationary. 

The optical systems discussed thus far impose the con- 
straint that f and g must be everywhere positive. This 
arises because the transmission functions are merely 
energy ratios and are therefore always positive numbers, 


ep gp = Le, 


0 << LAG; y) SS 1 
I, 


In general, the f’s and g’s of interest are bipolar in nature. 
The representation of these f’s and g’s requires the use of 
a scaling factor k and a bias level B. Then T(x, y) = B+ 
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kf(x, y), where B and k are chosen such that 0 < T < 1 
for all w, y, and yet the term kf must not be negligible 
compared to B."° If one tries to evaluate an integral of 
the form (1) the integral generated is of the form 


b(y,t) 
1y,) = [B+ bile, DIB + kegle, W) de. (6) 

Error terms arise because of the presence of the bias 
levels. Even though the B’s and k’s are known, the removal 
of these errors or their exact calculation depends on the 
nature of f and g. The use of a “‘coherent”’ optical system 
will often eliminate certain of these difficulties which 
arise in the elementary systems described above. 


C. Coherent Optical Systems 


A coherent optical system is one in which the relative 
phases of the light waves in various parts of the system 
are invariant with time. For coherence to be achieved, a 
point source of light is required. Any two points in an 
optical system utilizing a point source have a relative 
phase which is time invariant. 

The analysis of an optical system can in principle 
always proceed from the field equations. However, if only 
physical dimensions that are much greater than the light 
wavelength are considered, the analysis is simplified to 
the application of Huygens’ principle. In this paper, the 
signals take the form of transparencies, the detail of which 
is sufficiently coarse that Huygens’ principle can be 
applied. 

A monochromatic electromagnetic wave is described 
by giving its magnitude and phase as a function of the 
three space variables. For example, 


E, 3 A(z, Y; z) COS [wt = g(x, Y, z)], 


where A is an amplitude factor, ¢ is a phase factor, and 
w is the radian frequency of the wave, represents one 
component of the electric field vector. Since polarization 
effects are not of interest, any field vector can be denoted 
by E. Since only a few values of Z (where the optic axis is 
taken in the Z direction) are of concern, the field at z, is 
denoted by /,, rather than by £(Z). 

Coherent optical systems have three fundamental 
properties which allow these systems to be analyzed by 
Fourier methods. Before the analysis is begun, two con- 
ventions will be adopted which will simplify the later 
discussions. 

The first convention is that a wave of the form 


EL, = A(a, y) cos [wt + g(x, y)] 


will be written as 


A 


RB, = A(z, eer. 


10 If kf < B, the kf term may become obscured by grain noise, 
stray light and so forth. On the other hand, if kf is fairly large, 
clipping may occur on signal peaks. An optimization process which 
determines the best choice of B and k for a particular set of signal 
and noise statistics and tolerable distortions is therefore necessary 
in some cases, 
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(whenever a letter appears with a “> it is a complex fun 
tion.) The motivation for adopting this representation 
that all the significant features of the optical system a 
time invariant and that w, the temporal radian frequen¢; 
acts, in a sense, like a carrier frequency. 

The second convention relates to the description « 
transparencies. Consider a thin transparency describe 
by a transmission function ¢’(x, y), and by a thicknes 
function a(z, y)/2r(n — 1) (in wavelengths). Note thé 
0 < t < 1, and n is the index of refraction of the tran: 
parency. One can say that this transparency represent 
a signal function, S(a, y), given by 


S(a, y) = ta, ye**. 
One derives the first property by noting that a ligh 
wave, 
E, aa A(z, y) cos [wt a O g(x, y)I, 


incident on a transparency with transmission f, an 
thickness a/2x7 (n — 1) yields an emergent wave 


E, = A(x, y)t(x, y) cos [wt + ox, y) + az, y)], 
or 
L=Sh ( 

The second basic property is related to the energy 
the wave. The energy & of a light wave HF is proportion 


to the time average of EL”. Thus, the second property | 
coherent optical systems is | 


é = kBR* (§ 


where * denotes conjugate. Since the only possible output 
of optical systems are in the form of energy-sensitiy, 
detectors (films, photoelectric cells, etc.), the comple 
representation gains added significance. In fact, tk 
complex representation is sufficient for analyzing optic: 
systems as “‘black boxes.” 

Consider the optical. system shown in Fig. 4. Tk 


L 
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Fig. 4—Fourier transforms in an optical system. 
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following statements, which are demonstrated in Aj 
pendix I, summarize the third and most. significan 
property of the complex representation. If the ligk 
waves at planes P,, P., and P; are denoted by B, (a,, yy 
Ei, (%2, Y2) and Hs (a3, ys), respectively, then #; and 4 
form a Fourier pair to within a phase factor e’°*'”, or 


E3(2s, Ys) = $B, (21, ice 4 ee (9 


where § denotes the Fourier transform. Plane P, 
anywhere between L, and L,, and B is a function of 
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in exact Fourier transform exists between FE; and £,, or 


B(ts, ys) = O for Z, = Zo; (9b) 
nm exact Fourier transform does not exist anywhere else 
with respect to lens L,). 


\ Bs, ys) #O for Z, ¥ Zz, (9¢) 
_ A comment is perhaps in order at this point to avoid 
onfusion in some of the optical diagrams which follow. In 
onventional Fourier transform theory, the transfor- 
aation from the time domain (the analog of the spatial 
lomain) to the frequency domain requires the kernel 
unction e**’, and the transformation from frequency 
0 time employs the conjugate kernel e’°’. A lens always 
atroduces the kernel exp j(2r/Af) (@pUne1 + YrYne1) 
jassing from plane P, to plane P,.,. Therefore, in an 
‘ptical system one takes only successive transforms rather 
nan a transform followed by its inverse. The effect of 
ising a kernel of the wrong polarity, however, is simply 
o reverse the coordinate system of the transformed 
unction. Therefore, by reversing the coordinate system 
# the appropriate planes of Fig. 5, it is possible, in effect, 
© take inverse transforms, and to make the optical system 
onsistent with the conventions of Fourier transform 
heory. 

_ The selection of the appropriate labeling may be con- 
idered with the aid of Fig. 5. Arbitrarily call P, a spatial 
lomain plane, and consider the direction of propagation 
% the ight wave to be from left to right. Lens Z, introduces 
he kernel function exp 7(27/)f) (w.7, + yoy). By defining 


a FECL 
Qa, = Af 2 
ind 
ieee 
oO, = Af Ye 


he kernel becomes exp — j(w,% + w,y), which is in accord 
vith convention. 

Recalling that F{5[f(x)]} = f(— a), one then observes 
hat x, is mapped into —x; as a result of the two successive 
ransforms. In other words, the image at P; is reversed. 
f the coordinate system of P; is reversed, 


EP.) = § '{B(P.)} = F * {s[BP))} 


mae E(P,) 


0 within bandwidth limitations, 

The resultant coordinate systems for successive planes 
re shown in Fig. 6. By adopting this scheme of labeling, 
me can represent each frequency domain by the lourier 
ransform of the spatial domain to its left, and each 
patial domain by the inverse Fourier transform of the 
requency plane to its left. Note, however, that this scheme 
f coordinate assignment is valid only for the case of the 
ight wave traveling from left to right. 
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D. Filter Synthesis 


The properties of coherent optical systems thus pre- 
sented permit the synthesis of a wide range of optical 
filters. Such an optical filter consists of a transparency 
inserted at some appropriate position in the optical 
system. 

In the optical system of Fig. 7, a signal s(x, y) is 
inserted at plane P,. At plane P;, the spectrum S(w,, w,) 
is displayed. Suppose a transparency R(w,, w,) to be 
inserted also at plane P,. Such a transparency modifies 
the spectral content of the signal, effecting the operation 


w,) Rw, @,) « 


Vi@,, w,) = S(,, 


Fig. 5—Successive optical transforms. 


Hoge pege 


Fig. 6—Standard coordinates. 


Fig. 7—The two-dimensional filter. 


The transparency in general has a complex trans- 
mittance R = |R| e’”. The amplitude portion is obtained 
by varying the optical density and the phase portion is 
obtained by varying the thickness, which in turn varies 
the phase retardation. 

At plane P;, the signal is transformed back to the spatial 
domain, and is given by 


- if sc — a, y — F(a, 8) da dB, 


where 


da, y) = F*[Vw,, o,)], (10) 


and 


Aa, y) = F "[R@., w,)]. 


This is a covolution integral. 

The transparency R in its simplest form might be a slit 
or other aperture. Such apertures are low-pass or band-pass 
spatial filters. A stop becomes a band-rejection filter. The 
inclusion of a phase plate causes a phase shift of one 
portion of the spectrum with respect to the remainder. 
Complex filter functions are possible; because it appears 
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that one has independent control over both phase and 
amplitude, a wide variety of filter function can be 
synthesized. 

As an alternative to inserting a transparency in the 
plane P, (the frequency domain), a transparency 7 (2, y), 
also with complex transmittance, can be romieed 
into the spatial domain at P,. If provision is made for 
translating §(x, y) in the x-y plane relative to f(x, y), the 
signal at plane P, becomes V’(a’, y’) $[S(a — 2’, 
y — y’) Fax, y)|. Here x’ and y’ measure the lateral dis- 


placement between s and r. At the position w, = w, = 0, 
the integral becomes 
Prey) = [[@- 2, y- ye, dard, aD 


which has the form of a cross-correlation. By reversing 
the coordinate system of § prior to recording, 7.e., 


Cee eee 


yah 


one obtains the convolution integral 


[Jue 


This is identical in form with (10). Therefore, two methods 
are available for synthesizing a required transfer function: 

1) The frequency domain synthesis, in which a complex 
transmittance function (called a filter) is introduced into 
the frequency domain, plane P,, and operates directly on 
the frequency spectrum. 

2) The spatial domain synthesis, in which a complex 
transmittance function (called a reference function) is 
introduced into the spatial domain, plane P,, and operates 
directly upon the signal function. 

The two techniques produce the same result, as indeed 
they should. The display is different, however. With the 
frequency domain operation of (10), an area display is 
produced in which the variables x, y are the coordinates 
of the plane P;. With the spatial-domain operation, the 
output display is only a point (namely, w, = 0) 
and the coordinates x’, y’ are generated as functions of 
time by physically displacing § with respect to #. The 
spatial domain instrumentation requires a scanning 
mechanism; the filter technique does not. 

It is possible and often advantageous to divide a 
required operation on § into two portions, one carried out 
in the spatial domain and the other in the frequency 
domain. The output at plane P; then becomes 


F'[Raw. , oy)F(S@, A(x, y)]} 


where 7; is a reference function inserted in plane P, (the 
spatial-domain plane), and R, is a filter function inserted 
in plane P, (the frequency-domain plane). 

A class of filters that has received considerable attention 
in communication theory is the matched filter, which has 
a transfer function that is the complex conjugate of the 


ms 


Vie) = TE yr) on, ay. 


Wy 


(12) 
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signal spectrum to which the filter is matched. Such a 
filter maximizes the ratio of the signal squared to the root- 
mean-square noise, when the noise is white Gaussian. The 
signals of concern here are two-dimensional and can alsc 
be complex. However, the above criterion for the matched 
filter still remains valid. 

For the time-domain signals of electronics, the matched- 
filter criterion 

Rw) = S*w) 

implies for the impulse response the time-domain relation- 
ship 


r(t) = s(—2). 


For the optical case, since complex signals are possible 
the corresponding relations are 


Re,, @,) == S*(w,, @,) 
and | 
A(x, y) = s*(—a, —y) : 


where # and &* are now complex conjugates. | 

The construction of the matched filter may be carriec 
out by successive operations in the spatial and frequency 
domains, as suggested by (12). At plane Po rie é 
function h, (x, y) is inserted. A filter H, (w,, w,) is insertec 
at plane P, and the output is taken from plane P;. T he 
operation at P, produces 


S(x Tel Us y h(x, Y) 5 
and the filter 1, (w,, w,) produces, at plane P;, the result 
[[ se =, 8 = While, Bhales — a, ys — 8) dex ds 
where 


[Ha(w. » oy). 


If the observation in plane P; is confined to the positior 
L3 = Y3 = O, the above expression reduces to 


ha(a, y) x F 


he SO Ry eo y h(a, B)ho(—ay — B) da dg. 


hile, B)hx(—a, —8) = S*(a, B) 


| 
| 
The matched filter condition is | 


or 


In most cases, the signal introduced into the optica 
system will be written as a real function, 7.e., written ai 
a density variation on photographic film. However, it i) 
often advantageous to use complex transparencies (phase 
control) for the synthesis of a required transfer function 
For such a transparency f(a, y), there are three cases o 


interest: | 
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1) #(@, y) is a varying-density transparency with uni- 
form phase retardation over the aperture. 

2) #(x, y) has uniform density over the aperture, but 
with phase retardation, (2, y). 

3) r(x, y) has both varying density and varying phase 
retardation over the aperature. The transparency in each 
ease has, respectively, the form 


1) A(z, y) = A(a, y), 
Dery) = Ae” A = Constant, 
3) F(z, y) = A(z, y) e?". 


In each case, A(x, y) is a real number 0 < A(z, y) < 1 
and (x, y) is real. 

Consider the complex plane of Fig. 8. All values of 
*(x, y) may be represented by a set of points within or on 
che unit circle. The functions r(x, y) of case 1) lie on the 
real line OA. The functions r(x, y) of case 2) lie on some 
eircle within the unit circle ABCDA, whereas the func- 
‘ions r(x, y) of case 3) may occupy any set of points 
within or on the unit circle. 


» Im r(x,y) 


Unit Circle 


Fig. 8—Complex amplitude-transmission plane. 


A special case of 2) is worth noting, 7.e., when ¢(a, y) 
assumes only two values, differing by z (as, for example, 
0) and 7). This is a binary code. In terms of Fig. 8, the 
function is confined to two points lying on COA. Such a 
phase function is comparatively easy to generate, since 
bechniques for producing phase gratings are well developed. 
By combining this with case 1), the entire line COA is 
utilized. Thus, real functions of positive and negative 
values can be used, as in the case of the electronic channel. 
In this case, however, no bias level is required. 

The ability to process complex functions finds practical 
wpplication in certain problems arising in radar and 
communication systems. In the most general case, one 
mas a carrier signal which may be both amplitude- and 
ohase-modulated. The modulated signal then takes the 
orm 


f(t) = A(d) cos [w,t + ald], 
vhich may be represented by the complex function 
ORS AO 


m a coherent system, one can make use of the phase 
unction as well as of the amplitude function. 

Generally, f(t) is to be subjected to some form of filter 
yperation. For example, if f(t) represents a coded pulse, 


Cutrona, et al.: Optical Data Processing and Filtering Systems 


d9L 


the operation of interest might be a cross correlation 
against a reference signal §(¢). The operation can be per- 
formed optically if the complex functions § and f are 
appropriately recorded. 

Within the present state of the art, it is difficult, how- 
ever, to record simultaneously the modulus and argument 
of f in the form of a transmissivity and thickness variation. 
If the complex function f(¢) is shifted in frequency by W 
(where W is greater than the highest significant frequency 
contributing to Ae’), an alternative method becomes 
available. Only the real part of the frequency-translated | 
fit) tes, 


Re PAG ae 


need be recorded, and this is displayed solely as a trans- 
mission variation. The frequency shift is effected by using 
a rotary phase shifter or equivalent device, while the real 
part is obtained through the use of a synchronous detector 
operating at the carrier frequency. Let r(t) be the resulting 
function. The spectral display of the optical system is 
such that the positive and negative frequency components 
of a signal are independently available for attenuation 
and/or phase shifting. If the negative frequencies of 
r(t) are then removed in an optical system, the resulting 
function is A(t) e’'*“?*"", (This is shown in Appendix IT.) 

Two observations deserve mention at this point. First, 
the presence of the radian frequency W should be taken 
into consideration in the optical filter. Second, the simpli- 
fication in recording which is provided by the above 
technique exacts a price. One must double the bandwidth 
of the electronic channel at all points following the 
synchronous detector. 


E. Astigmatic Optical Systems 


The optical systems discussed thus far perform two- 
dimensional operations. This feature is useful if the signal 
to be processed is a function of two variables, because 
then the signal can be displayed as a two-dimensional 
function and processed simulataneously in both variables. 
An electronic system, having time as its only available 
independent variable, would require a scanning technique 
to perform the two-variable operation. 

More often the signal is one-dimensional in nature and 
the additional variable is not required. In such a case, 
the second variable can be used to provide a multiplicity 
of independent channels so that many one-dimensional 
signals can be processed simultaneously. The signals to be 
processed are written as §,(x), and are stacked on the 
transparency with respect to the y variable. The resultant 
transparency is of the form §(x, y) as before, except that 
now y is a parameter which takes on as many values as 
there are independent channels to process. The limit on 
this number is, of course, the number of resolvable ele- 
ments available across the y dimension of the optical 
system aperture. 

The processing is to be done with respect to the x 
variable only. The y-dimension channels must remain 


392 


separated. The optical system of Fig. 7, when modified as 
shown in Fig. 9, performs in the required manner. 

The plane P,, as before, has the coordinate system 
(x, y). At the Fourier transform plane P,, a display of 
(w,, y) is desired; z.e., one wishes to effect a Fourier trans- 
form with respect to x only, while preserving the y dimen- 
sion. A cylindrical lens, which has focal power in one 
dimension only, can effect a one-dimensional Fourier 
transformation. To display the y dimension at P;, plane 
P, is imaged at P,; 7.e., a double Vourier transformation 
with respect to the y variable is instituted between P; 
and 2. 

A eylindrical lens L,,,:) in combination with a spherical 
lens L, is placed between planes P, and P;. The cylindrical 
lens exerts focal power in the y dimension only and, by 
itself, produces a Fourier transformation with respect to y. 
The lens Lz, by itself, introduces a two-dimensional Fourier 
transformation. The two lenses in combination produce a 
double transformation with respect to y and a single 
transformation with respect to x. Plane P;, therefore, has 
w, and y as its coordinates. Ideally, of course, one would 
like to transfer the y dimension of P, directly to plane P,. 
This is possible only by imaging P, and P,, which, of 
course, implies a double Fourier transformation. 

At the plane P,, a filter element R(w,, y) is inserted. 
This function is interpreted as a multichannel, one- 
dimensional filter which processes each channel inde- 
pendently. A similar cylindrical-spherical lens combination 
between planes P, and P; results in the inverse trans- 
formation with respect to w,. Thus, the output plane P; 
with coordinates x, y displays the input function after 
modification by the filter. 

A simplification is possible if the signals in all channels 
are processed identically. Separation of the channels at 
the plane P,, or frequency plane, is no longer necessary. 
In this event, the cylindrical lenses are not required and 
the optical system reverts to that of Fig. 6. The function 
displayed at the frequency plane P, is, as earlier, S(w,, w,). 
The filter element, being independent of w,, takes the 
form R(w,). The function displayed at plane P; is modified 
with respect to the x dimension frequencies only. The 
operation can be written as 


F'[S(w., o,) R(w,)] 


d(x, y) 


i io. op teda: 


As in the two-dimensional processor, the required 
transfer function can be synthesized in the spatial domain. 
The optical system of Fig. 9 suffices, except that the output 
is taken from plane P,, and the portion of the system 
beyond this plane is not required (Fig. 10). The integral 
evaluated when a slit is placed along the line w, = 0 is 


Pra, y) = |e — 2, WG, » de, 


where, as before, y is a parameter providing multichannel 
operation. 
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Fig. 10—Spatial domain filtering. 


Instrumentations which require only one-dimensiona 
processing need be coherent in one dimension only 
Therefore, in the optical systems described in this section 
the point source of illumination can be replaced by a lin 
source oriented parallel to the y dimension. This is 0 
practical advantage because the available light flux cai 
be increased by several orders of magnitude. : 


Il. PorentiaAL APPLICATIONS 


The first part of this paper has been devoted to al 
exposition of the theory of coherent optical systems, in ¢ 
framework convenient for the purpose of filter design o 
the design of data-handling systems. Emphasis has bee 
placed on a filter-theoretic approach with no loss o 
generality, since all the integral-transform operation 
of interest in the field of communication theory can b: 
described as filtering operations. 

With the theory thus far presented, it is possible te 
discuss some potential applications of coherent optica 
systems. Innovations which are useful in particula. 
problems would be incorporated into the simple optica 
systems already discussed. Amplitude and phase contre 
is available over two-dimensional regions in both th 
space and spatial-frequency domains; this permits grea 
flexibility of filter configurations. | 

However, many of the problems of interest at presen: 
are inherently one-dimensional but have a varying param 
eter. If an optical configuration is sought, one is natural] 
led to an astigmatic arrangement. It is useful to me | 
an alternative approach to astigmatic optical system 
they may be viewed as multichannel data-handling ( 
computing) systems. This alternative viewpoint is dé 
veloped in Section II, A, and a discussion of possibl 
applications appears in Section II, B. The treatment 
Section II, A will not involve any new theoretical concept 
and may be omitted in a first reading; however, it - 
intended to give some additional insight into the appl 
cation of astigmatic systems. 


A. A Multichannel Optical Computer 


The astigmatic systems of Section I, E can be instru 
mented as a multichannel optical computer with broai 
capabilities. The optical system can evaluate integra: 
of the form ; 


960 
b(g) ; 
He,t) = | fle — 0, age, We!" de. (13) 


“he usefulness of an optical technique which evaluates 
ategrals of this form will become evident when some 
iotential applications are discussed in Section II, B. 
lowever, the ease with which optical computations of 
he above form can be made warrants a few remarks at 
his point. 

1) The functions f(#, y) and g(x, y) can be readily 
ecorded. The photographing of intensity-modulated 
athode-ray-tube presentations, or their equivalent, is a 
irect means for converting signal waveforms of very 
irge bandwidths to static form. While care is required 
1 the design of the camera and film transport mechanisms 
*hen multichannel operation is incorporated, the process 
s essentially straightforward. Moreover, the staticizing 
f the signals means that signals with bandwidths of the 
rder of 100 mc per second can be recorded. 

2) The Fourier transformation capability of the co- 
erent optical system permits simple sorting of spectra 
nd easy processing in the frequency domain. 

3) The number of independent channels which can be 
andled simultaneously is limited only by the resolution 
f the photographic film and the resolving power of the 
snses. Generally, at least 20 channels per millimeter of 
Im can be accommodated. 

The multichannel capability is readily demonstrated 
y placing an opaque obstacle with sides parallel to the 
‘axis in the plane P, of Fig. 9. This removes light from the 
orresponding interval in planes P, and P;. Moving this 
bstacle in the y direction in P, (while keeping its edges 
arallel to the x axis) causes a corresponding image 
10tion in planes P, and P;. The edges of these corre- 
ponding image regions have a sharpness determined by 
ne resolution of the optical system in the y direction. 
Equipment in laboratory use employing commercially 
vailable components is capable of providing about 20 
hannels per millimeter. Approximately 500 to 1000 
hannels may therefore be obtained using 35-mm-size 
ptical components. 

A further demonstration of the multichannel capability 
yllows. Let a transparency A(z, y) be inserted into the 
lane P, of Fig. 9. This transparency consists of a number 
f grating strips with varying spatial frequency, the 
arious gratings being stacked in the y dimension. Each 
rating is in effect a square wave written about a bias 
vel (see Fig. 11). 

In the plane P., a spectral analysis of A(x, y), with 
aspect to x will be found in each increment of y. The 
sult of photographing the light distribution in P, is 
iven in Fig. 12. It will be noted that all channels have a 
corded signal at the center. This corresponds, channel 
y channel, to the average level of illumination emergent 
om that channel in plane P,. The images in each strip 
1ow several lines on each side of the central image 
srresponding to the fundamental and harmonics com- 
rising the square wave in each y increment. 
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Fig. 11—(a) Multichannel diffraction grating. (b) Transmission 
function of grating for one channel. 


Fig. 12—Spectral analysis of the multichannel diffraction grating. 
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In some instances, for example, in taking a Fourier 
transform and making a frequency analysis, the output 
is taken from plane P,. Alternatively, the spectrum at 
P, can be modified by means of stops, phase plates, or 
density filters, and the modified signal displayed at plane 
P,;. A photograph of the output at P; is shown in Fig. 13, 
for one channel only. If an obstacle is placed on the 
optical axis in plane P,, the central image (7.e., the de or 
“bias” term) is removed and the contrast between the 
dark and light regions disappears, as shown in Fig. 13(b). 
This interesting behavior can be understood when one 
recalls that the eye (like any photographic recorder) 
responds to light intensity, the square of the light ampli- 
tude. Before removal of the bias level, the total light 
amplitude (bias plus square wave) was everywhere 
positive. Removal of the central image (the de, or average, 
level) causes the amplitude of the light reaching P; to be 
bipolar; both positive and negative amplitudes appear. 
Since the eye and/or photographic recorders can only 
sense the square of this amplitude, positive and negative 
amplitudes cannot be distinguished from each other. 
Therefore, the contrast in P; vanishes when the de is 
removed through filtering. Imperfect symmetry of the 
positive and negative half-cycles, and the loss of high- 
frequency components which accentuate the corners, tend 
to cause the residual effects. In particular, these are the 
dark lines between the half-cycles and the remaining 
slight contrast between positive and negative half-cycles.'’ 

If the central image and first sideband on each side of 
the central image are allowed to pass plane P;, another 
interesting feature may be demonstrated. If all higher- 
order images are removed at P., the image in plane P, 
resembles the pattern of P,, except that the amplitude 
variation is now sinusoidal rather than square. The 
optical filter has passed the de and the fundamental 
frequency, but rejected all harmonics. Fig. 14(a) shows 
the distribution in plane P,, and Fig. 14(b) shows the 
resulting image in P,. If, instead, the central image and 
the second sideband on each side (but not the first) were 
accepted, the image again would be sinusoidal, with 
twice as many lines per unit length present in P; as in 
P, [Fig. 14(c)|. This correspnds to selection of the average 
value and the second harmonic. Any frequencies present 
in the spectral decomposition of A(x, y) (which is usually 
not completely symmetric in practice), may be selected 
and passed by the filter to form a resultant image in P,, 
which is the transform of the spectrum in P,. 

In the process of evaluating an integral in the form of 
(13), it is often useful to perform a filtering operation on 
f or g before taking the product fg. The optical configura- 
tion of Fig. 9 is modified to that of ig. 15 (opposite). Here, 
lens Ly and cylindrical lens L,,,.,, have been added. A 
transparency 


11 A useful operation closely related to the above discussion is 
performed in the phase-contrast microscope. Here, contrast is im- 
proved by retarding the de component by a quarter-wavelength 
of the illumination. A quarter-wave plate placed on the axis of the 
system in the transform plane P» effects the retardation. 


(b) 


Fig. 13—(a) Square-wave diffraction grating. (b) Image of squar 
wave grating after bias removal. 


(a) 


Fig. 14—(a) Square-wave diffraction grating. (b) Image of squai 
wave grating when filter transmits de and fundamental or) 
(c) Image of square-wave grat.ng when filter transmits de A 
second harmonic only. | 


Ln 


oy (3) 


Fig. 15—Modified multichannel optical system. 


A,(x, y) = B, + fia, y) 


s placed in P;, and a second transparency 
A(x, y) = B; =F g(x, y) 


s placed in P;, with coordinate axis properly chosen to 
orrect for image inversion effects. B; and B, are bias 
svels for the two transparencies. 

In the absence of filtering in plane P;, an image of P, 
‘ould be formed in P;. This would illuminate A,(z, y) 
uch that the amplitude emergent to the right of P; would 
e the product 


A,(z, y) Axa, y) Ala, y) 


[B; aU 1G; y) IIB, ri g(x, y)| 


‘herefore, 
i3(2, y) — B,B, am Boia, y) 
A(x, y). 


(14) 


The presence of the bias terms results in three ex- 
-aneous terms which in general interfere with the carrying 
ut of the desired operation. In particular, if a cross- 
orrelation is to be performed, the output is taken from 
lane P, at the position w, = 0. Unfortunately, the term 


'-B,, being a constant, puts energy into P, at w, = 0. 


‘his seriously reduces the contrast in the output. Some 
dvantages of filtering in plane P, are now apparent. If 
n obstacle is place in P, at x, = O, the de component B, 

f the function A,(x, y) may be removed. This makes the 
ght amplitude incident on plane P; proportional to 
«, y) without the bias level. Phase information is present 
nd the bipolar function f(z, y) has its positive and 
egative peaks 180° out of phase with each other. Thus, 
1e first and third terms of the right hand side of (14) 
anish. 

A question now arises concerning the possible error in 
valuating (13) because of the second term of the right- 
and side of (14). The term B,f(x, y) can only be trouble- 
mae if f(z, y), has a de component (7.e., if it contains 
satial frequency zero in the x direction). In this case, a 
omponent caused by this de level will appear at w, = 0 
1 plane P,. The error caused by this term can, however, 
e removed from the system output by recording both 
2, y) and g(z, y) on a common carrier frequency. If the 
inctions resulting from writing f(x, y) and g(x, y) as a 
1odulation on a common carrier are designated as 


A(z, y) a B, oF f’(a, y) 
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and 


Axx, y) = B, + g(x,y), 


then B,f’(x, y) will produce no output at w, = 0 and it 
can be shown that 


|| f'(e — Zo, y)g’(a, ye** ax | 


@r,=0 


= | 1G So, Ugenuie. ae | (15) 


A proof of this equality is given in Appendix II. 


®z=0 


B. Applications to Communication Theory 


In preparing to discuss some possible applications of 
optical data processing techniques, it is useful to list some 
well-known mathematical operations which can be ex- 
pressed in the form of (13). All the operations are taken 
as one-dimensional, but all except the Laplace transform 
permit a varying parameter. It is obvious that integration 
cannot be performed over an infinite interval, as some of 
the general expressions demand. However, in most 
practical cases f(z, y) and g(x, y) will vanish outside 
some interval. In Table I, + L represents the achievable 
aperture limits of the optical system. 


TABLE I 
I(wz, Zo, y) f(x — Xo, y) g(x, y) C1 Wxx a(y) b(y) 
Fourier transform f(x) it ae —L| +L 
Laplace transform| f(x — Zo) g(x) w, = 0} —L| +L 
Cross-correlation f(z — xo) f(x) wow, =0} —L| +L 
Autocorrelation feo = x) g(x) w, = 0) —L | +L 
Convolution f(x) ety eg 0 | +L 


A few realistic problems will now be discussed in terms 
of optical data processing and presentation. 

1) Fourier Transforms: The Fourier transform provides 
the foundation for such areas as filter theory, spectral 
analysis, antenna-pattern analysis, and modulation 
theory, all of which are essential to the general field of 
electronics. 

An optical spectrum analyzer is easily constructed to 
accommodate input signals in the form of a film record 
of a cathode-ray tube display. The technique of optically 
displaying the spectrum may be particularly useful in 
applications where one may wish to alter the spectrum in 
a prescribed manner, as in speech transmission and coding. 

The study of antenna patterns also presents some 
interesting possibilities. It is well known that the far-field 
power pattern of an antenna can be determined from the 
squared modulus of the Fourier transform of the current 
distribution at the antenna aperture. In cases where one 
is interested in the effects of various illumination errors 
on the power pattern, the Fourier transform properties of 
coherent optical systems permit visual observation of the 
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resulting patterns as the optical aperture ilumination is 
appropriately varied to correspond to antenna illumi- 
nation errors. 

One interesting mechanization is of particular interest 
to the filter designer. If a matched filter is to be designed 
for a signal of pulsed form with a constant repetition rate, 
the necessary filter is a comb filter. An electronic comb 
filter frequently is constructed using recirculating delay 
lines, a fairly complex mechanization. An optical comb 
filter, however, is merely a diffraction grating whose 
spacing, for a pulsed input signal, would be determined 
by the pulse repetition frequency of the signal. 

The following experiments demonstrate some additional 
capabilities of optical processors. 

First is a demonstration of optical modulation and 
demodulation. A transparency having, in one channel, an 
amplitude function of the form 


A,(x) = B, + o, cosw,x 
is multiplied by a second transparency 


A,(x) = Bz, + a2 cee 
COS w, | 

The first function A,(x) is the carrier, together with a bias 
term §S,, again required so that positive and negative 
values of the carrier can be represented as density varia- 
tions on photographic film. The second funtion A,(2) is 
a square wave, along with a bias term S,. For convenience 
in carrying out the experiment and in displaying the 
result, a relatively low carrier frequency has been chosen. 
The square wave function is shown in Fig. 16(a), and the 
carrier in Fig. 16(b). The experimental results are shown 
in Fig. 17. 

The modulation process consists of a multiplication and 
a filtering operation. The former is carried out in the spatial 
domain. After the multiplication, frequencies are generated 
which are not part of the modulation function; these are 
the cross-product terms resulting from the bias Sj. 
Appropriately positioned stops act as stop-band filters 
and remove these components. The resulting function 
can be written as 


BB, + Bio\(1 4 22 _ COS weit 
B, | cos w,2 | 


) COS W,.@ 

which is in the standard form of an amplitude-modulated 
carrier. Again, a bias S,S, is required in order to be able 
to record the result. The modulated wave is shown in 
Fig. 16(c). 

To demodulate the wave, two methods are available, 
each having an electronic analog. The first is a linear 
operation, somewhat analogous to synchronous demodu- 
lation. The spectral display at the frequency plane 
produces two spectral images for each frequency, sym- 
metrically positioned about zero frequency. These can be 
regarded as produced from the exp (jw,t) and exp (— jw,t) 
portions of the function cos w,¢, 2.e., from the positive and 
negative frequencies. Suppose, now, that only half of the 
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Fig. 16—(a) Original signal. (b) Carrier. (¢) Modulated signa 
(d) Synchronous demodulation. (e) Full-wave rectification. ( 
Full-wave rectification with filtering. 


(d) 


Fig. 17—Optical modulation and demodulation. (a) Original signa 


(b) Carrier. (c) Modulated signal. (d) Synchronous demodulatio 
(e) Full-wave rectification. (f) Full-wave rectification wi 
filtering. 


frequency spectrum is transmitted (either the left . 
right half plane). Also, let the zero frequency be eliminate 
The modulated wave becomes 


a, Cosa, \,; 
Bao( 1 + — ee | 
B, | cos w,x | | 


A recording device, being insensitive to phase, records 


COS w,X | 
| 5) 


oO Byo iy aes ae ae aT 
i "| COs wed 


as shown in Fig. 16(d). This is the original function befa 
modulation. 

Alternatively, by removal of the bias term, the mod 
lated wave becomes full-wave rectified when record 
[Fig. 16(e)]. Additional filtering to remove the carr: 
frequency terms produces the result in Fig. 16(f). T 
analogy of this operation to the detection operation 
electronics is quite apparent. 

A second experiment demonstrates the use of indeper 
ent phase and amplitude control over portions of 
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sectrum. The coherent optical system is used to obtain 
ie derivative of a function. This is done in the frequency 
main. Differentiation of a spatial domain function 
brresponds to multiplication of the transform by w. 
herefore, the appropriate filter for differentiation con- 
sts of the superposition of: 1) a transparency that is 
daque at the center or zero frequency region and that 
ecomes more transparent at higher frequencies; and 2) 
alf-wave phase plate needed to produce a reversal of 
en for negative frequencies. Fig. 18 shows a pulse and 
's first two derivatives. The second derivative is obtained 
y use of a transparency with transmittance proportional 
dw. 

/2) Laplace Transforms: The Laplace transform is given 


PQ) = | fe dex 
v0 
there s is a complex variable. Let s = a + j@; then, 
F() = Fa, 6) = | f@eve™ dr, 
v0 


*hich has the form of a Fourier transform of the product 
f two functions (except for the lower limit on the integral). 
Tere 8 plays the role of a spatial frequency while one of 
he two functions contains a parameter a. The optical 
onfiguration to be used now follows from the discussion 
{ astigmatic systems. Referring to Fig. 15, the planes 
>, P;, P; and P, are, successively, Fourier transform 
airs with respect to the variable x. At plane P,, there- 
ore, one inserts an f(#) which is uniform over all values 
f y. At plane P;, P, is imaged onto the function e “* 
vhere the y dimension is used to provide the various 
alues of a. Finally, the function F(a, 8) is displayed at 
lane P,, where a and @ correspond to the y and x direc- 
ions, respectively. 

3) Cross-Correlation: The principles of optical cross- 
orrelation have already been described; however, the 
implicity of the mechanization in certain cases is so 
xtreme as to deserve special mention. 

Suppose f(x) and g(x) are two real-valued, narrow-band 
unctions which are to be cross-correlated. (The narrow- 
and condition, bandwidth < center frequency, can be 
atisfied by proper modulation.) The following arrange- 
nent then yields the cross-correlation of f(z) and g(a): 


1) The multichannel optical system of Tig. 9 is extended 
to have successive transform planes (in the x 
dimension) P,, --: , Ps. 

2) At P, the function B, + f(x) is placed in one channel. 
(For B, sufficiently large, no thickness modulation 
is necessary, and the function is purely a varying- 
transmission transparency.) 

3) Plane P, has a stop at zero frequency (on axis) 
which serves as a high-pass filter to reject B, and 
accept f(x). 

4) At plane P;, the resulting function f(x) 1s imaged 
onto B, + g(x), thus forming the product f(z) 
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(a) (b) (c) 
Fig. 18—Optical differentiation. 


[B, + g(x + 2)] where x = 2(r), a displacement, 
may be a function of time. . 

5) Plane P, then contains the zero-frequency com- 
ponent of the integral of the above product on the 
system axis. Therefore, for each value x)(r) the 
output h(r) is given by 


na) = f f@gle + 20(2)] de. 


It is simple to reject B,f because f(x) is a narrow-band 
function. 

One possible immediate application of optical cross- 
correlation as described above is in the reduction of data 
on atmospheric turbulence, where phase records are 
correlated to measure scale of turbulence, effective wind 
velocities, etc. 

The extension of the technique to autocorrelation and 
convolution is obvious from the above discussion. 

4) Display of the Ambiguity Function: The ambiguity 
function” is a useful tool in the analysis of radar and 
communication systems. Thus far there has been little 
success in the area of synthesis. Though one would like to 
specify the characteristics of the ambiguity function and 
then derive the signal function which yields these 
characteristics, the synthesis procedure is undeveloped, 
and one generally resorts to a trial and error method 
utilizing computer techniques. 

As an example of the principles of coherent optical 
systems, three methods of displaying the ambiguity 
function will be given. 

The ambiguity function A(é, w) associated with the 
signal function f(x) is given by 


A(r, w) = / fix)f*(a + rei’? de. 


Generally one is concerned with the modulus squared of 
A(t, w) rather than with A(t, w) itself. 


2 P. M. Woodward, “Probability and Information Theory with 
Applications to Radar,’ McGraw-Hill Book Co., Inc., New York, 
N.-Y-351053. 
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It has been shown that in an optical system there exist 
planes, P,, P2, --- , P,, that are successive transform 
planes. Thesé planes may be used either in a two- 
dimensional sense or in a multichannel sense. In order to 
make use of these concepts, one makes the following 
observations 

1) The ambiguity function A is the Fourier transform 
of the product of two functions, f(x) and f*(z + 7); 

or 

2) The ambiguity function A is the cross-correlation of 
two functions, f*(x) and f(x) e"°?; 

or 

3) If F(w) is the Fourier transform of f(x), then A(t, w) 
is the Fourier transform of the product F(é — @) 
F*(£) (where * denotes conjugate). 

Each of these observations leads to a different imple- 
mentation. 

1) In the first case, the function f(«) is placed at plane 
P, {z.e., for each value of y, the same function f(x) 
is displayedj. The function f(z + 7) is placed at 
plane P; and the y dimension is used to get various 
values of 7. The product of f(z) and f(z + 7) has 
now been completed by use of the multichannel 
capability. Finally, at plane P, the ambiguity func- 
tion is displayed. 

2) The function f(x) e*°” is placed at plane P; and 
the y dimension is utilized for w. The function 
f(x + 7) is passed through plane P3, thereby utilizing 
real time for r. The output is taken from a vertical 
slit placed on the optical axis at plane P,. At any 
instant of time, A(w, 79) is displayed. 

3) The third implementation is similar to the first 
except that the spectra F(w — w)) and F(w) are 
placed at planes P; and P3, respectively, and the y 
dimension corresponds to w. 


III. Conciusions AND COMMENTS 


The treatment of optical systems, primarily coherent 
optical systems, which has been presented in this paper 
shows that optical data processing and filtering systems 
may often present advantages over their electronic 
counterparts. The chief advantages stem from the follow- 
ing properties: 

1) Optical systems are inherently two-dimensional. 

2) Coherent systems inherently generate successive 

Fourier transform pairs. 

3) Independent control over phase and amplitude of 

special components is easily effected. 

4) Multiplication is effected by a simple imaging 

process. 
Many other interesting properties then follow from these 
four. 

However, many practical difficulties may arise to offset 
the possible advantages of a data-handling system. These, 
in general, originate from the use of photographic film as 
a medium for generating the function transparencies. 
The noise-like effects of film grain, perturbations in 
emulation thickness, and the effect of spurious scattering 
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of light, all bear further investigation and, in some cast 
present serious limitations. The question of comple 
independence between phase and amplitude control 

optical filters is treated in a manner which attributes r: 
properties to the light wave and therefore bypasses t 
question of field phenomena when very small objects a 
allowed to intercept the wave; a scattering analysis 
probably in order for this problem. Lens systems lim 
resolution and hence channel capacity and channel densit 
The delay time involved in developing photographic fil 
may be intolerable for some applications, Investigatio 
which will dictate the ultimate limitations and practic 
bility of optical computing or data-handling systems a 
far from complete. However, the flexibility and inhere 
implicity of optical channels appear to assure this tec 
nique a promising role in forthcoming filtering and dat 
handling problems. 


APPENDIX I 
TRANSFORM RELATIONS IN COHERENT SYSTEMS 


In Section I, C of this paper, the following three prope 
ties of coherent optical systems were given: 


B(as ) Ys) = SE, (x, ye ates (9 
Bs , Ys) = 90 for Z, = Z,, (9 
Bes ) Ys) == 0 for Zi = Lie . (9 


These properties are demonstrated with the aid of Fi 
4. Suppose that lens ZL, forms a collimated beam of mon 
chromatic light. Calculation of #; at 2x3, y3, given F 
requires finding the optical path length from 2, y; 
Xs, Ys. Bs is then the integral, over plane P,, of 2, proper 
delayed in phase according to the distance r, 


1 1 + cos 6 


i ir 2d B,(a, Vee dx, dy; 

where : 
\ = wavelength of light, 
d = amplitude attenuation factor resulting fro 

distance between planes P,; and P3, 
I 0 ta 
a ~tihe obliquity factor and 

r = the distance between the points (z,, y;) al 


(Xs, Ys). 


In the systems to be considered, 1/j is dropped becau 
absolute phase and amplitude are of no consequence, t 
d in the denominator is dropped because the distan 
attenuation is negligible, and the obliquity factor 
dropped because @ is always sufficiently small that c 
6 1. The above expression becomes 


i q 2 
RE, = [2 exp | -1 2 rs, Us Oss w) | dx, dy; 


To calculate r(x, 1, 3, ys), consider the configurati 
of Fig. 19. 


Cutrona, et al.: 


Fig. 19. 


A plane wave P, making an angle 6 with the normal 
8 shown) is brought to a focus at 23, where 


tz = fsin 6. 


his implies that the optical distance between x; and any 
pint on plane P/ is a constant c. This constant is 


ae 

Be /f to s+ VP +e 

Z 2 

=g+ ft ( _ a) for small 6, and using - = . 


he distance from plane P; to x, is obtained by adding 
1e term 


; 2 
| —2x, sin § = ae 
‘he total distance from x, to x is 
| 
x Lx 
= A, + Bors — 7 te 


‘his approach can be carried out in two dimensions to 


ield 


(vs + y5) 


im Yi, X35 Ys) = Const. + E — 2 3f 


f 


XX3 YiYs | 


i / 


nally, 


iE ts {f ee eer dx, ay, baton 


here 
rare __ 2nkz 
Oo, = Af ? 
_ __ 2rYs 
Wy = Ni ) 


r= (945), 


hich demonstrates (9a); (9b) follows immediately by 
atting g = f. 

Condition (9b) can be obtained subject to weaker con- 
itions than those required in the above analysis. It is 
ssumed only that the lenses are aberration-free, and 
ygether serve to image plane P, onto plane P; (Fig. 20). 
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It is readily shown that each Fourier component 
e *‘°*ew ot P, produces a plane wave which is brought 
to a focus on plane P, at position 


To = eee 


Ne ape 
Dae” eS Qa 


This implies that plane P, displays properly the two- 
dimensional power spectrum of the P, signal, but implies 
nothing about the relative phase of the spectral com- 
ponents. Thus, at plane P., one has 


Ey = 5[H,]-exp {901(22, Yo)} 


where £, is the difference between the actual phase of F, 
and the phase required by the transform relationship. 
Similarly, 


B, = Bye? , 
If a real function is placed at plane P,, 7.e., 
Silt, #1) = Ut1, 1), 
then at plane P; an image of plane P, is observed, 7.e., 
S3(#s, Ys) = Si(—%1, —Y). 


(The minus signs appear because successive Fourier 
transforms are taken with the kernel e’***.) One then has 


t—x, —y) = {ees [ta y)]} 


which implies 


I 


By 
Bb. = 


hence (9b) is proved to within a constant phase factor. 
Since phase is measured relative to the phase at 73; = 
y3 = 0, this constant is zero. 

That only the planes P, and P, can be Fourier Trans- 
form planes is implied by the previous analysis. Again, 
however, this can be proved on the basis of a weaker 
assumption, namely that an aberration-free lens of 
arbitrary f number is used. Let a point source of illumi- 
nation be placed in plane P,. The Fourier transform of 
the point (a spatial impulse function) is a uniform ampli- 
tude function with linear phase shift.’* Therefore, if P, 
and P, constitute a Fourier transform pair, the light at 
plane P, must be collimated. Therefore, P, must be in 
the focal plane of the lens. Similarly, the point source 
may be placed in plane P;, in which case it is obvious that 
P, must be a focal plane for the transform relation to hold. 
Therefore, (9c) is proved. 


constant, 


constant ; 


13 The linear phase shift is in fact a constant if the point source 
is on the optic axis. 
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AppEnpIx II 
RECORDING OF CoMPLEX FUNCTIONS 


It is the purpose of this appendix to show how complex 
functions may be recorded as real functions and yet retain 
the essential features of the complex function. Eq. (15) of 
the text will be derived. 

Suppose f(¢) is a complex function having no frequencies 
higher than w). Denote the Fourier transform of f(t) as 
F(w). Let f(t) modulate a carrier and call the resulting 
function g(t); 7.e., 


g(t) = fe'*. 

The spectrum of g(t), namely @(w), is given by 

Cw) = Fw + w). 
Instead of recording f(t), a complex function, Re g(t)) is 
recorded 

Re (g(Q) = fo(t) cos [a(t) + woé] 

if 

AO) = folte*. 


Note that if f(f) represents an electronic signal, then 
Re (g(#)) can be obtained directly by first setting f(é) 
with a rotary phase shifter, thereby performing the 
operation, 
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Summary—A class of quaternary codes is described, and an 
algorithm for generating the codes is given. The codes have proper- 
ties that make them useful for radar applications: 1) their auto- 
correlation consists of a single pulse, 2) their length can be any 
power of two, 3) each code can be paired with another code (its 
mate) of the same class in such a way that the crosscorrelation of 
mates is identically zero, 4) coded waveforms can be generated in 
a simple network the number of whose elements is proportional to 
the base-2 logarithm of the code length, and 5) the same network 
can be readily converted to a matched filter for the coded waveform. 


. * Manuscript received by the PGIT, October 14, 1959. 
+ Communications and Data Processing Operations Equipment 
Diy., Raytheon Co., Waltham, Mass. 
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fo(t) cos [wt + a(t)] — folt) cos [@ + wo)t + a(d)]. 
And then synchronously detecting the signal, produci 
fo(t) cos [(w + wo)t + a(t)] > fold) cos lat) + wot]. 


For positive frequencies, the spectrum of Re (g(t)) 
the same as that for g(t). (Recall that C(w) = 0 f 
w <0.) Therefore, if the negative frequencies are rejects 
optically, the resulting function is g(t) to within a consta: 
multiplier. 

Suppose one would like to perform the following ope 


ation on two complex functions f,(t) and f.(¢): 


| nopstoe’** at, 


and suppose further that one would like not to reco 
complex functions. It has been shown above that one ¢ 
make available f,(t) e’*°’ under the restriction of recor 
ing real functions. In a similar manner, f(t) e ’*°* ¢ 
be obtained and since the optics introduce the ker 
function e’*’ automatically, the following operation 


carried out: 


[ reoe'pamer*'el*' at = | Alofaloe"* ar, 


which is the desired operation. Eq. (15) of the text 
obtained by letting f,; and f, be real. 


I. INTRODUCTION 


T IS well known' that the defection capability of 
radar is independent of the transmitted sign 
waveform, if noise figure, antenna gain, and averay 

power are held constant, and if a matched filter is use 
in the receiver. It is also becoming widely recognized th: 
the range resolution of a radar (7.e., the minimum rang 
difference at which two equal point targets can be r 


+P. M. Woodward, ‘Probability and Information Theory, wi 
eae to Radar,” McGraw-Hill Book Co., Inc., New Yor 


ved) is inversely proportional to the spectral band- 
dth of the transmitted waveform. Something that 
thaps is recognized less widely, although it is often 
wre important, is the fact that for a given integration 
ne, the range accuracy (i.e., the standard deviation of 
ige error) is also inversely proportional to the band- 
Ath. 
Striving for fine resolution and accuracy has stimulated 
at interest in pulse-coding—a technique for iticreasing 
dar bandwidth without reducing average power or 
sreasing peak power. In practice, the problem of design- 
s a coded-pulse system usually entails a search for a 
itable rectangular-envelope waveform whose ambiguity 
action is free of undesired maxima in the critical region 
ar the origin. Frequently, the figure-of-merit of interest 
the product of the duration and the spectral bandwidth 
the waveform, or the time-bandwidth product. A simple 
ty to achieve a large time-bandwidth product is to 
vide the pulse into a sequence of contiguous subpulses 
d to choose at random the carrier phase in each sub- 
ise. Since the bandwidth of the resulting waveform (in 
cles per second) is the reciprocal of the subpulse dura- 
mn, the time-bandwidth product is equal to the number 
subpulses. The autocorrelation function of the wave- 
im consists of a central spike embedded in a noise-like 
ekground, sometimes referred to as ‘‘hash.” We shall 
fine hash ratio as the ratio of the peak magnitude of the 
sh to the magnitude of the central spike. A binary- 
Jed system has been described” in which the phase in 
ch subpulse is either 0 or zw. In this system, the hash 
io can never be less than the reciprocal of the number 
subpulses. This bound results from the fact that for 
tain arguments, the autocorrelation function is equal 
the bound multiplied by the sum of an odd number of 
egers, each having a value of either 1 or —1. The 
iter knows of no case in which the bound actually is 
ched when the number of subpulses exceeds 13.° The 
covery of longer subpulse sequences with acceptable 
sh ratios involves extensive search. 
Receivers in coded-pulse systems contain a matched 
“7 whose impulse response is the time-inverse of the 
ected waveform of the received pulse. Matched filters 
linear by definition; they may be time-varying or 
e-invariant. Time-varying matched filters include the 
salled correlation receivers. Strictly speaking, corre- 
on receivers are matched only at discrete times; hence, 
y are optimum only for targets at discrete ranges. This 
itation constitutes a weakness in some applications 
., search systems); in others (¢.g., range-tracking 
tems) it does not. An advantage of correlation receivers 
hat the reference waveform can be generated using 
linear devices such as oscillators and flip-flops. 


W. M. Siebert, “‘A radar detection philosophy,” IRE Trans. 
INFORMATION THEory, vol. 2, pp. 204-221; September, 1956. 
J. Storer and R. Turyn, “Optimum finite codes,’”’ Proc. Symp. 
>ecent Advances in Matched Filter Theory and Pulse Compression 
miques, Rome Air Dev. Command, ARDC, USAF, Griffiss 
3, N. Y., RADC-TR-59-161; September, 1959. 
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Great practical difficulties frequently arise when 
system considerations dictate the use of a time-invariant 
matched filter. The complexity of such a filter increases 
with increasing time-bandwidth product. For example, 
the number of cascaded delay lines or the number of 
sections in a lumped filter may become inordinately 
large. 

We have pointed out two difficulties encountered in the 
design of coded-pulse radars with large time-bandwidth 
products. First, it is difficult to specify explicitly a satis- 
factory waveform. Second, it is difficult to construct a 
time-invariant matched filter. This paper proposes a 
quaternary coding scheme through which waveforms with 
arbitrarily large time-bandwidth products can be specified 
readily. Furthermore, it describes a simple canonic-form 
realization of the matched filter associated with the coded 
waveform. 

Basic definitions are given in Section II. Section III 
describes a class of binary codes. This class is used as a 
basis for defining the quarternary codes discussed in 
Section IV. Section V treats the design and the properties 
of quaternary-coded waveforms. Matched filters are de- 
scribed in Section VI, and the paper is concluded in Section 
VII. An appendix contains proofs of theorems. 


Il. Basic DEFINITIONS 


A letter is an element of an alphabet; its only property 
is that it can be distinguished from all other letters of that 
alphabet. An alphabet of length n is a set of n different 
letters. 

We shall use the lower-case letters a, 6, y, 0 of the Greek 
alphabet. We shall be dealing with two alphabets: a 
binary alphabet containing the letters a and 6, and a 
quaternary alphabet containing the letters a, 6, y, 0. 

A code of length k is an ordered set of k elements, each 
of which is a letter of the same alphabet. We shall use the 
lower-case Roman letters with single subscripts to repre- 
sent elements of a code, the numerical value of the sub- 
script denoting the place of the element in the code. 

A code may be designated in several ways—most 
simply by an upper case Roman letter (with or without 
subscripts and superscripts), more explicitly by showing 
expressions for several representative elements separated 
by commas and all enclosed in parentheses, or most 
explicitly by writing down the whole sequence of letters 
within parentheses, showing commas between symbols. 
Examples of code representations are the following: 


Ani (0, 5 Om) 
G = (a,b, Te ae D4), 
Fi = (a, a, 0, 7): 


The inverse of a given code is the code obtained by 
inverting the order of its elements. It is indicated by 
underscoring the code symbol. Thus, if 


A = (a, B,Y, 9), 
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then 
A ra (0, 7, B, a). 


The product of two letters is a scalar quantity that can 
be arbitrarily defined for every pair of letters. The product 
of two letters is indicated by writing the two letters next 
to one another; thus, the product of @ and 6 is a8. For 
binary alphabets, the product is obtained by some investi- 
gators by associating the scalar quantities 1 and —1 with 
the two letters of the alphabet and taking their arithmetic 
product. An equivalent procedure is to use the scalars 0 
and 1 and to substitute modulo-2 addition for multipli- 
cation. Here, we shall find it convenient simply to define 
the product table and to avoid associating scalar quantities 
with letters. The following binary and quaternary product 
tables have been found useful and will be adhered to in 


this paper: 
aa of | _ bel 
is ‘A ies 4 
law oB ay ad] | 1 -1 O 0 
SOMERS OYA GB) pl 1 0 0 
jon yoy yo OF 0.4 he 
Eda? «08 POV a0! veut. “0 Onl! i 


Inspection of these matrices shows that the operation is 
commutative. No ternary product table (real or complex) 
could be found by the author with properties useful for 
the intended application. 

The product of two codes corresponds to the scalar 
product of ordinary vectors and is defined by the formula 


AB cae dD a;b,, 
where 
A= (a,, ae Ons 
B= (b;, 92> 5.05)". 


Codes will be called orthogonal if their product equals zero. 

The convolution of two codes is a vector of scalar 
elements. This vector has properties analogous to those 
of an ordinary convolution function, inasmuch as each 
element of the vector is the sum of products of the elements 
of two “shifted” codes, one of which is inverted. Con- 
volution is designated by placement of an asterisk between 
the two code symbols. Explicitly, we define 


P = A*B = (pn, °** 5 Dads 
where 
p: = tee Tee Gnas) (Onn gs esis pty) y teen one 
(pce a) (Oapces, Ds. Aiea 
A = (a, *** , G), 
Beaty, o = b,). 
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The autocorrelation of a code is defined as the ¢ 
volution of the code and its inverse. Symbolically, 
autocorrelation of A is given by the expression A 
Similarly, the crosscorrelation of A and B is A*B. 

The composition of two or more codes is the ¢ 
obtained by writing the original codes one after anot. 
Conversely, a code may be partioned into shorter co 
Notation is illustrated by the following formula, in wl 
C is thé composition of A and B. 


C =(A‘B) =, 


We may also say that C is partitioned into A and B. 

We shall need to define additional operations for bin 
alphabets and codes. The sum of binary letters is a bin 
letter and is defined as follows: 


Pe ee 
Bae rp Bic: 
The sum of binary codes is a binary code obtained 
adding corresponding elements; thus, 

A eee = (a, a i b,, ahs | Ces b,) « 
As defined here, addition corresponds to the modi 
addition of binary sequences defined elsewhere in| 
literature. | 


Scalar multiplication of a binary code is defined onk 
the scalar is an integer. If k is an integer, we define 


even, 


Lp eee k 
A, k odd. 


The operation is distributive; that is, 


kA + kB =k(A+ 8B), 
and 


kA + mA = (k+ m)A. 


The intersection of binary letters is an operation deno 
by the symbol (). It gives rise to a binary letter as defi 


below: 
Kies pe a "| 
BN GS uGN Qa 


The intersection of binary codes is defined as follo. 


A(\B = @, (\ Git oat eee 


* Our definition for the intersection of binary codes corresp 
to Reed’s definition for the product of codes: I. S. Reed, “A 
of multiple-error-correcting codes and the decoding scheme,” 
on ON InrorMaTION THEORY, vol. 4, pp. 38-49; Septem 


Che negative of a binary code is the code obtained by 
interchange of the letters a and 8, and is indicated by 
Loverbar. Thus, if 


A= (a, Qa, B), 


A = (8, 6, a). 


III. A Cuass or Binary CopgEs 


Let A* be a periodic binary code of length 2°, where 
= 1,---,k. The first 2*~* places of A* contain the letter 
the next 2'~* places contain the letter @; the next 2°* 
aces contain the letter a, etc. 

Let X* be a vector of length k whose components are 
her 0 or 1. The subscript 7 is numerically equal to a 
lary number associated with the components of X‘; 
at is 


k 
| a ees 
tS » X;2 } 
; 7=1 


DG CaO OU ee 


Using the above definitions, we may now associate with 
ery vector X* a code Bi by writing 


k 
Bi = 2) a;4j. (1) 
7=1 
nis defines a set of 2° codes for each k. It is easily shown 


at 
BB = ,. 


De he aa 


1 # J, 


wus, the codes of each such set are mutually orthogonal.’ 
Additional distinct sets of mutually orthogonal binary 
des can be obtained by choosing any binary code of 
igth 2” not contained in the Bi set and adding it to 
ch code in the set. For our purpose, a particularly 
eful choice is the code 


k-1 
Clon ew bee (2) 
7=1 


ing this code, we define the codes 
Di= BPC’. (3) 


r any k, the set of all D{ codes consists of 2" mutually 
hogonal binary codes of length 2". The totality of these 
s for all positive k constitutes the class of binary codes 
present interest. We shall refer to codes of this class as 


>The codes of any set correspond directly to the Reed codes 
mnging to the set $;*, for which ap = 1 (Reed notation). They 
closely related to the Walsh functions, discussed by: N. Wiener, 
onlinear Problems in Random Theory,’ Technology Press_ of 
ss. Inst. Tech. and John Wiley and Sons, Inc., New York, N. Y.; 
21, 22; 1959. 
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D-codes. Moreover, we shall call k and 7 the order and 
rank of Dj, respectively. We shall call the vector X* the 
rank vector of D*. 

The codes D and Dj are defined as mates if |i — j| = 
2°". We shall denote the mate of a D-code by a tilde. 
From previous definitions, we find that 


Disp a (4) 


hence, that any code and its mate agree in the leading 
2°" elements and disagree in the rest. 

D, and D¥ are neighbors if |i — j| = 1 and max (4, j) is 
odd. A D-code and its neighbor agree in the odd elements 
and disagree in the even elements. 

Theorem I: The composition of a D-code and its mate is a 
D-code of the next higher order and of the same rank: 


Dees 50 a) ees = Neer 
Corollary: 
Die (Dye eee) a oie ee 


This theorem, together with the definition of mate, 
allows us to write down long D-codes without reference 
to the cumbersome definitions in terms of A‘, B‘, and OC”. 
If the rank of the code is less than half its length, the 
composition theorem applies, and we simply write down 
the code of the same rank and next lower order followed 
by its mate. If the rank of the code is not less than half 
its length, the corollary applies; therefore, we write down 
the code of the next lower order and of rank diminished 
by 2°" followed by the negative of its mate. Repeated 
use of these rules ultimately carries us to the first-order 
codes, which we can remember easily: 


D = (a, a) 
Di = (a, §). 


At every stage of partitioning, we test the rank of the 
code to be partitioned to determine whether the theorem 
or the corollary applies. 

The process of writing long D-codes is further simplified 
by the recognition that testing of rank at every stage of 
partitioning is equivalent to an examination of a particular 
component of X*. More explicitly, if at some stage we 
wish to partition D%, m = 2, --- , k, then we must use the 
theorem if z,, = 0, and we must use the corollary if 
a,, = 1, where z,! is the mth component of the vector X? 
associated with the original code Df. Moreover, we find 
that the first-order code called for as a result of the final 
stage of partitioning has a rank equal to «;. We may there- 
fore compose D* directly by inspection of X? without 
explicitly writing down the partition formulas first. For 
example, let us compose Di,. The number 12, expressed 
in four-place binary form, is 1100. These binary digits, 
in reverse order, are the components of Xt; hence, Xi, = 
(0, 0, 1, 1). Since x}? = 0, the first two places of D}, contain 
the elements of Di, and we have Di, = (a, a, -:-). Since 
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x, = 0, the next two elements of D‘, are the mate of 
(a, a); thus, we have Dt, = (a, a, a, B, --+). Since x3” = 1, 


the next four elements of Df, are the negative of the mate 
of) (a;.a,, ah 6) hence, Di) = (owe, ans, 6, Ba, Bye): 
Finally, since x,” = 1, the last eight elements are the 
negative of the mate of the first eight, or 


Diz = (a, a, a, BY 8; ey 2, BB; a, By Ba, B). 


We observe that we have an algorithm for finding D-codes: 
Given a D-code of some length, we can generate a D-code 
of twice that length by partitioning it in the middle thus, 
DA Be 

and then writing 

De CA Bae B) 
or 

Deie= (AB PAB) 


Theorem I1: The inverse of a D-code (or the negative of the 
inverse, depending on the rank and order of the code) is the 


mate of its neighbor: 
ADE [Dis n odd, 
|bt.., n 


n odd: 


nm even: even, 


where 


k 
n= k+ > gi. 
j=1 
Corollary: Let d,,, d,, dp, d, be four elements of a D‘-code 
placed symmetrically with respect to the center of the 
code, so that 


m<n<p<q, wih n—m=q->p 
and 
m+q= De eahe 
Then 
Pah bee i d,05)- 1 n= mM ~ evens 
ere n—m odd, 
aa 5h dda, p—m_ odd, 
; Pics p—™m even. 


IV. A Crass or QUATERNARY CoDES 


In Section III, we have defined a class of binary codes, 
the D-codes. We now define a related class of quaternary 
codes, the H-codes. The code H* is obtained from D* by 
replacing even-place a’s and 6’s with y’s and 0’s, respec- 
tively. Explicitly, if 


Di = (di, +++ 5 dn); 
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then 
Ws = (:, detec RGAE 
where 
d;, ~ odd, 
é; = 17; 4 even, dp= a4 
0, a even, Op = Ge 


The notion of code pairs that are mates or neighbor 
extended from D-codes to H-codes by the follow 
definitions: the codes E* and E% are mates if, and only 
D* and D* are mates; they are neighbors if, and only 
D* and D* are neighbors. 

In the following discussion, we shall make use of t 
special vectors, defined as follows: A pulse vector P* i 
vector of 2'** —1 components whose 2‘th compon 
equals 2" and whose other components equal zero. A 1% 
vector N* is a vector of 2"** —1 components, all ec 
ponents being zero. A code is a pulse code if its au 
correlation is a pulse vector. Two codes are mutu 
exclusive if their crosscorrelation is a null vector. 

Theorem III: 1) Every E-code is a pulse code; 2) 
E-code and its mate are mutually exclusive: : 

Ei * HE; = P’; 
Hef = NY 

The first part of Theorem III is the most import: 
result in this paper. It is a direct consequence of ~ 
quaternary multiplication table adopted in Section 
and it establishes a basis for waveform design, as ¢ 
cussed in Section V. The process that led to the select 
of the multiplication table deserves some comment. 1 
object was to find a table for which the first part 
Theorem III would hold for arbitrarily long codes. In ° 
search for a suitable table, certain necessary and suffiei 
conditions were first established which, when satisfi 
would ensure that, given any pulse code, if such a 4 
existed, a new pulse code could be found by twinning - 
elements of the given code. Formation of a new ood 
twinning is accomplished by the substitution of 
ordered pair of elements for every element in the origi 
code, using a fixed rule for substitution. A workable r 
for £-codes is | 


a-a,y 
B— 8,0 
iin 


ORY 


It was found that no binary or ternary code could sati: 
the conditions. This does not imply, of course, that 
binary or ternary pulse codes exist. Such pulse codes 
exist, but no twinning system exists that always yie 
new pulse codes from such pulse codes. 

Next we examine the effect of a modified multiplicati 
table on the autocorrelation of H-codes: 
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aa ay € =e 
Ba 68 By ga} _|—1 i 5 
ve vB yy yo Ee Wh) aaa 
Sierds. dys dd) op py j=] 1, 


note that the original table is obtained if « = v = 0. 
reover, if e = vy = 1, the H-code acquires the properties 
ts associated D-code. Let 


Is k k 
M; = E;* E; = (My-2% ,° °° , Mt-1), 
re 


Qk 


Mp = Ds €€s—py 


s=pt+l1 


pS Alene ee, Diy, 
even “shifts” (p even), only the 2 X 2 subtables in 
upper left and lower right corners of the multiplication 
2 are involved. Therefore, from Theorem III, 


ee Be p= 0; 
0, p #0, p even. 
odd shifts we obtain 
Be geet 4g 
eV De do. aes te € 3 doe+1 Oa pp 
s=(pt+1)/2 s=(pt+1)/2 


p odd. 


lication of the corollary of Theorem II enables us to 
ice the number of terms in each sum if p < 2""*. We 
uin 


(2k-24(p-1)/2 2k—24 (p—1)/2 


; 
] 
| 


de. Ce ats € Ooest Gaetaas 
s=2k—24] s=2k—2 
k=1 
ag se lie ey Bee aly 
; Qk-1 gk-1-] 
ae do. Goes = € Des Opesi Opin ys 
z s=(pt+1)/2 s=(p+1)/2 
k=1 e=1 k 
ye a sce 


similar derivation of m, for negative odd p yields 
lar results, except for an interchange of ¢ and v. This 
change results in a lack of symmetry in the auto- 
elation vector—a result that follows naturally from 
asymmetric multiplication table. 

n upper bound for |m,|, p odd and positive, can be 
blished through use of the fact that each term in the 
3 equals either 1 or —1. The magnitude of the sum 
ot exceed the number of terms: 


My S Uy 


2 
p= + 1,2") +3, +--+ 2% -— 1. 


s 
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The least upper bound for wu, is given by 


max (u,) = i. Sie) steer 
yo"? + 2"? — 1), 


Yue 
vy>e 


Direct evaluation of |m,|, p odd, for particular H-codes 
reveals that this bound is not generally attained for 
k > 38. A representative graph of the autocorrelation of 
an E-code is shown in Fig. 1, with uw, indicated. 


32 pm, =32 


mol 


UPPER BOUND, u, 
16 


a 
ma 
ie A 
~N 
7 
— “a 
ad LOWER BOUND, -up 


Fig. 1—Autocorrelation of Ho> with e = »v = 1. 


V. QUATERNARY-CODED WAVEFORMS 


Let the function g(¢) represent a waveform of finite 
duration, let g(t) = 0 when |t| > 7/2, and let h(f) = 
g( —t). We may synthesize functions of the form 

{@) = 22 jgt —irto + Yo fk —i+o, 
where the coefficients f; take on values from the set 
(1, —1) and ¢ is a constant. We shall call waveforms of 
the form f(#) quaternary-coded, because they consist of a 
succession of subpulses of duration 7, each having one of 
the four waveforms g(t), —g(t), g(—#), —g(—?). 

An E-coded waveform is defined as a quaternary-coded 
waveform for which 


re i ; ”) 

Ci; v 

where the e; are the elements of an l/-code. If the H-code 

is of order k, we shall find it convenient to set 

c = (2"—1)r/2 in order to center the code with respect 
to the time origin. 

Two H-coded waveforms are defined as mates, if, and 
only if, their associated H-codes are mates; they are 
neighbors if, and only if, their associated H-codes are 
neighbors. 

An E-coded waveform consists of an alternation of an 
even number of g(t) and h(t) subpulses whose polarities 
are prescribed by the associated H-code. The leading and 


odd, 


even. 


? 


406 


trailing subpulses have the waveform g(t) and +h(f), 
respectively. The time-inverse of an H-coded waveform 
associated with a given H-code therefore consists of an 
alternation of h(— t) and g(— #) subpulses whose polarities 
are prescribed by the inverse of the H-code. Since the 
number of subpulses is even, and since h(— #) = g(t), the 
inverse of an EH-coded waveform (or its negative) is the 
E-coded waveform associated with the inverse of the 
given H-code. Therefore, from Theorem II, the inverse 
of a given H-coded waveform (or its negative) is the mate 
of the neighbor of the given waveform. We shall define 
two waveforms as matched if one (or its negative) is the 
time inverse of the other. The foregoing discussion consti- 
tutes a proof of the following Theorem: 

Theorem IV: An E-coded waveform and the mate of its 
neighbor are matched. 

We now examine the relationship between E* * #* and 
the autocorrelation function of f(d), 


6) = f fedfu — 8) du. 


=.) 
Dae i 


0) = 00 j odd, 
ho, j 


Substitution of the formula 


fd) = a fot eat ts 2 


where 


even, 


and interchanging the orders of integration and sum- 
mation yields 


di (NT =P t) = m3 fifi- Qj, i- At sy 1 0, 2 ar ie 
where |t| < 7/2, and 
dnl) = | gid gn(s — 0 as 
Since 
orld), j= oven, 
b} (t) = dat), j odd, m even, 
dult), 7 even, m odd, 
and 
Pits = C;€m,y 
we obtain 
ds(nt + t) 
ok 
1:(t) ye, €;€j—ny n even, 
ae jent+l 
2k Qk 
i2(t) De €€i-n + halt) De €j€j—n) n odd. 


7=n+1 
7 odd 


g=ntl 
j even 
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Comparison with the formulas for m, 
shows that for t < 7/2, 


[2on@, n=0, 


in Section 


bs(nt + t) = 
lo, nO, even 
and 
di2(An + dai(t)B,, 
=i oe Pie 
g,,(n7 + t) = : 
di2(t)C, + dailt) D 
n= 2'4t1,2%%* 4 3, oe 
where 
2k-24(n—-1)/2 
A, a da, dee 
sa2k-24) 
2k-24(n—-1)/2 
B, Soe dos +1 dye 1=as 
s=2k—2 
Qk—-1 
Ca = DS dos dp .- —n) 
s=(n—-1)/2 
Qk-1—4 
Ds = 2 dos+1 specs 
s=(n+1)/2 


and where the d, are the elements of the D-code associa 
with the #-code. 

Combining equations now gives the following expres 
for the autocorrelation function of an E-coded wavefo1 


bs 7(t) a 2"bri(0) 


Ks iE pa(| it) — nore eee 


n odd 


where 
J ee oa 
hee n> oe 
Lal Deena 
| RSI. 


Now, if the waveform g(t) is suitably chosen, we 
ensure that 


ae | $12(t) | mee | gai(t) | K $1:(0), 


so that the hash becomes small and 
y,(t) = 2"bii(2), 


approximately. We see that the shape of the autocorr 
tion function and, hence, the spectral bandwidth of ' 
waveform f(t) are independent of k. On the other he 
the time duration of the nonzero portion of the wavef 
is equal to 2"r. The time-bandwidth product, theref 
is 2" times as great as the time-bandwidth produc} 
g(t). With a suitable waveform g(f) we can produce w 
forms of arbitrary duration having a fixed correla: 
interval. 


‘0 Weltt: Quaternary Codes for Pulsed Radar 


vet f(é) and f(t) be two distinct E-coded waveforms 
ose associated H-codes are mates. A derivation similar 
the derivation of ¢;,(¢) shows that the crosscorrelation 
ction of f(¢) and its mate has a form similar to the 
ression for ¢;,;(¢), except for the omission of the term 
u(t). This property may prove useful in certain appli- 
ions. For instance, in an asynchronous communication 
tem using a binary channel, mating waveforms could 
transmitted. Mating matched filters used in the receiver 
ald produce easily detected short pulses at their 
puts. Transmission of the same waveform a number 
umes in succession would produce a train of readily 
slvable pulses at one of the receiver outputs. 

“he hash ratio, sidelobes, and ambiguity function of an 
ioded waveform generally resemble those of the sub- 
se waveform g(t). At distances greater than a subpulse 
zth away from the origin, the ambiguity function 
yg the time axis) is composed of the crosscorrelation 
ction of g(t) and h(¢). For a linearly-swept FM wave- 
n g(t), this crosscorrelation function is a linearly- 
‘pt waveform with the same range of frequencies but 
ce the duration. 


! VI. Canonic-Form Network 
‘or certain radar applications, it is desirable to con- 
ict a time-invariant linear filter whose impulse response 
he coded-pulse waveform or the time inverse of that 
reform. The network shown in Fig. 2 fulfills this require- 
at for H-coded waveforms. Its essential components 
a pair of input filters—matched filters with the impulse 
ponse g(t) and g(—t)—and k delay lines. The desig- 
ions H'(#) and E(t) denote locations where the impulse 
yonse of the network is an E-coded waveform associated 
h the code E’ and its mate, respectively. The delay 
_of the jth stage has a delay of 2’-'r. Its output splits 
» two branches, one of which has a polarity reversal. 
> location of the negative branch is determined by the 
component of the rank vector X‘ as follows: If z} = 0, 
lower branch is negative; if z} = 1, the upper branch 
egative. The two output signals of the jth stage are 
es. The validity of these assertions is readily verified 
tracing signals through the network and observing 
t, for g(t) = a(t), where 0(¢) is the Dirac delta function, 
1 stage of the network is a mechanization of the 
rithm (given in Section III) for generating a D-code. 
ing g(t) ~ g(— ¢) mechanizes the rules used in trans- 
aing D-codes into H-coded waveforms. 
loded-pulse radars sometimes employ a pair of matched 
rs whose impulse responses are the time-inverses of 
another. The transmitted waveform is generated in 
filter after that filter is excited by a trigger pulse. 
other filter processes the return echoes. Since the 
filters need not operate simultaneously, it is possible 
onstruct both with the same physical elements. The 
ched filter for the filter of Fig. 2 is obtained by inter- 
iging the final outputs and by relocating the negative 


———_  __ : 
Input Filters kth Stage 


Ist Stage 2nd Stage 


Fig. 2—Canonic-form filter with H-coded impulse response. 


branch in the first stage of the network. That these 
changes achieve the required result can be inferred from 
Theorem IV. In the network of Fig. 2, the waveforms 
appearing at the two output taps are mates, and the 
neighbors of these waveforms are obtained by relocation 
of the negative branch in the first network stage. 

A striking feature of the network of Fig. 2 is its economy 
of parts. The number of stages in the network increases 
as the base-2 logarithm of the time-bandwidth product of 
the coded waveform. In other words, a doubling of the 
time-bandwidth product is afforded by the addition of a 
single stage. Another feature of the network is its flexi- 
bility. The code can be made changeable by the insertion 
of suitable gates in the crossover sections to effect the 
necessary switching. This property may be useful in 
communication systems. 


VIL. Summary 


An algorithm is given for generating a class of quater- 
nary codes. Codes of this class have autocorrelation 
functions consisting of a single positive component 
embedded in an arbitrarily long sequence of zeros. It is 
shown that certain waveforms related to the quaternary 
codes have properties suitable for coded-pulse radars. 
Specifically, the time-bandwidth product of these wave- 
forms can be made as great as desired, and their hash 
ratio can be strongly bounded. Another property of the 
waveforms is that each waveform can be paired with 
another waveform (its mate) with which its crosscorre- 
lation is particularly low. 

A canonic-form realization of the time-invariant 
matched filter for the waveforms is given. The canonic 
network consists of a cascade of lattice-like stages and 
has the property that the addition of a single stage doubles 
the time-bandwidth product of the network impulse 
response. Moreover, the same network can be used to 
produce coded waveforms, their mates, and their time- 
inverses. 


APPENDIX 
We shall find the following definitions useful: The 
code A“ is a code of length 2” in which all elements are 
a’s; the code B* is a code of length 2° in which all elements 
are B’s. 
Proof of Theorem I: From the definition of A‘, we have 


(4! : t) = Ae, (6) 
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‘ 


From (1), we obtain k ie. ink k i > BE 
Di Dy = ae Bi A ea te 
k : a g=1 g=1 
ESO) he yeah | 
- 2X a( are sages The final form of the expression depends on whet 
; i d ber of times: 
But for 7 = 0, --- , 2” —1, the factor x;,,, = 0; hence B. appears an even, or an odd. uumber Oli 
: 7 dd, 
a Een Wonpenen are os DD A 
7 oii ak Dec LL 2 : Be n even, 
From (2), where 
k=l k ; 
GPa AL MONA sel OiAa n=k+ Dia}. 
j=1 j=1 
Use of (6) and of the identity A**t = (A*: BY) yields ‘This completes the proof. : 
< Proof of Theorem III: We shall prove this theorem 
: ee Mast i PCRS two steps. First, we shall show that if the theorem he 
ot = 2 (4 Ai) ‘a Gis Aes) for H-codes of order k — 1, it must also hold for H-co 
a } of order k. Second, we show that it holds for H-codes 
a ( yes At) Py ( At: B*) order 1, and hence the theorem must be true. Theorer 
. : implies that 
k—1 Sette : , 
= bs ASO Aja : APA Abs,] Ew (17 R) and F = (LR), 
a ( AOA” ART B') where Z and R are H-codes and mates (or negati 
; of mates). We may expand the autocorrelation of E 
: follows: 
te (c: ; o*) te (4" ; At). (8) OLOWS 
Et f= (1 +R :0---0) 
From (8), the addition of (7) and (8) gives eich 
Dies Dei Di). ( 4" at), i= Dern gD” = Te + (oooh 
Since Di + A* = D*, substitution of (4) results in es (0 ey; “PR *R o-# 
Dt — (p: ; bt) 5 1 = 0, ahaa. we =a 1 
; - (0 0: R * 1): 
and the theorem is proved. ‘ 
Proof of Theorem II: From the definition of A* we find The crosscorrelation of # and EF is 
that A* + A* = B". This identity can be used to expand 3 Ase: 
the expression Ai () A‘,, E+E = (1 *Ri0+:- 0) 


Aenea = (Ay UB CCAS BS 
CA Aes Nace Ain eA eigcler Barna 
Ai + Aja + AGO Ajay +B" (9) 


I 


Using (1) and (8), we write the expansion 


k 


Di + Di = >) xi(Aj + A} 


7=1 


+(0---0:R+z). 


k-1 ; ; . k Now, if the theorem holds for Z and R, these express: 
++ > (AGO Aja) + (AGO Aji]. reduce to H * EH = P* and E * # = N*, and the theo 
; also holds for # and EF. Let us test the theorem for the | 


Use of (9) gives the reduction first-order codes (a, \) and (a, 6): 
k k-1 
De + D; = SS 2B + Se (Aj - Aue + B"), (a, d) . (A, a) a (0, 2, 0). 
i=l i=1 
a; X) * (6, a) =", 050). 
In the second summation, the terms A‘, 7 = 2, --- , Simin a : 
k — 1 occur twice; hence, they make no contribution. We Since the theorem holds for first-order codes, it 


are left with for all codes, and our proof is complete. 
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orrespondence 


timum Approximation to a 
itched Filter Response* 


a matched filter radar or communica- 
| systems, the required matched filter 
ally is not realizable as a lumped param- 
* network. Since the use of lumped 
ameter networks is attractive, it is of 
rest to know how well one can do in 
roximating the matched filter by a 
ar system with only a few parameters 
t may be chosen freely. This note 
stibes an investigation of this approxi- 
‘ion problem and presents theoretical 
‘its on the use of simple RLC circuits 
ilters matched to a rectangular pulse. 
et g(t) be the impulse response of a 
r matched to the signal g(—t) = 0 for 
0 andt > T. If g(—t) is applied to a 
r whose impulse response is g(t), the 
out will be maximum at t = 0. Now let 
be the impulse response of the approxi- 
ing filter, F. h(t) is a function of a 
rber of parameters, a;,7 = 0,1,2,...,n. 
determined by the permitted complexity 
ue filter, and the a, are chosen according 
some criterion to give the optimum 
for a particular value of n. Two criteria 
; might be used to determine the a; are: 


) Maximize (signal/rms noise)?,,,, at the 
_ time when the matched filter would 
| have its maximum output, v7z., 


i g(t)h(t) a) if [ “120 dt 


is to be a maximum. 


) Minimize the integral of the square of 
the error between the desired and 
actual impulse response, v2z., 


Po = n0F 


_ is to be minimized. 


first criterion assumes white noise at 
: input and gives a result that is inde- 
lent of the gain of the filter. The second 
s a result that is gain dependent. How- 
, it has been proved that the two criteria 
to the same form of optimum impulse 
onse. Note, however, that in general 
maximum signal-to-noise ratio out of 
_approximating filter, F, does not 
ssarily occur at the time when that of 
matched filter is maximum (at t = 0 
lis instance). 

ae proof of the equivalence of the two 
ria is as follows: Maximization of 
il-to-noise ratio requires that 


Received by PGIT, February 1, 1960. The 

reported here was performed at Lincoln Labora- 

a technical center operated by Massachusetts 

ae of Technology with the joint support of 
ehh Amy, Navy, and Air Force. 


[, ne sae n(x) 4 = AP 


: g(x) = a dx 


| : h(x) dx 
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| \ 4) - H6) | de, 


we have a third and equivalent criterion. 
This result has been used to determine 
some optimum inpulse responses of the 
form m,(t) = e-@:4(1 + aot + ... + af?) 
to match a rectangular pulse of duration 
T. The transfer function of the resulting 


xe OSS : 

‘i ) = optimum filter has an nth-order real pole 

‘| g(a)h(a) dx and n — 1 finite zeros. The results for 
0 n = 1, 2, 3, 4 are indicated in Table I 

TABLE I 

n aT aT a3T? as T3 p —10 log p 

1 1.2564 = = = 0.8145 0.890 db 

D 2.8427 10.476 = _ 0.8861 0.526 

3 4.5376 —2.8841 34.990 == 0.9149 0.386 

4 6.1807 13.830 —73.917 283.75 0.9304 0.313 


Minimization of the error requires that 


[ie se h(x) ~ ~ dx 
Pate 


Let h(t) = aon(t), where ao is the optimum 
gain factor determined by the equation 
immediately above for 7 = 0, and 7(¢) is 
a function of the parameters ai, a2, .-. , Qn. 
Both criteria then lead to the following 
condition: 


= II Se SS 


Me OTe ss 
[r@ ay ee 
7 

On 4. 
[a 32 ae 


i n (a) dx 
Jo : 1 


i g(a) n(x) da 


Therefore, n(t) is the same for the two 
criteria.! Since the minimization of the 
time domain error 


[to = nor ae 


is equivalent to minimization of the fre- 
quency domain error 


1 George L. Turin of Hughes Research Laboratory 
has given (private communication) an elegant proof 
of the equivalence between maximizing the signal- 
to-noise ratio and an alternate form of error minimi- 
zation, viz., minimization of the integral of the square 
of the error between normalized forms of the desired 
and actual impulse responses. The normalization is 
with respect to energy. His proof uses a geometric 
visualization of these waveforms in signal-space. 


(p is the SNR out of the optimum filter 
compared to that out of the matched filter) 
The results for n = 2, 3, 4 are new, and 
the result for n = 1 agrees with that given 
by Peterson and Birdsall.2 For these cases 
it turns out that the output signal has its 
peak value at the same time as the matched 
filter, so within this class of networks, 
these are the best approximations to the 
matched filter. For n = 2 there is a value 
of a7 that gives a minimum value of p, 
and for n = 3 there is an m7" that gives a 
minimum and another that gives a sec- 
ondary maximum value of p. For n = 4 
there are two minima and two maxima for 
p. The parameters for the largest values 
of p are shown in the table. For n = 2, 3, 
and 4 there are more cases to be investi- 
gated (complex poles, separate poles on the 
negative real axis, or a combination of 
these) all of which require the solution of 
simultaneous transcendental equations. 

As seen by the values of p in the above 
table, n = 8 is about the point of 
diminishing returns for the approximation 
when increase in complexity is weighed 
against increase in performance. A filter 
whose impulse response has an envelope 
of n3(t) has been constructed. Its impulse 
response, the pulse to whichit is ‘‘matched,”’ 
and its response to this pulse are shown in 
Fig. 1. Note the discontinuity of the slope 
of the envelope in Fig. l(c) at the time 
corresponding to the end of the input pulse. 
The envelope in Fig. 1(a) is within 3 per 
cent of the designed envelope, and the 
frequency of the fine structure is within 
1/2 per cent of the designed value. The 
measured value of p is within 0.1 db of the 
theoretical value of 0.915. 

In order to determine how well a much 
more complex network approximates a 
matched filter for a rectangular pulse, the 


2 W.W. Peterson and P. T. Birdsall, ‘‘The Theory 

of Signal Detectability,’”’ Electronics Defense Group, 

Dept. of Elec. Engrg., Univ. of Michigan, Ann Arbor, 
Tech. Rept. no. 13; 1953. 
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Fig. 1—(a) Impulse response of optimum filter with 
a triple order pole and two finite zeros. (b) Pulse 
to which filter is matched. (c) Response of filter 
to (b). ma 


SNR ratio at the output of a network 

designed by Strieby* was calculated. This 

network has 8 poles and 6 zeros, and its 

impulse response is an excellent (although 

not a least error) approximation to a 

rectangular pulse. p = 0.96 for this net- 
work. 

J. W. Crate, JR. 

Lincoln Lab. 

Mass. Inst. Tech. 

Lexington, Mass. 


3 M. Strieby, ‘‘Time Domain Synthesis by Means 
of Trigonometric Polynomial Approximations,”’ Res. 
Lab. for Elec., Mass. Inst. Tech., Cambridge, Mass., 
Tech. Rept. no. 308; January, 1956. 


Coherent Detection by Quasi- 
Orthogonal Square-Wave Pulse 
Functions* 


With the rise of digital systems there 
has been an increasing need for pulse- 
communications techniques which operate 
efficiently in an extremely noisy environ- 
ment. Statistical methods have been 
developed in an attempt to optimize 
desirable characteristics inherent in the 
transmission of information. Such _pro- 
cedures applied to digital transmission 
usually require that information be coded 
at the transmitter and coherently detected, 
using matched filters at the receiver. For 
good discrimination in the presence of 
noise it is sometimes desirable that the 
code symbols be orthogonal wide-band 
signals, having about the same energy 
per symbol,as per Bell'and Price and Green? 


* Received by, the PGIT, October 16, 1959. 
1D. A. Bell, ‘Information Theory and its Engi- 
neering Applications” Pitman Publishing Co., New 
York, N. Y., second ed.; 1956. 
2R. Price and P. E. Green, Jr., ‘‘A communi- 
cations technique for multipath channels,” Proc. 
IRE, vol., 46, pp. 555-569; March, 1958. 


(presuming, of course, that all symbols 
are equally likely). 

It is well known that sine and cosine 
functions form an orthogonal set, and are 
therefore very useful in coherent detection 
of like signals. In this article the code 
symbols will be square-wave pulse functions 
¢,(t) of differing repetition rates. A message 
will consist of a sequence of these functions 
equally spaced in time. When the square 
waves have equal amplitudes and time 
duration, the code symbols all have equal 
energies. 

The remaining criterion governing the 
code symbols is that they be orthogonal. 
However, it is not really essential that the 
symbols be strictly orthogonal, but that 
the error due to nonorthogonality be small. 

When, by proper choice, a set of functiors 
is made to look orthogonal to any desired 
degree, the set of functions is said to be 
quasi-orthogonal. It will be shown in this 
paper that such a set may be composed 
entirely of square waves. When a signal 
coded by such waveforms is multiplied 
by a locally generated square wave of the 
same character, and integrated over one 
symbol length, the integral of the resultant 
is high; when the two square-wave signals 
are of differing character, the integral 
value is equal to, or smaller than, the 
orthogonal error allowed. Such a scheme 
could be used for those space-telemetry 
systems in which orthogonal codes have 
found advantage.’ 


SQUARE-WAVE SYMBOLS 


Let {¢;(t)} be a set of (normalized) 
square-wave pulse functions, each ¢,(¢) 
element of which is positive-going at t = 0, 
of unit magnitude, with n; half cycles in 
the interval (¢ = 0, 1), and zero elsewhere. 
Consider two elements, ¢(t) and ¢,(t), 
of the set and form the integral 


= | 4.4.00 at. (1) 


Denote the highest common factor 
(greatest common divisor) of the pair 
N%, Ni, aS (n;, n;); similarly, denote their 
least common multiple as (n,;, n;) (that is, 


the least number divisible by both n; 
and n;). 
Theorem. The value of the integral in 


(1) above is 


[ $.(t)p)(t) dt 


0 if ae : is even 
- : (2) 
(Maths) . (py t Ales is odd 


[n:, n;| (n;, up) 

When n,; = n; the integral is unity; when 
n; and n; have unequal powers of 2 as 
factors, the integral is zero. Such functions, 
then, are othogonal. Stated another way, 
the set {n;} has elements nj; = 2*()n,’, 


3 R. W. Sanders, “Communication Efficiency of 
Space Telemetry Systems,” Proc. National Telemetry 
Conference, Denver, Colo.; May, 1959. 
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where k(i) is some nonnegative inte; 
and n,’ is a positive odd integer. ? 

Corollary. A set of square-wave pu 
of the type described is orthogonal 
and only if, all the elements of the 
{k(¢)} are distinct. 

When [n;, n;]/(n;, n;) is odd, the inte; 
in (1) does not vanish; however, it may 
made arbitrarily small by proper chc 
of n; and n;. A set of functions witl 
small integral error may be termed qu 
orthogonal, or orthogonal to within sc 
small error (;, n;)/[n;, n;]. If the eleme 
of {n;} are distinct and relatively pri 
then the maximum integral error is eq 
to or less than 1/n,n,, where n, and 
are the two least odd elements of {i 
When these numbers are large, the “‘se 
orthogonality”’ is established. 

Fig. 1 gives the error coefficients 1;; 
a set {n; = 1, 2, -+- 18}. Notice in 
figure how the numbers become, in gene 
more nearly orthogonal as n; and n; 
larger (that is, farther down the diagon 

Although no two of the code symk 
have the same bandwidth, such a differe 
need not affect system performance i 
code-symbol set {n;} is chosen such t 
each n; is large, and such that the rs 
n;/n; for each n; and n; in {n;} is appre 
mately unity.* 

To any given set of semi-orthogo 
square waves with a specified orthogo 
error, other elements may be added with 
increasing the error by merely choos 
the n, of such an added function ¢,(¢) 
be a multiple of some n; already in the 
{n;}. 


PRoor oF THEOREM 


Consider the square waves of n,, 
half cycles, and let v = (n,;, n;). Divide 
interval (¢ = 0, 1) into v subintervals 
the points ? = k/v, k = 1, 25 aya 
Only at these points do both functii 
cross the zero axis, and therefore, si 
each is a square wave, the product funet 
possesses even symmetry about these poi 
The product also has symmetry about. 
mid points of the subintervals, because | 
components are square. This latter sy 
metry is odd if [n;/v, n;/v]) is an e 
integral, since then either n;/v or n;/) 
even and the other odd; hence, one of. 
functions ¢;(t), ,(¢) goes through ; 
here, and the other is midway between ; 
crossings. The product thus crosses thro} 
zero and is an odd function about | 
midpoint. Similarly, when [n;/v, n;/v] is 
odd integer, the product is an even func? 
about the midpoint. The numbers n;/v 
n;/v are relatively prime, and the inte: 
in (1) is 


th $:()b,(t) dt 


v-1 


=S [os « 


k=0 


l/o 
=o] a(oo(o ae. 
) 
| 
4R. C. Titsworth and L. R. Welch, ‘‘Modul) 
by Random and Pseudo-Random Sequences,’, 


Propulsion Lab., Pasadena, Calif., Prog. Rept 
20-397; June 5, 1959. 
| 
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che integral is zero if ¢;(t), ¢;(t) is an 
function about the midpoint; this 
‘urs when [n;/v, n;/v] is even, and 
hes the proof for the first part of the 


orem 
the integral of the product for even 
Ipoint symmetry will now be calculated. 
me? = n, n;/v = m. These integers 
| both odd, and relatively prime. Divide 
“subinterval (t = 0, 2/v) into 2mn equal 
ts; let x = (unm)t and 


n=1 2n-1 


=> res ee Sle 


p=0 a=0 
ae wom — 1; (4) 


are wen is a primitive 2nth root of unity. 
is discrete function is unity at those 
ots where ¢,(t) is +1 in the corresponding 
srval, and zero where it is —1. Thus 
) may be represented by [2S,;(x) — 1] 
liscrete points x = 0,1, --- , 2mn — 1. 
. summation of the form 


2n-1 
qx’ 
Wan 
a=0 


_1 if 2’ = 0 mod 2n; (5) 


0 if x’ 4 0 mod 2n. 


ting x’ = x — p, and summing from 
: 0 to n — 1, generates a square wave 
he proper duration and form. 


The product has period 1/v, and hence 
the integral from 0 to 2/v is twice the inte- 
gral over 0 to 1/v. The product in this 
former range may be represented as 


o:(o;(t) Genie Orrnas 28, (0) 
— 286) + 48 5(a)S;(a) (6) 


as shown in Fig. 1. 

Such a representation is advantageous 
in that each nonzero point in the discrete 
function is proportional to the integral 
over the next adjacent interval of width 
At = 1/nm; hence, the integral over 0 to 1/v 
is 


[sooo at 


1 2nm—1 


> fl — 28,(2) 


ASU Se 
= 25, 48. DS,a)lo> — (7) 


The first three terms of the integral summa- 
tion are 


1 2nm—-1 


> [1 = 28.0) — 28,(2)] 


AID =p 


mee [2nm — 2nm — 2nm] 
mv 


All 
The last term is 
il 2nm—1 2n-1 m—-1 2m—-1 n-1 
——— 
7 (55M) weereer We ar Sarena Ser 
Ct—p)e rz) 220 1 
"Won 2m >a 2 
2n mv 
Ket ee 
Won Wom Sy [w2nWom] - (9) 
a.D, zx 
T.8s 
Choose the primitive ow, = e/7/", then 
@2m = ei7/m The inner term of (9) is a 
geometric series whose sum is 
2mn—1 
.. (mg + nr 
>) exp | oe ian( met mr, 
xz=0 2mn 
1 aS SEED) 


is (mg + | 
} exp E og SiR 


Clearly, the right side of (10) vanishes, 
unless mq + nr/2nm is integral; if this is 
the case, then 


mq + nr = 2nmk 


for some integer k. Arrange this equation as 


(11) 


One solution is gq = r = 0. If q andr are 
nonzero, then m must divide 7, and n must 
divide q, since (n, m) = 1. In the range of 
q and 7, the only solution is gq = n, r = m. 
Under these circumstances, the sum is a 
sum of 2mn ones. 

Thus, the sum in (9) is 


m(2nk — q) = nr. 


OL IE 
m—-1 n-1 
deigealie ; 
UUMte -=ome=o 
1 m-1 n-1 
he PE (1)? EGS Nera) 


Since m, n are odd, then this final term is 
1/v + 1/vnm. The entire expression in (7) is 


i " g.(t)b,(8) dt 


1 1 it 1 
——} a a | ee if 
Vv vs Vv =p unm unm ( 3) 
The product nm is n,n;/v? = [n:, nj]/v; 


thus, by (3) the total integral is v times the 
subintegral given in (13), 


1 _ (m,n) 


[ni n;| ae 


[ edo. ae = 


and the theorem is complete. 


R. C. TrtswortH 
Jet Propulsion Lab. 
Cal. Inst. Tech. 
Pasadena, Calif. 
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Solution of an Integral Equation 
Occurring in Multipath Communi- 
cation Problems* 


In some recent work on multipath com- 
munication we obtained an integral equa- 
tion similar to one discussed by D. 


Middleton.! This equation is further dis- © 


cussed in an erratum by D. Middleton in 
this issue.2 We shall describe briefly some 
other methods of solution which in some 
cases give more “‘practical’’ answers. The 
equation to be solved is 


ott, ) = [ ne, OMe, 2) de, 


Soto: Sao Sct) 


where p(f, +r) is a known symmetrical 
positive-definite function, and the h(z, t) 
is unknown and is to be determined. Since 
x is limited by the range of integration to 
the interval (0, 7’) it can readily be shown 
by application of the frequency sampling 
theorem’ 4 that we may write A(z, t) in 
the form 


hte. i) = ss f(t) exp (2x), 


n=—2 


OF Saat a7 (2) 
Substituting from (2) into (1) we get 


ey 


[op (PEO EM) a 
a 23 oe f.(t)f,(7)-T'- 6(n + m) 


TLL 


n=—o 


= Th(dfdn + ea That)f.d2), (3) 


where the bar denotes the complex con- 
jugate function. 

Now since p(t, 7) is real, symmetrical, 
and positive-definite it can be expanded 
by Mercer’s theorem! in the form 


p(t, T) — a du(bn(7) 


Certs, P, (4) 


* Received by the PGIT, October 15, 1959. This 
work was supported se part by the Wass Army 
(Signal Corps.), the U. S. Air Force (Office of Scien- 
tific eee Air Le and Dev. Command), and 
the U.S S. Navy (Office of Naval Research). 

1D, "Middleton, “On the detection of stochastic 
signals in additive normal noise—part I,’ IRE 
TRANS. ON INFORMATION THEORY, vol. IT-3, pp. 86— 
121, eqs. (277)—(285); June, 1957. 

2D. Middleton, this i issue, p. 349. 

3P, M. Woodward, ‘ ‘Probability and Information 
Theory with Applications to Radar,’”’ Pergamon 
Press, London, Eng. ; 1953. 

47, Kailath, “Sampling Models for Linear Time- 
Variant Filters, ” Res. Lab. of Electronics, Mass. 
Inst. Tech., Cambridge, Mass., Tech. Rept. no. 352; 
May} 1959. 

B. Davenport and W. L. Root, ‘‘An Intro- 
beens to Random Signals cat Noise, ” MceGraw- 
Hill Book Co., Inc., New York, N. Y.; 1958. 


\ 


where 


wo) = | ol, del) dr) 


and the i, are real and nonnegative. From 
(3) and (4) we see that the f,(¢) can be 
obtained by suitable identification with 
the ¢,,(t). It is clear that this identification 
is not unique, but can be made in many 
ways. Furthermore the constant Times (3) 
may be written+/7' exp (jg):~/T exp (—J¢) 
where ¢ is arbitrary, so that we can obtain 
an infinity of solutions with arbitrary 
phase functions for the f,(t). When a choice 
for the f,(t) has been made, the solution 
for h(z, t) follows from (2). We may use 
our great freedom of choice to obtain the 
simplest form for h(x, t) and perhaps also 
to avoid any divergent solutions. This 
matter of convergence is not easily dis- 
cussed in general terms but can be settled 
for each particular case. Notice too that 
in our derivation we have not restricted 
h(x, t) in any way outside the square 
(0 <2,t < T). This may also be of advan- 
tage in some situations. We may also 
notice that we could obtain a similar 
solution by using for h(z, t) any other 
expansion, > >, f,(t)g,(z), for instance, 
where the g,(x) are orthogonal over T, 
instead of the trigonometric expansion 
used in (2). The g,(t) may then be chosen 
to fit particular situations. 

Mercer’s theorem suggests another form 
of solution for h(a, t); viz., 


her, ) = DO) $0), 


© Syd eR TG) 


where (A,,)'/2 is real because the X, are real 
and positive, although some of them might 
be zero. This solution, of course, is the 
analog in the continuous case of the well- 
known method for proving that a real 


_ symmetric positive-definite matrix A can 


be written as the product of a real non- 
singular matrix and its transpose.® 

In general, the expansion for p(t, 7) by 
Mercer’s theorem will have an infinite 
number of terms unless (and in fact, only 
if) p(t, r) is a “separable’”’ kernel; that is, 
p(t, 7) can be written 


N 


p(t, T) = >. uUn(t)v,(7). (7) 


n=1 


If the wu,(t) and »v,(t) are exponential func- 
tions, the eigenfunctions of p(t, +) (5), are 
readily found and are, in fact, themselves 
linear combinations of exponential fune- 
tions. Such a p(t, r) will give solutions by 
the first method for h(a, ¢) of the type 


h(x, t) = sum of terms like 
at 


é. COs 6%, 


0 <4 7275 3) 


6 KE. A. Guillemin, “The Mathematics of Circuit 
icecream does Wiley & Sons, Inc., New York, 
. Y.; 1949. 
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Thus, for kernels of the separable ty 
this method often gives a conven 
answer. In other cases it may sometime; 
possible to sum the infinite series for h(: 
or to approximate it suitably by a fi 
sum. In applications, it is often requ 
to realise A(z, t) of (2), (6), (8) as ti 
variant filters. Some methods of reali 
time-variant filters of this type were gi 
previously.4 Notice that both methods 
solution give filters A(x, t) that are 
general unrealizable, though they 
always be made realisable with a delay 
not more than 7’ seconds. 


Tuomas Kari 
Dept. of Electr 
Engrg. and J 
Lab of Electror 
Mass. Inst. T 
Cambridge, M 


Correction to ‘‘On the Detection © 
of Stochastic Signals in Additive 
Normal Noise-Part I’ | 

The interpretation of optimum syst 
structure for the detection of normal n; 
signals in additive normal noise descri 
in the previous paper’ is not entirely cor) 
in the case of the time-invariant filter she 
in Fig. 2 therein. It is not possible to hi 
a time-invariant filter alone here, if fi 
samples are considered; a time-vary 
switch is needed, in addition. In all ca 
the linear element preceding the z: 
memory square-law device (or multip: 
in the second interpretation) is ti 
varying (and may or may not be real 
able). Accordingly, in (77), (131), ( 
the upper limit on the integral shoulc 
t, rather than 7’, while to write (276) imp 
the aforementioned time-varying swi 
Fig. 2 should be modified accordini 
also. Moreover, it is also not possible 
choose a purely invariant linear filter | 
(275) for suboptimum systems, with 
similarly implying a time-varying swf 
For a full discussion of the optimum zi 
here and in general threshold dee 
systems, see the author’s paper in | 
present issue The author is indebte 
T. Kailath® for calling attention to) 
incomplete interpretation of structur 
the present instance. 


1D. Middleton, ‘On the detection of stocl! 
signals in additive normal noise-part I,’’ IRE Ti 
on INFORMATION THEORY, vol. IT-3, pp. 86i 
June, 1957. 

2D. Middleton, “On New Classes of May 
Filters and Generalizations of the Matched 
Concept,” IRE Trans. on InrorMATION TH 
shies issue, pp. 349-360, 

8 For a discussion of related time-varying { 
and some further references, see T, Kailath, “So 
of an integral equation oceurring in mul|l 
communication problems,’’ this issue, pp. 414 
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manager at M.1I.T.’s Dynamic Analy 
and Control Laboratory, where he was | 
sponsible for development of analog co: 
puter systems and components, and whe 
he performed machine analyses of int 
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eption and terminal control problems. In 
956, Mr. Welti joined Hycon Eastern, 
ne., Cambridge, Mass., as a staff member, 
rhere he studied redundant automata and 
wormation coding. Since 1956, he has been 
mployed by the Raytheon Co., Waltham, 
Jass., as a staff engineer, where he has 
ierformed analyses of radar, navigation, 
ommunication, and anti-jamming systems. 
ie is presently serving as manager of 
ihe Advanced Development and Systems 
\nalysis Department of the Communi- 
ations and Data Processing Operations. 
| Mr. Welti is a member of Pi Tau Sigma 
jod Sigma Xi. 
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the B.A. degree in physics in 1928, the M.A. 
degree in mathe- 
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the Ph.D. degree in 
physics in 1940, all 
from the University 
of Colorado, Boulder. 

From 1941 to 1945, 
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Douglas Aircraft 
Company, Long 
Beach, Calif., as a 
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neer in charge of physical testing of aircraft 
material and parts. From 1945 to 1946, he 
was an associate physicist at the University 
of California Division of War Research, 
San Diego, studying the scattering of 
underwater sound. Since 1946, he has been 
employed as a civilian scientist at the 
U. S. Navy Electronics Laboratory, San 
Diego, Calif., doing research and theoretical 
studies in sonar reverberation, communica- 
tion and detection problems. 

Dr. Westerfield is a member of the 
American Physical Society and the Ameri- 
can Mathematical Society. 
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This section of the Transactions describes material which may be of interest to Rem members 
and which is not readily available in United States professional journals. Industrial and University 
reports are sources for much of the material; also, articles originating outside the United States are 


emphasized. It is suggested that members familiar with such material communicate the pertinent 
information to the Abstract Editors: Richard A. Epstein, Jet Propulsion Laboratory, California Insti- | 
tute of Technology, Pasadena, Calif.; George L. Turin, Hughes Aircraft Company, Culver City, Calif. | 


Sequences with Randomness Properties, 
by 8S. W. Golomb, (The Martin Co.); June, 
1955. 


Linear recurring binary sequences and 
their associated polynomials are investi- 
gated. The necessary condition for maxi- 
mum_-length sequences is that the associated 
polynomial be irreducible. Exact formulas 
for the number of irreducible polynomials 
and for the number corresponding to the 
maximum sequence period P = 2” — 1 
are given. The “randomness’’ conditions 
for maximum-length linear recurring se- 
quence (MLLRS) are specified as: 


1) In each period there are (P + 1)/2 
ONEs and (P — 1)/2 ZEROs. 

2) There are 2”-*-2 runs of k consecutive 
ONEs (as well as of ZEROs) in each period, 
for 1 < k < n — 2, plus one run of n — 1 
ZEROs and one run of n ONEs. 

3) The periodic autocorrelation function 
C(r) = 1/P YP ,21 44%, takes on only two 
values: C(0) = (P + 1)/2P, Cir # 0) = 
(P + 1)/4P. 

The correlation property is particularly 
useful in recovering phase (or range) 
information from a signal in a noisy environ- 
ment. 

The MLLRS sequences are characterized 
by the “cycle-and-add’’ property: 


{ay} = {n+7} = {Ante}. 


They are all obtainable as linear shift 
register sequences, a significant mechaniza- 
tion advantage over other sequences with 
two-level correlation. 

The final chapter discusses computational 
methods for finding the polynomials which 
correspond to the MLLRS. 


Nonlinear Shift-Register Sequences, by 
S. W. Golomb and L. R. Welch, (Jet Pro- 
pulsion Lab., Cal. Inst. Tech.); Memo. No. 
20-149; October 25, 1957. 


Results of recent investigations into the 
mathematical theory of binary nonlinear 
shift-register sequences are summarized. 
These are sequences derivable from recir- 
culating shift register in which the com- 
bining operations are allowed to be of 
forms other than logical addition. The 
correlation and periodicity properties of 
these sequences are discussed and the work 
of de Bruijn on maximum-length sequences 
is extended. A statistical model is suggested 
for the distribution of cycle lengths. 
Tabulations of values obtained in extensive 
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experimental research are also included 
together with a discussion of their signifi- 
cance. 


Pulse Compression, By R. Kronert, 
Nachrichtentech.; Vol. 7, April, 1957. 
(Translation available from Crerar Library, 
Chicago, IIl.) 


A method is described that enables 
frequency modulated HF pulses to be 
“compressed’’—7.e., decreased in width 
and increased in amplitude. A high fre- 
quency Gaussian impulse is considered 
wherein the carrier frequency rises linearly 
with time; the compression after trans- 
mission through a filter with phase delay 
distortion is computed, an ideal filter for 
the purpose of compression being assumed. 
An optimum transit-time gradient (7.e., 
an optimum number of sections) is thus 
obtained for a given impulse shape. The 
extent to which the behavior of all-pass 
filters approximates the case of ideal com- 
pression is then examined. 

In Part II, of Kronert in the July, 1957 
issue of Nachrichtentechnik, experimental 
demonstrations of the theoretical results 
are described. 


Experimental Study of Tapped Delay- 
Line Filters, by D. W. Lytle, (Stanford 
Electronics Labs.) Tech. Rept. No. 361-3; 
July 30, 1956. 


A method of synthesizing a matched 
filter is developed through the use of the 
sampling theorem. The matched filter, and 
also the matched signal generator is com- 
posed of tapped ideal delay lines, low-pass 
filters, and adding circuits. In theory, use 
of the method suggested allows for any 
finite bandwidth and finite time duration 
signal as the matched filter. Binary signals 
whose matched-filter outputs are close to 
ideal (pseudorandom signals) are con- 
sidered. A measure of the quality of these 
signals is defined so that different metched 
signals may be compared. Results of ex- 
periments on a tapped delay line matched 
filter are reported. 


On the Properties of Matched Filters, by 
D. W. Lytle, (Stanford Electronics Labs.); 
Tech. Rept. No. 17, June 10, 1957. 


Matched filters are defined and their 
properties as optimum signal detectors 
discussed. Conditions under which matched 


filters are realizable are énumerated. Thes 
conditions are not unduly rsetrictive ani 
a variety of synthesis methods are appl 
cable. The method providing greates 
flexibility and adaptability is the synthes: 
procedure which employs tapped dela 
lines. This mode of synthesis is base 
upon the sampling theorem of frequene 
limited time functions. | 

Two novel methods of synthesizin 
matched filters are investigated. Thes 
types, termed multiple band-pass and al 
pass inverse-matched filters, may b 
employed when the matched signal : 
prescribed. The latter type is shown to bh 
inferior to the tapped-delay-line matche 
filter because of its low effective-time 
duration matched signal. The multipl 
band-pass inverse-matched filter may hay 
a large effective-time-duration matche 
matched signal, but it does not preser 
the flexibility or ease of synthesis offere: 
by tapped delay lines. 


Range and Velocity Accuracy from Rada 
Measurements, by R. Manasse, (M. I. T 
Lincoln Lab.); Group Rept. 312-26; Febrv 
ary 3, 1955. 


A method for the determination of rang 
and Doppler velocity with a radar syster 
in an optimum manner with the use ¢ 
matched filters as well as the accurac 
obtainable with this procedure are discussec 
The methods of Woodward are utilized t 
derive the noise moment matrix for th 
range and velocity estimates and, conse 
quently, the variances of their distributior 
Two appendixes are included that conside 
the cases of a pulse of sine wave and 
pulse-modulated sine wave. 


An Analysis of Angular Accuracies fror 
Radar Measurements, by R. Manass 
(M. I. T. Lincoln Lab.); Group Rept. 32-2: 
December 6, 1955. 


A theoretical formula for the angul: 
accuracy of a radar measurement is derive: 
For reasonable signal detectability, it 
shown that this angular accuracy is a sma 
fraction of the antenna beamwidt 
Optimum detection procedure requires 
large number of separate receivers { 
process the received energy; however, 4 
approximate method of processing receive 
angular information which compares tl 


10 


put from only two receivers, as in a 
nopulse technique, results in an accuracy 
ich compares favorably with the 
imum. 


fhe Application of the Theory of Signal 
tectability to Signals with Unknown 
arization and Phase, by R. Manasse, 
. I. T. Lincoln Lab.); Group Rept. 32-25; 
cust 20, 1956. 


Che general theory of signal detectability 
eviewed and, in particular, is summarized 
signals in additive white noise which are 
own exactly except for phase. The theory 
then extended to include signals with 
own polarization. The optimum receiver, 
ikelihood ratio detector, may be imple- 
nted by an appropriate processing of 
tputs from linear filters matched to 
hogonal components of signal polariza- 
n. Detection of signals with unknown 
ase and polarization is studied in relation 


Abstract Section 


to the radar problem. A conclusion is that 
the total effecrive target cross section is 
basically more significant in determining 
the detectability than is the effective cross 
section corresponding to a_ particular 
received polarization. Detectability curves 
and tables are presented. 


Studies of Woodward’s Uncertainty Func- 
tion, by W. M. Siebert, (M. I. T. Res. Lab. 
of Electronics); Quart, Prog. Rept. April 
15, 1958. 


A summary of known properties of cer- 
tain functions significant to the theory of 
radar synthesis is presented. These func- 
tions, the so-called @ and y functions of Ville, 
Woodward, and Siebert, involve Fourier 
transforms of products of complex time- 
functions. Several theorems are given con- 
cerning representations, coordinate trans- 
formation, and necessary and /or sufficient 
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conditions for such functions. Certain un- 
solved problems concerning these functions 
are indicated. 


On Raising the Sensitivity of Interference 
Radio Telescopes, II, by G. M. Tovmasian; 
Dokl. Armenian SSR, vol. 26; 1958. (Trans- 
lation available from Crerar Library, 
Chicago, Ill.) 


This paper is Part II of an investigation 
into the possibilities of raising the sensiti- 
vity of phase-switched interferometer radio- 
telescopes by passing the output into a 
resonant oscillating system having a natural 
frequency equal to the frequency with 
which a point source of radio emmission 
passes through the lobes of the interference 
pattern. This method results in an increase 
of sensitivity, an increase in declination 
resolving power, and in certain favorable 
cases, an increase in the right ascension 
resolving power. 
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